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PREFACE 

This Structures Manual has been prepared by Convair and Space Systems 
Division Structures Analysis Groups as a reference source of data and 
procedures for use in the analysis and design of aerospace and ground 
handling structures. The manual has been compiled largely from material 
presented in the General Dynamics Fort Worth Structures Manual, Vol. 1. 
These data have been updated and expanded to cover current materials and 
construction methods. 

In general, the source data reference numbers within the individual 
sections of the manual have been retained. This will enable the reader to 
easily locate any additional material that may be required from the 
original data source. 

Comments and suggestions are welcome, and should be addressed to the 
Structural Analysis Group. 

PREFACE - FORT WORTH DIVISION 

The Fort Worth Division Structures Technology department endorses 
the Convair and Space System Division Structures Analysis Manual as a 
reference source of data and procedures for structural analysis at 
the Fort Worth Division. The data and procedures contained in Volumes 
I and II are recommended for use at the Fort Worth Division at the 
discretion of each structural analysis group Engineering Chief 
considering individual program guidelines. Use of all data and 
procedures including those contained herein and from other sources 
must be approved by the structural analysis group Engineering Chief 
and documented sufficiently to support customer approval. 

A. L. Stratton 

Engineering Manager for Structures Technolo 
General Dynamics/Fort Worth Division 
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Data Source, Section 1 .3 Reference / 



A. . 



LI at of Standard Symbols md Abbreviations 



b. .. 



c. 



C cr» 



d.. 
X.. 



0. • . . 
h.... 



I... 



Ratio of stress amplitude and mean 
stress; area of cross ssetlon 

Length of panel edge: for compres- 
sive or binding loads, "a" la length 
not loaded; for shear loads, "a" Is 
the longer edge of panel. 

Flexural rigidity of a bean 

Length of panel edge: for compres- 
sive or bending loads, "b" is the 
length -of the loaded edge; for shear 
loads, "b" is the snorter edge -of - 
the panel. Width of sections; 
stiff ener • pacings. 

dremaf erenoe ; damping coefficient; 

spring constant 

Critical damping coefficient 

Fixity coefficient for columns; 
distance from neutral axis to 
extreme fiber 

Rivet factor 

Diameter; bending stiffness; distri- 
bution factor; flexural rigidity 



Depth, height, or thickness; distance 
be t ween eentrolds of facings 

modulus of elasticity in tension 

Elongation la- percent; total 
deformation; ecoentrlcity; the 
ilri— distance from a hole center 
to the edge of a sheet 

Allowable stress; fore* 
modulus of rigidity 
Acceleration due to grarlty 
Extension*! stiffness of sandwich 
Height or depth; distance between 
eentrolds of facings 



it of inertia 

Product of inertia 

Polar moment of Inertia 

Coefficient of critical shear for 
ortho tropic sandwich panels 

A constant, generally empirical 



H. 
n. 



p... 

q... 
R* • ■ 

r. 



v. 



7-.- 
Z... 
s.. . 



Stiffness faetor; spring constant; 
radius of gyration 

Length, longitudinal grain direction; 
edgewise shear stiffness for 
sandwich 

(Not used, to avoid confusion with 
numeral 1 ) 

Bending moment or couple 

Haas; half width of corrugation; 
bending moment; number of half wavms 

Load per inch of edge ; sample size 

Load factor; number of half wares; 

Applied load or force (total, not 
unit load) 

Pressure 

Static moment of a cross section 
Shear flow; dynamic pressure 
Stress ratio 
Radius 

Shear force; surface area 
Core cell size 

Applied torsional moment; torque; 
transverse grain direction; 



Thickness ; time 

Factor of utilization; gust velocity; 
transverse shear stiffness for 
sandwich; strain energy 

Shear force; velocity; volume; 
flexibility parameter, for sandwich 
panels 

Total weight; length of cell wall In 
sandwich construction 

Distributed load 

Axis; distance along elastic curve 
of beam 

Axis; deflection; distance from 
neutral axis to given fiber 

Distance to centre Id of section 

See t ion modulus 

Axis normal to surface of panel 
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OC(Alpfta) CMfttelwit of t&tml 

expansion; angls of attack; 
and* ot diagonal tension} 
eons tut 

j% (Bsta) Stirransr anclt; constant 

f (Quh) Unit a Mar strain 

(5 (Dalta) Dsflaetlon; ralati** 
r« tarda tlon 

£" (EpiUeo) O a aprtn lon or expansion 

Strain; rotational r e st raint 
ooafTlalant 



7| (eta) 



Plasticity eoofriolaat 



>toa faalnc of aandwlon 
its* facing °* sandwich 
Allovabls 



0 (Tbota) 
A (I*»*U> 

) 



A( 
M 

P (lino) 
G (Sl«* 

r 

0 (1*1) 



Snbscrtpta 

D 



An anclo with rwspoot to a 
nftrtflM Has 

Ons sinus tns product of two 
Polsson'i ratios (1 -/I 2 ) 

Constant 

Polsson's ratio 

A eonstant 

Canal ty; radius of eurraturo 



Angular it 1 s |i1 a n— ant 




XTTaatlvo; 



fianotlaf, ahaar lnataalU.tr 



Crltlaal 

r— iisat 

i j Moantneltrj Cular*« 



final 




e , 

P • 
r , 
« . 
al 

t . 
a . 



7 ... Tlald; pa rail si to 7 
% ... rarallal to s 



OLtlamto 

HrlattUnc 
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Aborarlatlona 






Inch* pound 


ln-lb 


British tharaaU. unit .... Btu 


1 IIAtui V^BV* ■ .1 Majj 


lpa 






ID 












into 


*m 1* ft* A j. 


Ins paction Ra J ae tlon .... 


XR 




logarithm (coanon) ■ 


lOE 






loc^ or i n 




Material R«rl«w Board . . . 




. A 




max 




minimal 


mla 


Jaa^Aa 1-^- 1 * Aft K 


sdjnite . . 


aln 






OS 


Division Standard Praetlaa. . D.S.P. 




lb or # 


fnglnaarlac Papai taaiH 


pounda par cubic foot. . . , 


lbs par en ft 






pa* 


fnt par »1 mit 1 * ...... fy 


ponnrts par square Inofa . . . 




foot par ■•cond rpa 


pounda par square innh 












revolutions par minute . . . 


rpH 






rms 






aao 






see 






aln 






atd 






tan 






tamp 






vt 


S2S : Wtt T*ry f«* axaaptlona, tha abbrevlatlona and lattar symbols conform 


with thoee 


appro vad by tha American Standard* Association, KMC #5. AHC #23 (Rarlaad), and 


GD/FW standard Practioaa. 
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SECTION 1 .3 

REFERENCES: 

IN ADDITION TO REFERENCES CONTAINED IN INDIVIDUAL SECTIONS 
OF THE REPORT, DATA SOURCES LISTED BELOW HAVE ALSO BEEN 
USED. 



1 . GD FORT WORTH STRUCTURES 
MANUAL VOL 1 1963 

2. CONVAIR/ASTRONAUTICS 
STRUCTURES MANUAL 4.15.60 

3. BELL STRUCTURE DESIGN 
MANUAL 

4. BOEING STRESS MANUAL 
APRIL 1970 

5. NASA ASTRONAUTICS STRUCTURES 
MANUAL 7.1 .69 

6. LOCKHEED STRESS MEMO MANUAL 4.18.66 

7. BRUHN, ANALYSIS & DESIGN OF FLIGHT 
VEHICLE STRUCTURES JAN. 1965 

8. NACA TN 3784 

9. NACA TN 3785 

10. NASA CR-124075 

11. NASA CR-1457 

12. HEXELTSB123, DESIGN HANDBOOK 

FOR HONEYCOMB SANDWICH STRUCTURES 
OCT. 1967 

13. ROARK, FORMULAS FOR STRESS AND 
STRAIN, 3RD ED. 1954 

14. CONVAIR, ZP-7-022 TN, 
ANALYSIS OF MISSILE TANK 
GEOMETRIES, 2-14-56 
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15. NASA SP-8007 

16. NASA SP-8019 

17. NASA SP-8032 

1 8. BRUSH AND ALMROTH, BUCKLING OF BARS. 
PLATES AND SHELLS. 

19. GENERAL DYNAMICS/ASTRONAUTICS - 
GD/A-DDG 64-024A. POST-BUCKLING 
STRENGTH OF A PRESSURIZED CYLINDER 1964 

20. GENERAL DYNAMICS CONVAIR, 
GDC-DDG-67-006. VOL VI 

21 . MIL-STD-29A, SPRINGS MECHANICAL; 
DRAWING REQUIREMENTS FOR 3,1 .62 

22. CONSOUDATED VULTEE, ZS-202, 
FATIGUE DATA BOOK PART IV STRESS 
CONCENTRATIONS. 1.12.54 

23. AFFDL-TR-69-42, STRESS ANALYSIS" 
MANUAL. 4.30.69 

24. MCDONNELL DOUGLAS DC-10 
STRESS MANUAL. 4-1-68. 

25. GENERAL DYNAMICS, GDSS-TC-87-010 * 

26. LAUGH NER AND HARGAN, HANDBOOK 
OF FASTENING AND JOINING OF METAL 
PARTS. 

27. AFFDL-TR-67-140. DESIGN CRITERIA 
FOR THE PREDICTION AND PREVENTION 
OF PANEL FLUTTER JAN. 1968 

28. MIL-HDBK-5E* METALLIC MATERIALS 
AND ELEMENTS FOR AEROSPACE VEHICLE 
STRUCTURES. 9.15.76 

29. PERRY, ADHESIVE BONDING OF 
REINFORCED PLASTICS. 1959 
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30. GENERAL DYNAMICS CONVAIR, GDC-BTD65-1 68, 
DESIGN ALLOWABLES FOR CENTAUR STRUCTURAL 
MATERIALS, 2/1/66. 

31 . GENERAL DYNAMICS ASTRONAUTICS, ZS-7-002, 
STRESS ANALYSIS REPORT STANDARDS, 8/14/63. 

32. GENERAL DYNAMICS, CASD-SSO-76-021 , ANALYSIS OF 
BLADE STIFFENED INTEGRALLY MACHINED PANELS, 
SPACE SHUTTLE ORBITER MID-FUSELAGE, 10/5/76. 

33. GENERAL DYNAMICS CASD-SSO-76-007, ANALYSIS OF 
T-STIFFENED INTEGRALLY MACHINED PANELS, SPACE 
SHUTTLE ORBITER MID-FUSELAGE, 2/5/76. 

34. GENERAL DYNAMICS CASD-SSO-76-016, "HONEYCOMB 
SANDWICH PANEL ANALYSIS METHOD, SPACE SHUTTLE 
ORBITER MID-FUSELAGE", W. S. BUSSEY JR., 22 JULY 
1976. 

35. E. F. BRUHN, J. I. ORLANDO, J. F. MEYERS, "ANALYSIS 
AND DESIGN OF MISSILE'STRUCTURE", TRI-STATE 
OFFSET COMPANY, CINCINNATI, OHIO. 

36. STRESS ANALYSIS MANUAL, AIR FORCE FLIGHT 
DYNAMICS LABORATORY, WRIGHT-PATTERSON AIR 
FORCE BASE, 1969. 

37. GERALD, G. AND BECKER, H., HANDBOOK OF 
STRUCTURAL STABILITY, PART I- BUCKLING OF FLAT 
PLATES, NACA TN 3781 , 1957. 

38. BECKER, H., HANDBOOK OF STRUCTURAL STABILITY, 
PART II- BUCKLING OF COMPOSITE ELEMENTS, NACA TN 
3782,1957. 

39. SMITH, G. W., ANALYSIS OF MULTIPLE DISCONTINUITIES 
IN SHELLS, REPORT NO. AE61-0179, 1 MARCH 1961 . 
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40. MIL-HDBK-17A MILITARY HANDBOOK, PLASTICS FOR 
AEROSPACE VEHICLES. 

41. GDSS MEMO NUMBER 883-0-86-099, 30 OCTOBER 1986. 



page I.3-4 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAM1CS/C0NVA1R AND SPACE SYSTEMS DIVISION 



SECTION 2.0 

SECTION PROPERTIES 

METHODS FOR CALCULATING SECTION PROPERTIES AND THE SHEAR CENTER 
ARE PRESENTED, TOGETHER WITH DATA TABLES AND CURVES FOR THE MORE 
COMMONLY USED SHAPES. 







RAGE 


2.1 


GEOMETRICAL SHAPES 


2.1.1 


2.2 


CIRCLES 


2.2.1 


2.3 


90* BENDS 


2.3.1 


2.4 


ANGLES 


2.4.1 


2.5 


CENTROID OF TRAPEZOID 


2.5.1 


2.6 


SHEAR CENTER 


2.6.1 


2.7 


MOMENT OF INERTIA SAMPLE CALCULATION 


2.7.1 
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SECTION PROPERTIES 

LLC 

Plan* Sections 



Data Source, Section 1 .3 Reference 1 



Areas, Centre-Ida , Momenta of Inertia , Products of Inertia , Radii of Oyratlon 
Moment of Inertia 

The moment of Inertia, or the second moment of area, of an element of area 
such as (dA) in Pig. 2.1.1-1, with respect to a given axis is defined as the 
product of the area of the element and the square of the distance from the axis 
to the element. For example. 



dl - x 2 dA 



(1) 



The sum of the moments of 
inertia of all the elements in 
the area is defined as the mo- 
ment of inertia of the area; 
that la, 



/ 



x 2 dA 



I x - / y 2 dA 



(2) 



(3) 




Fig. 2.1.1-1 



where the subscripts (x) and (y) indicate the axis about which the moment of 
Inertia la taken. 

The moment of inertia of 
any area about any axis is equal v 
to the moment of inertia of the 
area about an axis through the 
centroid of the area and parallel 
to the given axis plus the product 
of the area and the square of the 
distance between the two parallel 
axes ; that is , 



A , 




as shown in Fig. 2.1.1-2 



Pig. 2.1.1-2 



Many plane areas can be divided into elementary shapes, such as rectangles 
triangles, etc., for each of which an expression for I Q is known or can be 
obtained from tables. In such cases no integration is necessary to calculate 
the moment of inertia of the given area with respect to any axis. 

The sun of the moments of inertia of the component parts of a composite 
section is equal to its moment of inertia. Voids are taken into account by 
subtracting the moment of inertia of the corresponding area. 
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Example . Using I Q - bd^/36 for a triangle- and I Q " bd^/12 for a 
rectangle, calculate the moment of inertia of the area ohown In Pig. 2.1.1-3 
with respect to its horizontal centroldal axis. (-*- — 12'" 

Solution: The area will be 
divided into a triangle and a rec- 
tangle by the line (axis 1-1) 
shown. The distance from this 1 
line to the centroldal axis of 
the whole area is 




Pig. 2.1.1-3 



_ m (8x12x8/2 )- (12/2x9x9/3 ) m 384-162 
y (8x12) + (12/2x9) 96+54 



222 
150 



- 1.48 in 



The plus sign indicates that the centrold is above the axis, 1-1. 

4 



For the triangle, I - ^ bd 3 - 12*gx9*9 .... 
to "transfer" to the centroldal axis, add Ad 2 - 54x4.48 
For the rectangle, I - I |~bd 3 - 12 ^ xflx8 • • • 



243 In. 

1,086 
512 



to "transfer" to the centroldal axis, add Ad - 96x2.52 - 602 



Therefore, I for the whole area 

Product of Inertia 



2,450 in. 



The product of inertia of any elementary area, such as (dA) in Pig. 2.1.1-1 
about any two mutually perpendicular axes is defined as the product of the area 
of the element and the dlotancen. to the axes; that is 



dl xy " xydA 



(5) 



The proauct of inertia of the entire area is the sum of the products of 
Inertia of all the elements. Thus* 



xy 



• / 



xy dA 



(6) 



When either or both the axes is an axis of symmetry, the product of inertia 
Is zero. 

The product of Inertia may be transferred by the following equation: 



- I , + A x y 

'o y o 



(7) 




Fig. a. 1.1-4 
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Principal Moatnta of Inertia and 
the Location of the Principal Axes 

The maxlnun and minimum mo- 
menta of inertia of an area about 
an axla through a given point are 
called the principal moment ■ of 
inertia and the axes are called the 
principal axea. Consider the axes 
In Fig. 2.1.1-5, where (x) and (y) 
are arbitrary axea through the 
point (o), and (v) and (u) are 
the principal axea through (o). 
Then, 




Fig. 2.1.1-5 



I Coa 



0 - 1^ Sin 20 + Z y Sin 2 0 

Sin 20 



I y - Sin 2 0 + Iy Cos 2 0 + 1^ 
I uv - (V 1 *) Sin 20 - 1^ Co. 20 



(8) 

(9) 
(10) 



The principal axea are at an angle (0) with the arbitrary axis, and. 

Tan 20 - ^xy <U) 

The aolution of (©) frost Equation (Mo. 11 ) yields two values 90° apart, one 
corresponding to the maximum noment of inertia and the other corresponding 
to the r1"^""- moment of inertia. Substitution of these values of (0) into 
Equations (Mo. 6) and (No. 9) gives the following equations for the 
principal momenta of inertia: 




U2) 
(13) 



It should be noted that the product of inertia of an area about the principal 
axes ia xeroj therefore. If an area has an axla of syssMtry, "ucn axis la one 
of the principal axea of Inertia. 

Radius of Qyratlon 

The radius of gyration of an area about an Inertia axla la defined aa 
the dlatance froa the inertia axla to that point at which the total given 
area would have to be concentrated to give the aaae moment of Inertia. Thus, 



(14) 

(15) 
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TAJX*B 2.1.1.1 
PROPERTIES FOR VARIOUS (ISOMETRIC 3 HA PES 



Font Of Section 


Area (A) 


Distance To 
Centrold 


Moment And 
Product Of Inertia 


Radius of Gyration 


C 
4 

1 

o - 


IRCU 

f 

r 


S 




x - y « | - r 


i x -i r -i7rr* 

- IT-* 


1c - Ic - 1.118P 
x y 


SEMI-CL 


RCLS 


. 7T* 2 


y "TfT 

x - r 


I d - .3927r 4 

T m 1007 

1^ ■ - f " 

I ■ 2r^ 

xy -g- 


1c - .2643r 
c 


QDJ 
— • 


LRTER CIRCLE 


A - .jQ$Hr 2 


x - y - .424Ar 


I x - I y - ,1964r* 




HOLLOW 


CIRCLE 






«. - h - 4 ^ V> 

x xy -TTr 1 2 (r 1 a -r 2 a ) 

Note: Use The Following 
Approximate Pormula As 

Error<: is* For ^>U 


k c - .354(r 1+ r 2 ) 
Error < 1)< 
For £>8 



TAELE 2.1.1.1a 
PROPERTIES FOR VARIOUS (ISOMETRIC SHAPES 



SECTOR OF CIRCULAR SHELL 




Form Of Section 



gftHT-CIBCULAR SHELTT 
J r t 




CIRCULAR SHELL 




HOLLOW SEMI -CIRCLE 




Area (a) 



A - 2rtoC 



A - 7frt 



27frt 



Distance To 
Centrold 



- rS lno^Coa e 

y 5c — 



2r 
7T 



37r( ri Z -r 2 z ) 



Moment And 
Product Of Inertia 



Sin 20CC05 2d 



J Sin 2 o6Coa 2 ej 



^U^+Sin 2<*Coa 2*) 

- rt ^(h 2 -^) + 

|- 3in aoCCoa 2« + 
Uhr Sin £VCoa © 



I. - 



2 

! „ rt(2^- + 4hr + Tf h 2 ) 



7fr 3 t 



8(r 



3*2 



1 "2 
2 



97T(V- r 2 e ) 
-IK*- r*) 



Radlua of Qyratlon 



J07r 



c 



c 



r 



r 



TAHJ 2.1.1.1b 
PR0F1RTIK9 FOR VARIOUS QBOKBWIC SHAPES 



-o 
to 
o 

<D 




O 
rn 

s 

r- 
O 

2: 

o 
o 

o 

Co 
tj 

o 
rn 

(/> 
-< 

rn 

<n 
D 

O 



JO 

c 
o 

H 
C 
3) 



C/) 

> 
z 
c 
> 



> 



■o 
w 

tO 
ID 

ro 



TkOS 2.1.1.10 
PROPERTIES FOR VARIOUS OSOMBWC SHAfE3 



for* Of Sao t Ion 



CIRCULAR SEOMENT 
4 



Araa (k) 



k - r 2 (0(- ^ 



Dlatanca To 

Centrold 



- 2r 3 31n 3 QC 



Moaant And 

product Of Inertia 



1 2 fix 231nk Coa<*_ - 



231 niX Coa 0£ 
3fV. -3lna:fioa«.> 



SlnOC Coe<X - 




Radius Of 
Gyration 



[(r?+r*)(2<X+Slii2C*. 
* * HOC 



C 



c 



r 



r r r 



TABLE 2.1.1.1* 
PROPERTIES FOR VARIOUS GEOMETRIC SHAPES 




4 

\ 



TAJU 2.1.1.1* 
PftOFIRTIXS FOB VARIOUS QEOMBTMC SHAPES 



■o 
fu 
o 




3 

m 

r- 

r> 
o 
3: 



00 
IC 

o 

H 

C 
ZD 



to 
O 

m 

-< 
t/> 



z 



to 
g 

0 
6 



c 



c 



r 



r 



TABU 2. 1.1. If 
PR0FERTU3 OF VARIOUS GEOMETRIC SHAPES 



"O 
<D 



o 



Form Of Section 



RBCTANOLE 

w 



y 



RECTAHOLB 





HOLLOW RECTANGLE 

1, 




Area (A) 



A - bh 



A - bh 



A - bh 



A - bh 



b l h l 



Distance To 

Ccntrold 



-I 



bh 



"V 



J . bSlnQ+hCoaQ 



f - 



Moment And 
Product Of Inertia 



I. - 



xy 



hb J 
bh 3 

~r 

bh 3 

vr 



b 3 h 3 
6(b z + h 2 ) 



bh(b a 31n 2 a+h 2 CoB 2 Q ) 

|j ^ 



I - bh -^^ 

. hb^.h.b^ 
d — 



i x - ^.^Oh 2 *^ 2 ) 



T5" 
T 



j m btatbh-b^) 



Radius Of 
Gyration 



k. - 0.2867b 
a 



k - 0.2887h 
c 



k x - 0.5773h 



bh 



-\/ 6(b a + h 2 ) 



2 2 2 2* 
b*3 1n 0+h Cos 0 

12 



4 
4 



3 h w3 

hb 3 -»» b 3 



3 



to 



o 



to 
O 

rn 

CO 

to 
to 

D 

to 

6 



3J 
> 

> 

> 



CO 

> 
IC 

> 



ft 



TAELE 2.1.1.11 
PROPERTIES Or VAEI0U3 GEOMETRIC SHAPES 



For* Of Section 


Art* (A) 


luatanc* To 

Centrold 


noaont And 

Product Of Intrtla 


Radius Or " 
Oyratlon 


ISOSCELES THIAMOLE 


A - j bh 




T - bh 3 

x XT' 

. b 3 h 
4 d ' W 


k o - .236h 
k d - .204b 
k x - ,408h 


OBUQOB 1 

lb*- 

|— m 


niANOLE 
A 

k — 


A - j bh 


I - \ (2^-bj) 

? " 3 h 


I -» J 

c 35" 

'i IT 


k c - ,236h 
k x - .408h 


01 

» 


ntlSK THIANCDJ 

CM 

— i— 


1 

7 


* - j bh 


I - 2b +\ 
3 


. bh^ 
<> 3E~ 

X IS 


k o - ,236h 

k d - .236yb 2 +b 1 Z +bb 1 
k x - .Uo8h 


ISOSCELES ' 

IF-j 


bupbzo 

A 


10 

J 

T" 


A - £ h (b+bj) 


- m h(2b x +b) 
Jlb+b^J 


x . h 3 (b 2 +i|bb 1 +b l 2 ) 
h 3 (b+3b 1 ) 

I. . h (b 3 +b 3 +b 2 b.+bb?) 
d jjg 1 11 


"-VF 
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TABLE 2.1.1.1 h 
PROPERTIES OF VARIOUS GEOMETRICAL SHAPES 



Data Source, Section 1.3 Reference ^ 



DOUBLE WEDGE SECTION 

; i 
c i 


A ,4f- 

_ t 

7 = z 

w if s - 0208 ct3 

iizL* -llS .04-16 ct 2 
y 24 


Bl- CONVEX SECTION 


• 

A * — ct 
3 

— t 

V. 1 T^B c ' s '-038ict 3 

y 105 

ON Bl- PARABOLIC SECTION. 
EN t /c < 0.10 . 




' I™ H 1 

VALUES OF A AND I ARE BASED 
ERROR IS NEGLIGIBLE WH 
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ECCOTRIC TUBULAR SECTIONS 




x or J 
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Data Source, Section 1 .3 Reference I 

TABLE 2.1.1.5 
FROFERTIE3 OF CIRCLES 



DIAMETER (IN. ) 


AREA 


MOMENT OF 
INERTIA (I) 


CIRCUMFERENCE 
(INCHES) 


RABXDS OF 
OYRATION (k) 


FRACTION 


OBdMAli 


(SQ. INCHES) 


3/16 


.1875 


• O276I 


6.066 X 10~ 5 


.5891 


.0469 


IV 6 * 


.2031 


.03241 


8.358 X 10" 5 


•6381 


.0508 


7/32 


.2188 


.03758 


.0001125. 


.6872 


.0547 


15/64 


2344 


.04314 


.0001481 


.7363 


.0586 


17ft 




.04909 


.OOOI918 


.7854 


.0625 


* J* 


2fil3 


• 06213 


.OOO3072 


.8836 


.0703 


5/16 


.3125 


.O767O 


.0004682 


.9618 


.0781 


11/32 


.3438 


.09281 


.0006854 


1.0799 


.0860 




.3750 


.1105 


.0009710 


1.1781 


.0938 


13/32 


.4063 


.1296 


.001337 


1.2763 


.1016 


7/16 


.4375 


.1503 


.001798 


1.3744 


.1094 


15/32 


.4688 


.1726 


.002370 


1.4726 


.1172 


1/2 


5000 


.1964 


.003068 


I.5708 


.1250 


17/3* 


• 33*3 


.2217 


.003910 


1.6690 


•1326 




5625 


.2485 


•004914 


1.7671 


.1406 


1Q/32 




.2769 


.006101 


1.8653 


.1485 


5/8 


•6250 


.3068 


.007490 


1*9635 


.1563 


21/32- 


.6563 


.3382 


.009104 


2.0617 


.1641 


3J/16 


•6875 


.3712 


• 03.097 


2.1598 


.1719 


23/32 


.7188 


.4057 


.01310 


2.2580 


.1797 


3/* 


.7500 


.4418 


.01553 


2.3562 


.1875 


25/32 


.7813 


.4794 


•OI829 


2.4544 


.1953 


13/16 


.8125 


• 5185 


•02139 


2.5525 


.2031 


27/32 


•8438 


.5591 


.02468 


2.6507 


.2110 


7/8 


•8750 


.6013 


.02878 


2.7489 


.2188 


25/32 


• 9063 


.6450 


..03311 


2.8471 


.2246 


13/16 


• 9375 


.6903 


.03792 


2.9452 


.2344 


31/32 


• 9688 


,7371 


.04323 


3.0434 


.2422 


1 


1.0000 


,7854 


.04908 


3.1416 


.2500 


1 1/16 


1.0625 


.8866 


.06256 


3.3380 


.2656 


1 1/8 


1.1250 


.9940 


.07863 


3.5343 


.2813 


1 Z/16 


1.1875 


1.1075 


.09761 


3.7307 


.2969 


IV* 


I.2500 


1.2272 


.1198 


3.9270 


.3125 


1 5/16 


1.3125 


1.3530 


•1457 


4.1234 


.3281 


1 3/8 


1.3750 


1.4849 


•1755 


4.3197 


.3438 


1 7/16 


1.4375 


1.6230 


.2096 


4.5161 


.3594 


1 1/2 


1.5000 


1.7671 


.2485 


4.7124 


.3750 


1 S/16 


1.5625 


1.9175 


•2926 


4.9088 


.3906 


1 5/8 


1.6250 


2.0739 


.3423 


5.1051 


.4063 


1 U/16 


1.6875 


2.2365 


.3980 


5.3015 


.4219 


1 3/4 


1.7500 


2.4053 


.4603 


5.4978 


.4375 


1 13/16 


1.8125 


2.5802 


.5298 


5.6942 


.4531 


1 7/8 


1.8750 


2.7612 


.6067 


5.8905 


.4688 


1 15/16 


1.9375 


2.9483 


.6917 


6.0869 


.4844 


2 


2.0000 


3.1416 


.7854 


6.2832 


.5000 
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TABLE 2.1.1.3 
PROPERTIES OF CIRCLES (Cont'd) 



DIAMETER fTN. \ 


AREA 

(SC. INCHES ) 


MOMENT OF 

TWFBTT A <J) 


CIRCUMFERENCE 

'tnphfs ) 


RADIUS OF 
GYRATION (k) 


FRACTION 


DECIMAL 


2 1/16 


2.0625 


3-3410 


.8883 


6.4796 


.5156 


2 1/8 


2.1250 


3.5466 


1.0009 


6.6759 


.5313 


2 3/16 


2.1875 


3.7583 


1.1240 


6.8723 


.5469 


2 1/4 


2.2500 


3. 9761 


1.2580 


7.0686 


.5625 


2 5/16 


2.3125 


4.2000 


1.4038 


7.2650 


.5781 


2 3/8 


2.3750 


4.4301 


1.5618 


7.4613 


.5938 


2 7/16 


2.4375 


4.6664 


1.7328 


7.6577 


.6094 


2 1/2 


2.5000 


4.9087 


1.9175 


7.8540 


.6250 


2 9/16 


2.5625 


5.1572 


2.1165 


8.0504 


.6406 


2 5/8 


2.6250 


5.4119 


2.3307 


8.2467 


.6563 


2 11/16 


2.6875 


5.6727 


' 2.5607 


8.4431 


.6719 


2 V4 


2.7500 


5.9396 


2.8074 


8.6394 


.6850 


2 13/16 


2.8125 


6.2126 


3.0714 


8.8358 


.7031 


2 7/8 


2.8750 


6.4918 


3.3537 


9.032I 


.7188 


2 15/16 


2.9375 


6.7771 


3.6549 


9.2285 


.7344 


3 


3.0000 


7.0686 


3.9761 


9-4248 


.7500 


3 1/16 


3.0625 


7.3662 


4.3179 


9.6212 


.7656 


3 1/8 


3.1250 


7.6699 


4.6813 


9.8175 


.7813 


3 3/16 


3.1875 


7.9796 


5.0673 


10.0139 


.7969 


3 1/4 


3.2500. 


8.2958 


5.4765 


10.2102 


.8125 


3 5/16 


3.3125 


8.6179 


5.9101 


10.4066 


.8261 


3 3/8 


3.3750 


8.9462 


6.3689 


10.6029 


.8438 


3 7/16 


3.4375 


9.2806 


6.8540 


10.7993 


.8594 


3 1/2 


3.5000 


9.6211 


7.3662 


10.9956 


.8750 


3 9/16 


3.5625 


9.9678 


7.9066 


11.1920 


.8906 


3 5/8 


3.6250 


10.321 


8.4765 


11.3883 


.9063 


3 11/16 


3.6875 


10.680 


9.0764 


11.5847 


.9219 


3 V* 


3.7500 


11.045 


9.7072 


11.7810 


.9375 


3 13/16 


3.8125 


11.416 


10.371 


11.9774 


.9531 


3 7/8 


3.8750 


11.793 


11.067 


12.1737 


.9688 


3 15/16 


3.9375 


12.177 


11.799 


12.3701 


.9644 


4 


4,0000 


12.566 


12.556 


12.5664 


1.0000 


4 1/8 


4.1250 


13.364 


14.214 


12-9591 


1.0313 


4* 1/* 


4.2500 


14.186 


16.025 


13.3518 


1.0625 


4 3/8 


4.3750 


15.033 


17-992 


13.7445 


1.0938 


4 1/2 


4.5000 


15.904 


20.128 


14.1372 


1.1250 


4 5/8 


4.6250 


16.800 


22.550 


14.5299 


1.1563 


4 V4 


4.7500 


17.721 


25.124 


14.9226 


1.1875 


4 7/8 


4.8750 


18.666 


27.738 


15.3153 


1.2188 


5 


5.0000 


19.635 


30.675 


15.7080 


1.2500 


5 1/8 


5.1250 


20.629 


33.852 


16.1006 


1.2813 


5 1/* 


5.2500 


21.648 


37.321 


16.4933 


1.3125 


5 3/8 


5.3750 


22.691 


40.980 


16.8860 


1.3438 


5 1/2 


5.5000 


23-758 


44.915 


17.278T 


1.3750 
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TABLE 2.1*1.6 



AREA, CENTRO 
CENT! 


ID k MOMENT 

d 

ROID ! 


OF I* 


fERTIA OF 90° BENDS 

T 




— r 


t 


r 


ATM 


7 




r 


Ire* 


7 


I* 


.012 


.03 
f 06 


.00679 
,0012luj 


.01887 
.0299 


.0889X10- 6 
.521* • 


.100 


.16 
• 22 
.38 

.56 


.0330 
.01*21* 
.0675 
.0958 


.1238 
.11*62 
.205 
.271 


1.566aOO-J* 
3.17 ■ 
12.22 • 
31*. 3 • 


.016 


.03 
.06 


.000955 
.001709 


.0215 
.0325- 


.l2!o » 
.773 ■ 


.026 


.03 

.06 


.001257 

•00220 

.003111 


.021*0 
.0351 
.01*61 


.219 " 
1.071 " 
3.05 • 


.125 


.19 
.28 
Jill 
.6? 


.0i*96 
.0672 
.0987 
.11*78 


•1510 
.181*5 
.2U3 


3.W ■ 
8.07 ■ 
2b.S • 
80.6 • 


.025 


* 

.09 


.00265 
.001*03 

.00560 


.038U 
•0U9U 
.061x0 


1.51* ■ 
U.15 ■ 
10.96 ■ 


•160 


.25 
.38 
.56 
.88 


.0829 
.1156 

.1609 
.21*1 


.21*1* 
•310 
.1*27 


9.7* • 
2U.9 • 
61u8 ■ 
211* x 10-i» 


.032 


.0© 
.13 

* 


!oo382 
.00731* 
,0088? 


.0U29 
.0686 


2.31 • 
15.25 ■ 

26.5 


.190 


.31 
.1*1* 

.75 

lilj 


.126$ 
.1597 
.252 
.366 


.237 
•266 
.1*00 ■ 


.66213 
.001*66 
.01757 
.0527 


•OljO 


.09 
.13 
t 22 


.00503 
.00691 
.001*1*2 
.01508 


.oJjo 

.0592 
.0739 
.1069 


3.56 ■ 
8.55 ■ 
20.9 ■ 


83.7 ■ 1 .250 


.5o 
.63 
1.00 
l.?0 


.21*5 
.296 
.1*1*2 
.638 


.jLl 
.395 
.531 
.713 


.00996 
..01707 
.051*5 
.1619 


.050 


.09 
.13 
.16 


.00903 
.01217 
.0Ui53 
.0216 


.0656 
.0805 
.0915 
.121*1* 


12.60 • 
29.5 

1*9.2 ■ 
L57.8 - 




.313 


.63 

.61 
1.25 

2.00 


.387 
.U75 
.692 
1.060 


Jo& 
.502 

.661* 
.938 


.02110 
.01*1*7 
.1335 
.1*73 


.053 


.13 

• 22 


.01598 
.021*9 


.0559 
.1221 
.1550 


1*3.1 ■ 
ISU.7 ■ 


.071 


.13 
.16 
.25 
i3« 


.OlLb 
.0218 
.0318 
.01.63 


.09U0 
.1052 
.1383 
•1859 


} .532x16^ 
.853 ■ 
2.55 ■ 


.375 


.75 
1.00 

1.50 
2,50 


.552 

.670 
.991* 

i,m 


.520 
.613 
.776 
1.161 


•0501* 
.0991 
.276 
1.096 


.060 


.13 
.19 
.28 
.ill 


.02X1* 
.0269 
•0b02 
.0565 


.0998 
.12a 
.1552 
.203 


1.55U • 
luOS • 
11.05 ■ 


.5oo 


LOT 
1.50 
2.00 
3.25 


.962 
1.37U 
1.767 
2.75 


,69U 
.878 
1.062 
1.516 


.1593 
.1*16 
.873 
3.23 


.090 


.13 

.19 
.31 
.1*7 


.02U7 
.0332 
.0502 
.0728 


.1061 
.1286 
.1726 
.231 


•fl32 ■ 
1.891 ■ 
6.22 ■ 
18.62 • 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 

Data Source, Section 1 .3 Reference / 
TABLE 2.1.1.7 
PROPERTIES OF ANGLES 



I 



-H 










1 . 1 






- A »| 







X 



I 



A 


B 


T 


R 


area 

nnan 


VP /PT 

■ I / fj 


UJCVEL 


M 


IT 


m. n 


TFTIA 


RAD. (TTR. 


VHJTB 


IX 


rr 


XX 


ry 


9/16 


iA 


.020 
.012 

.ron 


1/16 

3/12 
1 /l« 


.015 

.021 

.m* 


.018 
.028 

. npo 


76 
. 71 
.82 






. 100?! 

. UUul 


■ 0005 
. .0006 


.068 
.066 


.181 
.180 


5/8 
U/16 


iA 
iA 


.012 
•020 


1/12 
1/16 


.025 

.016 


.011 
.021 


.76 
.89 


.04^ 
.051 
.041 


269 


nnni 
nnm 

■ WUJ. 


■ UUJ.O 

■ UUW 


.lj£6 
.064 
.064 


.201 
. 200 
.221 


.012 


1/12 
1/fl 


.028 
.011 


.015 
.040 


86 
.84 


. n4a 




■ LXAJl 


• 0011 


.062 


.220 


3A 


5/16 


.020 


1/16 


.020 


.024 


1.01 


.0^2 
.056 


.?8l 


.oom 


nm £ 

nm? 


.062 
.064 


.916 

.2U^ 


.01? 


1/12 


.011 


.018 


.08 


.062 


.209 




noi A 


.081 


.242 


.040 

. r*i 


1/8 
^/ip 


.018 
.048 


.046 
.057 


.96 

.01 


.066 

^072 


mo 




(V>37 


.082 
-££l_ 


.240 
.217 


7/8 


5/l6 


.032 


l/l8 
3/32 


.023 
• 035 


.027 
.043 


1.14 
1.11 


.051 
.O56 


.340 
.350 


.0001 
.0002 


.0018 
.0028 


■.oh 

.060 


:285 

.282 


.040 

.051 


5^32 


.043 
.054 


.052 
TotT 


1.09 

jToT 


.061 

.065 


.358 


.0003 


.0034 


.078 


.279 

72fr 


1 




.020 


1/16 


.025 


.030 


1.26" 


.047 


. 199 


.0003 
.0002 


.0041 
0026 


.077 


.324 


.032 


3/32 


.03? 


.047 


1.23 


.052 


.409 


.0002 


.0041 


.076 


.321 


,040 




.045 


.057 


1.21 




.1*16 


.0003 


.0049 


-073 


.316 


•051 


3/32 


.060 


.072 


;.;8 


.062 


.1*26 


.0003 


.OO60 


.075 


.314 


1 1/8 


5/16 


.040 


1/8 


.053 


.064 


1.14 


.053 


.478 


.0001 


.0068 


.073 


•356 


.0^1 


5/32 


.06 7 


.080 


1.31 


.050 


.489 


.0003 


.0081 


.072 


•352 


.064 


3/16 


.082 


.096 


1.28 


.065 


.501 


.0004 


.0094 


.071 




i iA 


5/16 


.040 


is 


.056 


.070 


1.45 


.050 


-m 


.0001 


.0091 




•394 


.05; 


5/12 


--P73 


.088 


l-h 


.056 


.550 


.oook 


■0U1_ 


* 


.390 


.064 
.072 


HP 

7/32 


.090 
•W 


.10? 
.119 


1.40 
1.38 


.062 

.066" 




.0004 


.oi2 


.068 


.384 


1 3/8 


5/16 


.040 


1/8- 


.063 


.076 


1-50 


.045 - 


•572 
.600 


.0005 

.0003 


.0118 


.068 
.069 


.380 


.06U 


5/16 


.07? 
rOW 


•W 
tU,b 


1.56 
1.03 


.0^0 


.611 
.624 


.0004 
.0004 


.0146 
.0174 


J&L 


.428 
,^?? 


i i/a 


5/16 


.040 


7/12 
1/6 


.ice 

.068 


..032 


J.. 51 


.051+ 
.046 


.614 

.661 


.0005 
.0003 


.0189 
.0151 


.066 


.417 

.470 






.085 


.103 




.051 


.672 


.0004 


.0186 


.065 


.465 




3/16 


.106 


.127 


1.65 




.685 


.0004 


.0223 


.OfcJt 


.459 


.072 


7/32 


.117 


.141 


1.63 


.062 


.696 


.0005 


.0242 


.0*4 


.454 


1 3A 


3/8 


.051 


5/32 


.102 


.122 


2.00 


.057 




.0006 


.0306 


.07? 


.548 


.064 




.126 




I.97 






.0008 


.0570 


.079 


.542 




.072 




.140 




1-95 




.704 


.0009 


.0405 


.078 




.081 




■135 


,l& 


1.92 


,073 


.804 


.0009 


iW 


.078 


.511 


1 7/8 




■P51 


5/12 


rltf 


.130 


2.12 


.055 


.811 


0007 


.0301 


.079 


.58$ 


3/8 


.064 


2/16 


.1JU 


.161 


2.09 


.062 


.845 


.0008 


.0450 


.077 


•579 




-V« 


7/12 


,1**9 


r!79 


2.07 


.<?p6 


,W 


0009 


.0493 


.076 


.575 




,961 


lA 


.Itt 


.199 


2.05 


.071 


.866 


0009 


.0538 


.076 


.570 


2 




.071 


5/12 


■tW 


.145 


2.37 


.074 


.848 


0016 


.0490 




.636 


1/2 


.064 


?^ 


430 


480 


2.54 


.080 


.860 


0019 


.0598 


.11? 


.631 






7/32 


•167 


r?Q0 


2,32 


.064 


.870 


0021 


.0658 


.112 


.623 




fOfll 


iA 


,186 


■223 


2.29 


.089 


.880 


0021 


.0723 


•Ul 


.624 


2 1/U 

L 


1/2 " 


^64 


3/16 




.199 


2-59 


.07$ 


.982 


0019 


,0839 


.106 


,70$ 


.072 


7/32 


■1ft 


.222 


2.57 


.080 


.992 


0021 


,0915 


.107 


.705 




-cai 


-LAI. 






2.5A 


r0$4 i 


.002 


0021 


.1000 




.699 






9/3? 


^223 


-2Z2-. 


JU2-. 




lOl?.,, . 


0026 1 


.1105 


AQ6 . 


4694 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAtR AND SPACE SYSTEMS DIVISION 



TABLE 1. 1.1. 7 
PROPERTIES OF ANGLES (Cont'd) 



A 


D 


f/* 


7/1*1 


3* 


u* 




7/UI 


U/ii 


■JJJ 










3* 










lA 




*■ 


T* 






>A 




lA 




*• 


1 






5A 







irtntini 
wrrvwm\ 
itctictatii 

imn/Ji 

irrjrTiTpj' 

nmcrn 

**mwM 
■mm 
■miTi 
■mm 
ir-nrr/ 
wmvn 
tmm 
•mm 

w-Tirri 
wmiti' 
ittich 

■mm 
■jmm 
wrmm 

■T7T1JT- 

•rmcw 
■rrnm 
irrnm 

IT3ICT3 
pstsot 
■mm - 

■mm 



■r-MiTff 
■mm 
■r^ifn 
■saen 

woi trie 




■in »V3» km mmza h>;-j ■•£» flora w-'Hiffi*. 

PES l?JHET3 1^1 PrtEJ IKH HvH IEJWJ PK2. 

E2 BSC! BE3 BH« HEM BIB BZ^EaaEHEHEKS 

WT--I liftfc mil Blt« WCT lEUKHEiiEfFJUIHKiWEE 

itij tn i i b » u if km m 9kcm »u »^ mu; Pfc^d «^ 

tEia una im-j tra» 5^-1 »sn pczjj mvz 
EatuiiBSJ ht*» mmm ton wtj iehi eh^es wjz 

wt._-4 »»** tw.-iw-ti»njft>;iii'- 

fUil » TUB H.V I H'.Ilk »«- • »»U f»"i fft-^] «■> t\i PWU Pre- 

■T-H »»JB ffCI PP-JPJ ITl PFMl ■KT? PFCTT- ] HOTT- PET^ PTC? 
Pf»« mt-il f*» tIK-U K*J k J 1*^3 f»-^ 

■raiwn»inpAi»pm f j pi^iPiTT!pr^pn^FmTpiTn 

if: 4 j ron ptopj ma mr-i h-.^m h->h: wf*i bs 
p^h rronrai ptm wkzm w»a ms ppn] iCTCiPUPi^ 

PJC3 l*f« (flU R3« ffiJ l*TU BID P^ti PEjT. peh ■*-». 

pct topj ir^ii w-nMP/in s p^ p>^ii pkct: ph*e iej: p^. 
■«a toti weti pjct*i »>pn» p« l5tpj f!t:«f?^ tr^» 
rwHiMW-w^nw- 'w ^"-'M Km irr-tti y=7i 



l<TraiTr:pK:.p»^.i»w.7aiTPPtmir^.i 'Tv>»iw» -i ^-.i 
F-iBff' wir pni i-y-: 1 ■ bt^-i »si 

TTT» IWlll^Pt'l 9Z-"M tT-Tl IWHI ' S% 

p w -ppt - t v— r .. ■ ffr.^ w.jiri ir-iu i w^iwj^ 

frrPKWT?PITT-PtW..ll-*--Pl*^P*-^-l>rT^l lT^T- lli.^l*--1 

tt-t* prx-pPfTTP »-ii » i-wip i»fy-7i ^T« >r^i pj!«.i »m 
wr»wir:pFinp n :i »^ «^:i»-'.-i*i- ^iw-iwiWCTiw^i 
r^PTri^r x pr r.i^y- ' ^^ T^^i wrrT.iiFTT^Tw^ii wCT 

W7!^P^'P>^-PlUPPPl-.PJ*l'.ltl--ll»-3aW "^llPrTI» By f 'l 

fCTa-mmi'.-wi-iwL ■■■■uv..iH..-.- , .m*.-ii»«iKJi 
mn fi ■.p>,. i p pj ..M *T.^<^f irriTiirr^iw^--i *T^i 
»7T^ET/.iirr:p»r.Li»jii.Pi«i.«ii!iH----LJ^ui^ viPirn 

*r*^PT4T-*PI»V P«r^mVCalV-7lP lT-TllFTt>I P>--'ll »m 12Z 1 

v".t»b»m pit:-- p n -. M-i u »* miaiFrEJiEmift»a o 
«i^sm.K pf^t PR5i mr-pi^iHsa bs^i «> ■ anJ 
t^ti p»m ppt p»t:i »v^*pi *4*mi£i k&h RUiM nx-i SZX1 

K^»»fiMP>w;pE»»p]WWPJW>voa H'*t:-ifft3iP..isJi 

g^w.MPicrpn.qiFi»TPi«?r.»nri W'W--i^t'.iP,'iay7f i 
. r*TM rrf Ptrv prrt» rm^m m i Tn >r - ' ■ t i -' i ^'^w rt^> 
l*^»«Ttr?^«.p ^«> prwf tnitsiTT'iTOigTitn; 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DIVISION 



TABLE 2.1.1.7 
PROPERTIES OF ANGLES (Cont'd) 



- 






90' 






Ac 











A 


T 


R 


ARIA 


WT/FT 


WIDTH 


M 


In 


RAD. 

cm. 


1/2 


.020 


2/32 


.019 


.022 


.94 


.139 


.0001 


,139 


.025 


V MO 


-OZJ 


■ UCO 


• 93 




/vy>C 

■ uuw 


.158 


. 052 


3/32 




.053 


•jg 




.0007 


•1?7 


9/l6 




Jiff 




.032 


x - v« 


l62 


.0006 


•173 


.032 




.0^1 


.040 


1.05 




.0011 




.olo 






.049 


1.02 


i« 


.6613 


$k 


V8 


:oj2 




.037 


.045 


1.17 


.173 


.0015 


.198 


.old 




.646 




1.1? 


7IBT 


73515 




.051 


?/?2 


•°?T 


$h 


1.12 


.16S 


.0022 




11/16 


.032 




.042 




1.30 


.191 


.0020 


.216 


.oto 








1.27 


.196 


.0024 


."216 




.051 






.076 


l.si 


.203 


.6629 




3A 


.032 








1.42 


.207 


.0025 


.236 


T o4o 








1.40 


.212 


.oojl 


.237 


i9 






.odit 


107 „ 


.216 


.003? 


•236 




3/16 




.103 


1.34 




.0047 


.234 


.072 






.114 


l.>2 




.0051 


"353 


13/16 


•04o 






•07? 






T06I0 








5/52 


.076 


.092 


1.49 


.234 


.6666 


r>: 




3/16 


.094 


.115 


1.47 


.it 2 


73553 








7/J2 


.101* 




i.U 


.248 


".oofio" 






lA 


38- 




1.42 




.0072 


38 


7/8 


.040 






.07? 


1.65 








tS 


-ft 1 


.633 


«- 


1.65 


.24 9 




'.277 






.162 




1.39 


.'257 


row 


.27"* 


.072 




.113 


.13t 


1.17 


tS64 




,273 


.Ofil 


■nr 


,12"i 


.110 


1.14 


.270 


.0091 


.270 


1 


.040 




.076 1 
















.09? ■ 




tit 


t» 






t» 


3/li 


.116 


.141 


1.04 


.2tW 


.0116 


.311* 


• 072 




.131 


.117 


1,9? 


,294 


.012$ 


.313 


.oei 




•1J5 


•175 


1.80 


.300 


.0141 




.091 




& 


4» 


1.77 


.307 


.0154 




1 1/8 


,040 






■103 


2.15 


•305 


.0109 


336 


■mi 


1/32 


.108 


.130 


2.12 


.311 


.9134 




.Ofr 




.13* 


.161 


2.09 




.0169 


# 


.072 


7/32 


.1*«9 


.179 


2.07 


.393 


.019? 


• 353 


.08; 


iA 


.166 


.199 


2.04 


•331 


.0221 


•33? 


.091 


9/32 


.16> 


.221 


2.02 




.0226 




.102 




.203 


.244 






.0247 


•>? 


l lA 


.040 


w 


.096 


•W 


2.U0 


•337 


.0154 


.400 


.mi 


l/32 


U2jJ 




2.37 




*£1S°. 


^21 



A 


T 


R 


AREA 


wt/jt 


DETXL. 
WIDTH 


H 


In 


RAD. 
GTR. 


1 1/4 


.061* 


3/16 


.150 


.100 


2.34 


•350 


.U234 


.395 


.072 






.200 


2.32 




.0256 


•??3 


.Odl 


1/4 


.106 




2.29 


■ 362 


.0265 


.392 




Q/32 


.206 


.24I 


2 27 


355 


.0317 


• 392 


.102 






.27*1 


2.24 




.034^ 




1 3/8 


.040 




.106 


•^7 


2.6: 




.0206 










.160 


2.62 




.0256 










•199 


2.59 




.0315 










.222 


2-?7 


.387 


.0349 


.435 








.2U7 


2.35 


*?92 


.03S7 


.4?3 


.091 


9/32 




■273 


2.52 




.042b 


.U>i 


.102 


U/32 


.2? 




2.49 


.^07 


.0465 


.429 


1 1/2 




?/?? 


.146 




2.58 


.105 


.0334- 


".178 




3/16 


■-182 


• 2l8 


2.54 


.413 


.0411 


.475 




7^2 


.203 


.244 


2.62 


AlB 


.0459 


•i 47 ? 








.272 


2.60 


.123 


.0509 


.47U 


.091 






.302 


i-i 


.436 


.0563 


A73 


.102 


u/32 




■J* 


4.74 


■.13S 


.6515 


.468 


1 5/8 






.150 


.191 


3.12 


.435 


.0430 


.519 


tSt 




.198 


.536 




.443 


.652B 




.072 




.221 


.265 




.448 


.0586 




.061 




.248 


.297 




4& 


.065S 




.0?1 




•27? 


. 


>.02 




.0727 


.513 


*1Q2 


11/3.2 


.301 


.366 


2.99 


46fl 


.079b 




1 3A 




5/32 


.172 


.206 


3-37 


.467 


•0537 


t339 


^ 


3/1^ 


.214 




3.34 


■*75 


.0666 




.072 


7/32 


•239 


.2?7 


3.32 


.479 


.0739 




.otii 


lA 


.267 


.320 


3.30 


.453. 


.0823 


.333 




9/32 


.297 


.357 


3.27 


.493. 


•0911 


.554 


.102 


H/32 


*W 


•397 


3.24 


•300 


.1006 


.553 


1 7/8 


.en 


•5/32 


.ltf» 


.221 


3.62 


,^96 


.0612 


.Wt 


.064 


3^16 


.230 


.276 


3.50 






.^97 






.257 


,308 


3.57 


.312 


.0917 


.'.97 


.0^ 


* 


.287 


,347 


3.51 


,319 


.1018 




.091 


9/32 


.320 


.3ft 


3.12 


.-£1 


.112*1 


.106 


.102 


11/32 


•336 


.427 


5.49 


,529 


.12^2 


.193 


2 


.cm 


3/5.2 


.107 


.237 


3.87 


.529 


.08OQ 


.64.0 


,06> 


3Afi 


.246 


■ 29T 


3.61 


.1^7 


.OOOfl 


.637 


.072 


7/32 


.271 


.330 


^.82 


.V»3. 


111b 


.636 


.091 


-lA- 


.307 


.ft*. 


3.79 


■ Vtfl 




.636 


-291 


9/32 


.342 


.mi 


3.. 77 


.111 






O02- 




.2fl2 


.^7 


1.7k 


.-^2 


.1127 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 



TABLE 2.1.1.8 
PROPERTIES OF CHANNELS 

T 







l 




i — i 






_ A m 


J t 



T 



A 


B 


T 


B 


AREA 


wt/ft 





M 


M. JJIJSKFZA 


RAD. GTB. 


ZZ 


TT 


ZZ 


TT 


5/8 


iA 








A5-t 


* y ' 


.074 


.0002 


.0016 


.075 


.226 


AiiA 


i 


.057 


All It 




aAa 


.0002 


.0016 


.073 


.218 


3A 


iA 


, Cn2 


* / *c 


.035 




1 AO 

li99 


AAA 


.0002 


,0025 


i072 


,267 




t /a 


.042 


.0^0 




.073 


.0002 


.002S 


.071 


.2^0 


7/8 


iA 


/MO 


n / "i£ 


Axn 


All *T 




a£o 


.0002 


.00^7 


.070 


.309 






^7 




1 IT 




.0002 


.0042 


■ 069 


.290 


3/8 




* /TO 

5/32 


Alt "7 


o§-" 


i.*7 






otwi 






.040 


1/8 


.057 






.111 


.0007 


.0059 


.06^ 


.323 


1 


iA 


.052 


3/32 


.043 








.0002 


.0052 




.347 


.040 


l/tt 


.052 




l.?0 


.063 


.0002 


.0059 


.067 


.330 


3/8 


.ouo 


15 


.062 


.074 




.103 


.0008 


.0062 


.112 




.051 




.076 


.091 


1.4*9 


.110 


.0009 


.0096 


.110 




.064 


3^16 


.092 


.110 


1.W 


.118 


.0011 


.OUO 


.108 


.346 


1 1/8 


iA 


;o3fi 


3/32 


.047 


.0$fe 


1.47 


.054 


.0002 


.0071 






.040 


1/5 


.057 


.0$ 


1.42 


.07? 


.0002 


.0081 


.066 


.377 


1/2 


.040 




.077 


.092 


1.92 


441 


.0018 


,0140 




.427 


.051 


5/32 


.095 


.114 


1.87 


.148 


.0022 


.0167 


452 


.419 


.064 




.116 


.13g 


1.81 


.157 


.0026 


.0194 


.150 


.410 


i iA 


3/8 


.040 


1/6 


.072 




1.79 


.092 


.0008 




.Ut) 


Ml- 




Vj? 2 




.107 




.098 










-fflfei 


3/16 


■» 


.129 




■100 




# 






15/8 


3/8 


.040 




.077 


.092 


1.92 


.087 


.0009 


.0182 


-406 


.487 


.0^1 


?/32 


.095 


.114 


1.87 


.093 


.0010 


.0217 


.104 


i*73_ 


.064 


3/16 


.116 


.139 


l.ai 


.100 


.0012 


.0252 


.102 


.467 


11/2 


1/2 




^/32 


.114 


.137 






.002^ 




.14/5 


-S44 




3/ld. 


.140 


.ififl 


P. in 


.IT* 


.002",., 


.moo 


.14^ 


.«*4 


.072 


7/22. 


.1* 


.Ifr 


2.14 


.141 


.0032 


.0427 


.143 




13A 


1/2 


iQU, 


i/32 




.153 


2.*9 


,US 


.0026 


.0406 


.142 


.621 


.064 


3/16 


.156 


.187 


2.43 


.12'; 


.am 


.0-S80 


..141 


.tiM . 




7/32 


.172 


..206 


2.^0 


.1^0 


.0033 


.nnM 


.140 


.607 ,, 


2 


5/8 


.051 


5/32 


.153 


.183 


2.00 


.147 


.awi 


.C&6 


.163 . 


.731 


,#4 


3/1$ 


.1H 


.225 


2.03 


.l->4 


.0061 


.0078 


.121 


.721_ 


.081 


1/4 


.230 


.275 


2.84 


.165 


.0073 


tU>7 


tire 


.706 


2 1/2 


?A 


.064 


J/16 


.236 


.265 


3.68 


.174 


■ mi) 


.1946 


.217 


.909 


.072 


7/32 


.262 


.314 


^.64 


.178 


.0122 


.2128 


-216 


.901 


.001 


9/32. 


..322 


.386 


3.«54 


.100 


.0147 




.214 


.885 


3 


3A 






.2$e 


.321 


4.18 


Ml 


.0117 




.200 


1.060 


.Ml 




^7 


441 


4 n4 












.102 


ll/32 


.404 


.484 


?•* 


.180 


.0168 


.4279 


.204 


1.030 
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DISTANCES FROM SIDES OF A 
TRAPEZOID TO ITS CENTROID 




a/b 

FIG. 2.1.1.9 
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Data Source, Section 1 .3 Reference 



Shear Center 

The shear center la defined as the point on the cross-sectional plane of 
a bean through which the resultant of the transverse shear load must be ap- 
plied In order that the stresses In the beam may be determined only from the 
theories of pure bending and transverse shear. 

In the case of a beam of variable cross-section, the shear center can be 
determined for each section, but these points will not necessarily connect to 
form a straight line. For instance, a cantilever beam of non-unlformly vary- 
ing cross-section may have a load so placed on the end that the end section 
will not rotate, but all other sections of the beam may rotate. Thus It may 
be seen that the shear center has real significance only In the case of pris- 
matic beams, or beams with a uniform taper. 

Por any doubly symmetrical section or a section with point symmetry, the 
shear center coincides with the center of gravity. 

Por any singly symmetrical section, the shear center is somewhere on the 
axis of symmetry. 

For any section made up of two intersecting plates, the shear center la 
at the point of Intersection of the plates. 



Example : 

Consider a cantilever beam 
with an applied load at the free 
end. Assume a constant cross- 
section. The centroldal (x) 
axis la an axis of symmetry; 
therefore, the shear center will 
be located somewhere on this axis. 



Calculate the moment of inertia 
about the centroldal (x) axis, 




,10 x 2 x (1.5) 



2 1 + .10 x (3) 3 - 1-125 In. 4 
12 



NOTE: The moment of inertia of the horizontal webs about their centroida 
negligible . 
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Calculate the bending stress. 

The difference In the bending moment on two cross sections one inch 
apart is equal to the vertical load (V). The difference in the bending 
stress on the two cross sections is shown by the following formula: 

jwhere (Y) la the vertical distance from the centroidal axis.] 
Horizontal Webs : 



1000 PSI 




V . . 1000 PSI 

Vertical Web: 

The bending stress will 
vary from zero at the centroidal 
axis to 1000 PSI as shown. 

The shear load '( q) in the hori- 
zontal webs at a distance (S) 
from the free edge must balance 
the bending stress of 1000 PSI 
acting over an area (.10S) as 
follows : 

1000 PSI q ' 1000 x ( - 10s) 

For a raaxlmura (q) 

S ■ 2" (Therefore) 
q - 1000 x .10 x 2 - 200 lbs. 

The shear load (q) in the vertical web is 750 lbs. or the same as the 
applied load. 

Calculate the distance to the shear center (Ref. e). 
' 200 lbs 




750 lbs 



- 750 x e - 200 x 3 

* . 200 x 3 _ on« 
e ^g-i - .80 



200 lbs 



-I- r 



750 # 





/ 




.8o'j*- 



Shear Center 
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2.1.3.1 



torn or sictzom 



LOCATION Of 9 (OAK CZWTXR. Q . FOR ttCTIOW 

KAVWo one axis of STowrnrr 



l. iruncl* 



V' 




2. Sootor of tftia circular 




3. Soalolrewlar im 




• - 0.*T & far narrow tritnsla (^<12 J »pprox. 



lj,7T 1*M 



Q In eo r*i«nt of oontrold 



*• ""at- 



nt of Uwrtl* of lac 1 *bout ( 
nt of Inorti* of lx ! about Xj ( 



--r* t. 

r 



If ^ * aro —01, « x ■ o y » 0 (practically) 



uri 4 U it 0 



1 



b _ , 



- h<-SC) 



441--- — * 



u . prMluet of lnorti* of tn. naif aoetion ( *bout ^»)^ 
EtTroopoot M uli X ud T i «- I x - .waant of 
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If » " h 
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fir 
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rjjCL 
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of ordinary i 
to bo at 0 



oage 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAtR AND SPACE SYSTEMS DIVISION 



TUU 2.1.2.1 



PORM OF SECTION 



LOCATION OP SHEAR CENTER (Continued) 



8. I with unequal legs 



h Q 

11 



• - 3 



b l< 1 



9. Right angle with lips 




btb l )2 






2b. 3 - (b - b 1 



10, -Sector or arc 




ha 31n0 - gCoatf 



11. Lipped channel (t small) 



i 



• t 



Values of e/h 





1.0 


0.8 


0.6 


(M 


Q.2 


0 


0.430 


0.330 


0.236 


0.141 


0.055 


0.1 


0.477 


0.380 


' 0.260 


0.183 


O.087 


0.2 


0.530 


0.425 


0.325 


0.222 


0.115 


0.3 


0.575 


0.470 


0.365 


0.258 


0.138 


0.4 


0.610 


0.503 


0.394 


0.280 


0.155 


0.5 


0.621 


0.517 


0.405 


0.290 


0.161 



12. Hat section (t iatU) 

M 



Values of e/n 



n 

h 



- 1 



0 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 



1.0 



0.430 
0.464 
0.474 
0.453 
0.410 
0.355 
0.300 



0.8 



0.330 
0.367 
0.377 
0.358 
0.320 

0.275 

0.225 



0.236 
O.270 
0.280 
0.265 
0.235 
0.196 
0.155 



_o.u 



0.141 
0.173 
0.182 
0.172 
0.150 
0.123 
0.095 



0.055 
0.O8O 
0.090 
0.085 
0.072 
0.056 
0.040 



13- D-Sectlon (A-wwloaed 




Values of e<h/A) 





1 


1.5 


2 


3* 


4 


5 




1 


0.5 






1.000 


o;soo 


0.665 


0.570 


0.500 


0.445 


0.6 






0.910 


0.712 


0.588 


0.498 


0.434 


0.386 


0.7 




0.980 


0.831 


0.641 


0.525 


0.443 


0.384 


0.338 


0.8 




0.910 


0.770 


0.590 


0.475 


0.400 


0.345 


0.305 


0.9 




O.85O 


0.710 


0.540 


0.430 


0.360 


0.310 


0.275 


1.0 


1.0 


0.80O 


0.662 


0.500 


0.4OO 


0.33O 


0.285 


0.250 


1.2 


0.905 


0.715 


0.525 


0.380 


0.304 


0.285 


0.244 


0.215 


1.6 


0.765 


0.588 


0.475 


0.345 


0.270 


0.221 


0.190 


O.I65 


2.0 


O.660 


0.497 


0.400 


0.285 


0.220 


0.161 


0.155 


0.135 


3.0 


0.500 


0.364 


0.285 


0.200 


0.155 


0.125 


0.106 


0.091 
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MOMENT OF INERTIA SAMPLE CALCULATION. TABULAR METHOD. 



.o 
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jl - A 
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r 







.25 
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SECTION 3.0 

MATERIAL PROPERTY DEFINITIONS 

THIS SECTION PRESENTS A GENERAL REVIEW OF THE STRENGTH 
PROPERTIES OF MATERIALS REPRESENTED BY ENGINEERING STRESS-STRAIN 
CURVES. IT ALSO CONTAINS DEFINITIONS OF CRITICAL STRENGTH OF 
MATERIAL TERMS. 



PAGE 

3.1 STRESS-STRAIN CURVE DEFINITIONS 3.1 .1 

3.2 MATERIAL PROPERTIES: DUCTILE-BRITTLE 
BEHAVIOR 3.2.1 

3.3 CREEP, STRAIN RATE AND IMPACT 3.3.1 

3.4 "A" AND "B" MATERIAL PROPERTY VALUES 3.4.1 

3.5 PLASTIC STRESS-STRAIN CURVES 3.5.1 

3.6 SURFACE ROUGHNESS 3.6.1 

3.7 NON-DIMENSIONAL STRESS-STRAIN CURVES 3.7.1 

3.8 RAMBERG-OSGOOD CONSTANTS 3.8.1 
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3.1 Data Source, Section 1 .3 Reference 2 

3, 01 GENERAL 

3, Ql. 01 MATERIAL PROPERTIES REPRESENTED BY "ENGINEERING" STRESS- 
STRAIN CURVES 

Numerous engineering properties of a material can be obtained from a 
stress -strain curve. Only the tension stress -strain test can be carried to ulti- 
mate even though F is assumed equal to F. for most materials. Many materials 
cu tu 

have tension and compression stress -strain curves that nearly coincide while the 
curves of work hardened materials may be significantly different. A few materials 
exhibit a difinite yield point, however, most aircraft and missile materials do not. 
For these materials, the 0. 2% offset method is used to define the yield point. An 
engineering stress -strain curve for a material exhibiting no definite yield point is 
illustrated in Figure 3. 01. 01. An engineering stress-strain curve is not a true 
curve in ***** the stress and strain are based on the original cross sectional area 
and the original gage length of the specimen. A true stress -strain curve would be 
based on the actual values at the given load; see Section 3. 01. 11. Following 
Figure 3. 01. 01, there are brief definitions of significant properties of the curve. 




i |o. 002^— 

Engineering Stress-Strain Curve (Tension) 
Figure 3.01.01 
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Definitions Pertaining; to the Stress -Strain Curve: 


E = 


f 

€ 

f 

C 
€ 


tan $ 


Modulus of elasticity in tension; average ratio of stress to strain 
for stress below the proportional limit. 


E •• 
c 


= tan 6 


Modulus of elasticity in compression; average ratio of stress to 
strain for stress below the proportional limit. 


E = 

8 


€ 


-.tan d„ 
2 


Secant modulus; ratio of stress to strain for stress above the 
proportional limit; reduces to E in the elastic range. 


V 


df 
dc 


= tan 6 ^ 


Tangent modulus; slope of stress-strain curve; reduces to E in 
the elastic range. 








Ultimate tensile stress; the maximum stress reached in tensile 
tests of standard specimens. 


F 

cu 






Ultimate compressive stress; because the ultimate compressive 

stress Is difficult to obtain, F is usually used for F when it 

tu cu 

is safe to do so. 


% 






Tensile yield stress; since many materials do not exhibit a 
definite yield point, the 0.2% offset method is used. This is 
done by constructing a line with slope E at a strain of . 002 in. /in.; 
the intersection with the stress -strain curve defines F . See 

ty 

Figure 3. 01. 01. 


F 
cy 






Compressive yield stress. 
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F Proportlonii limit stress in tension; the stress at which the 

stress -strain curve ceases to be linear; usually an offset of 

0. 01% is used. This is done by constructing a line with slope E 

at a strain of . 0001 in/in; the intersection with the stress -strain 

curve defines F . 

tp 

F Proportional limit stress in compression, 

cp 

T Modulus of Toughness; the area under the stress -strain curve. 

This property is sometimes used as a measure of the energy 
absorbing capacity either for materials that are not highly rate 
sensitive or for materials loaded under approximately the same 
rate and temperature conditions as those used to obtain the 
stress-strain curve. This property gives the amount of energy 
necessary to fracture a unit volume of uniformly stressed 
material. 

€ The strain corresponding to the ultimate tensile stress F_ . 

u tu 

€ Elastic strain; See Figure 3. 01. 01. 

e 

€ Plastic Strain; See Figure 3. 01. 01; plastic strain is permanent 

P 

while elastic strain is recoverable. 

%Elongation The total plastic elongation in the gage length of a tensile spec- 
imen after failure, expressed as a percentage of the original 
(unloaded) gage length; used as an Indication of relative ductility. 
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3.01.02 MATERIAL PROPERTIES: TEMPERATURE 
TEMPERATURE : 

Reduced or elevated temperatures usually cause a significant change in the 
stress-strain curve. As a result, analysis involving the stress-strain curve can- 
not be treated by the use of factors for temperature effects. For example; plastic 
bending, plastic buckling, and plastic thermal stresses must be obtained by the 
use of the stress-strain curve at the specific temperature in question. See 
Sections 7.00, 8.00, 9.00, 17.01, and 19.00. 

THERMAL EXPANSION : 

a = Coefficient of linear thermal expansion (in/in # F). 

THERMAL CONDUCTIVITY : 

k = Thermal conductivity; the time rate of heat transfer by conduction 

through a material of unit thickness over a unit area, for a unit 

2 

difference in temperature (BTU in/hr in *F). 
SPECIFIC HEAT CAPACITY : 

0^ * Heat capacity per pound (BTU/lb *F). 

3.2- 

3.01. 03 MATERIAL PROPERTIES: DUCTILE - BRITTLE BEHAVIOR AND 
TOUGHNESS 

The terms ductile, brittle, and toughness are currently used in a quali- 
tative manner. The extreme case of brittleness is the complete absence of 
plastic strain; the stress-strain diagram consists of a single straight line to* 
failure. Ductile materials, conversely, are characterized by large plastic de- 
formation preceding fracture. 
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Until recently, many investigators have used the terms ductility and 
toughness interchangeably when actually they are indices of two distinctly different 
Twn tiir-ifll deformation characteristics. Ductility, as measured by elongation and 
reduction of area, is the ability of a material to deform plastically throughout the 
section under conditions of slowly applied loads and in the absence of notches or 
other stress concentrations. Toughness is the property of a material to absorb 
energy by plastic deformation before fracture, under conditions of rapid loading 
rates, stress concentrations , or both. C harpy or Izod impact tests, central or 
side notched tensile tests, various tear tests, bend tests, explosion bulge tests, 
drop weight tests, and a wide variety of crack propagation tests — all impose 
various combinations of loading rate, triaxial stresses, and temperatures on 
materials. These tests attempt to simulate service conditions on actual structures 
containing stress conditions, such as notches, fatigue or machine cracks, rivet 
holes, Inclusions, sharp re-entrant corners, etc. Variations in temperature, 
loading rate, fl " ri stress concentration geometry, in addition to changes in com- 
position and microstructure, can effect the ductile-brittle behavior of a material. 

Results of the tests described above can be validly used as a preliminary 
performance Index for comparison of similar materials subjected to the same 
temperatures and utilized for identical structural configurations. 

3.01.04 MATERIAL PROPERTIES: CREEP, STRAIN RATE AND IMPACT 
CREEP: 

Creep is defined as a continuous deformation which increases with time, 
ptvH it usually occurs when an engineering material is subjected to stress either 
at high temperatures or over a long period of time or both. If a component is 
stressed for a long period of time, cumulative creep may cause It to rupture at 
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a stress level below that Indicated by short-time tensile properties or to deform 
a prohibitive amount. The conditions a component is expected to experience during 
its working life determines whether creep should be an important design consider- 
ation. 

Stress, temperature, time and deformation are all variables which effect 
creep behavior. Creep data is represented graphically by many different com- 
binations of these variables and is available in various Air Force publications. 

Reference 1 provides stress versus time, time to failure, creep and min- 
imum creep rate curves for most aircraft structural materials. This data can be 
used to determine if creep is an important design consideration and if it is, to 
establish an allowable stress. 

STRAIN RATE : 

Maneuver, gust, flight and landing loads on aircraft and missile structures 
result in conditions ranging from those where strains are constant to. those where 
strains are changing rapidly. The stress-strain curve, ultimate strength and 
ductility of some materials are affected by such changes in the rate of strain. 

In general, strength properties at lower temperatures (up to about 800°F) 
increase only slightly or remain' constant for small increases in strain rate. As 
a material approaches higher temperatures, however, the effects of strain rates 
become much more pronounced and the strength properties decrease greatly with 
a decrease in strain rate. 

Strain rate has little or no effect upon modulus of elasticity values except 
at high temperatures where the apparent modulus decreases with a decrease in 
strain rate. This is apparently a result of a small amount of creep deformation 
which occurs during the elastic region of loading at slower strain rates. 
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The total elongation of a material has a tendency to decrease with increasing 
•train rate, particularly at high temperatures . This effect, however. Is not 
entirely consistent and total elongation values may vary erratically with changes 
in temperature, strain rate and holding time. 

Unless otherwise stated, strain rates fpr data in this Twomiai can be as- 
sumed to have been between 0. 001 and 0. 01 Inch per inch per Tn<Tmt» up to yield 
and 0. 10 to 0. 20 inch per ™<Tmt* head travel after yield. Property variations in 
this range are normally considered too small to necessitate consideration in 
design. 

A comparison of the effect of an increase In strain rate from 0. 00005 to 
1.0 Inch per Inch per second at elevated temperatures for several materials. la 
illustrated in Figure 3. 01. 02. 

IMPACT : 

Impact stresses occur under dynamic loading conditions, where the load 
velocity is In the region of several feet per second or greater. Many engineering 
metals (low and medium alloy steels, for example) undergo a marked change in 
deformation and fracture characteristics between static and impact loading con- 
ditions and with changes of temperature at which impact loads are applied. 

Impact tests are generally performed at a series of temperatures In order 
to determine the "transition temperature" of a material, which is the temperature 
level or range at which a transition from ductile to brittle behavior Is exhibited. 
This "transition temperature" determined by these methods for carbon steels 1b 
In excellent agreement with material behavior in design applications. 
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Two of the most common impact testing methods are the C harpy and Izod. 
Both of these use a pendulum to apply an impact load to a notched test specimen. 
The energy absorbed during fracture is then determined from the change In height 
of the pendulum before and after fracture. This type of data has been published 
for many materials. 

Tension impact tests involving either circumferentially notched round 
specimens or side notched sheet specimens are also used to evaluate the impact 
resistance of metallic materials, but these tests have not been conducted as 
extensively as the Charpy V -notch impact test at*h much less data are available 
to permit comparisons to be made among different materials. 




I 000 MO 1000 1300 



Effect of Temperature on the Percentage Change In Ultimate 
Tensile Strength Resulting from an Increase In Strain Hate 
From 0.00005 to 1.0 in/in/sec. 

Figure 3.01.02 
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3. 01. 05 OTHER MATERIAL PROPERTIES 


F 

su 


Ultimate shear stress. 


F 
sp 


Proportional limit in shear; usually taken equal to 0. 577 times the 


proportional limit In tension. 


M 


Pols son's Ratio; the ratio of transverse strain to axial strain in a 
tension or compression test. It usually varies from .25 to .33 for 
most structural materials and is reasonably constant in the elastic 
range. For materials stressed beyond the elastic limit, Poisson's 
Ratio is not a constant, but la a function of the axial strain. By the 
conservation of volume In ideally plastic action, Poia son's Ratio- 
becomes equal to 1/2. 


m p 


Plastic Poisson's ratio; this value is used for convenience only in the 




plastic range since Poisson's ratio was intended only for elastic 
action. It is known from experiments that the value of Poisson's ratio 
increases beyond the proportional limit and for most materials the 
average value becomes about 0. 5 which Is the same value found 
theoretically by the conservation of volume In Ideally plastic action. 




Effective value of Poisson's ratio; an average value for the total strain 
which includes the elastic and plastic portions. See Section 3. 01. 10. 


Q- E 

2(1+ m) 


Modulus of rigidity or shearing modulus of elasticity for pure shear in 
isotropic materials; this property is the ratio of the shear stress (f^) 
to the shear strain (7)* In the elastic range as shown in Figure 3. 01. 03. 


* sm nfttw 10. u. oi. 





D30O ^ *X <T 
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Bearing ultimate; the actual falling stress of a material in bearing; 
usually given for e/D ratios of 1. 5 and 2. 0 , where e is the edge 
distance and D is the diameter of a pin. 

Bearing yield; a load -deformation curve Is plotted where deformation 

Is the change in hole diameter. A 2% offset method is used on this 

curve to define F, similar to that used in defining F_ . 

bry ty 

See Section 18. 00. 

c 

r 



Y* -2(1 + 

E 

Shear Stress-Strain Curve 
Figure 3.01.03 

3. 01. 06 MATERIAL PROPERTY VALUES 

Scatter of test results necessitates that design properties be defined in terms 
of probability-levels. The selection of such levels naturally depends on the par- 
ticular design, its chances of failure, and the consequences of failure. 

Two strength levels In common use are the n A" and "B" values specified in 
Reference 1. "A" values in Reference 1 represent "Minimum" strength properties 
guaranteed by material producers, and "B" values represent strengths which 
producers assure will be met or exceeded by 90% of the material supplied by them. 

•See figure 10. 10. 01 
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It is often necessary to establish comparable design allowables for materials 
or structural elements not shown In Reference 1, In which case more specific 
definitions of the "A" and "B" values are required in terms of probabilities and 
confidence levels. The definitions adopted are as follows: 

"A" values - that level which would be exceeded by at least 99% of the entire 
population* with 95% confidence**; Le. , the confidence** is 
95% that at least 99% of the entire population* would exceed the 
"A" value. In the Structures Manual, "Minimum" values will 
correspond to "A" values, until such times as more statistically 
based data is available. 

M B" values - that level which would be exceeded by at least 90% of the entire 
population* with 95% confidence**; i.e. , the confidence** is 95% 
that at least 90% of the entire population* would exceed the "B" 
value. In the Structures Manual, "90% Probability" values will 
correspond to "B" values. 

Application of "A" and "B" values: 

"A" values - Single load path structures. 
"B" values - Multiple load path structures. 

3. 01. 07 STRESS-STRAIN CURVES 

Stress-strain curves will not appear in Section 3. 00 since the k ■ 1 plastic 
bending curves of Section 17. 01 are stress-strain curves and may be referenced 
as such. Where tension and compression stress-strain curves nearly coincide, the 
lower curve has been used and where they differ significantly both tension and 

* Taa mmin iM nwla il iaj may ba daflaad ft* tba fltln data trxm watch tba umpU la drawn if all ot it wara milafaU. 
Far mrnat*. tba taaaaa; of a groop of ipkImm would ba tba aampU aari all mala rial which would avar ba aecaptad 
to tba BMiarlal apactfieallea would ba tba fr- 1 "**— 

Ooaanlly, tafonaUoB eaaoaniac taa «aOra pnjwi latino ta aat k a n na. Tarough ataxiatica, Infaraana aay ba mad* 
ragardiac taa — tlra p a aali i liai through arawlnafloa of a aatall part of tba* pa iwla n iol Tba rnaftrtaara nr rnanriaaaa 
laval la tba dafraa of aaraty that tba aatlaiatad t»|— ilooo timm rlha tba aapalailiai 
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compression plastic bending curves have been presented. When requiring a 
stress -strain curve to pass through a yield point different from that on the k*l 
curve, use the method described in Section 3. 01. 08. 

3. 01. 08 CONSTRUCTION OF A STRESS-STRAIN CURVE THROUGH A GIVEN YIELD 
POINT USING A TYPICAL (DETERMINED BY TEST) STRESS-STRAIN CURVE 

Providing the typical and constructed stress-strain curves have the same E, 
the following procedure can be used as a standard method: 

1. Locate the given yield point, A, using the 0. 2% offset method as 
shown in Figure 3. 01. 04. 

2. Construct a line from the origin, 0, through point A and intersecting 
the typical curve at point B. Point A may be above or below the 
typical curve. 

3. Locate any point on the typical curve such as point C and construct a 
line from the origin, 0, through point C. 

4. Locate point D on line 0C by the following ratio: 

0D» = xoC 
0B 

5. Repeat step 4 until enough points are obtained so that a similar curve 
may be drawn through these points. 




« 1.001 

< (UMhaa/lacfct 



Figure 3. 01. 04 
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Data Source, Section 1 .3 Reference Z. 

3. 01. 09 PLASTIC STRESS-STRAIN CURVE 

The plastic stress -strain curve can be constructed from the engineering 

stress-strain curve. The procedure is to subtract the elastic strain, c { , 

e 

of any point i on the curve of Figure 3. 01. 05(a) , from the total strain,. €^ , to 
obtain the plastic strain, . By talcing a sufficient number of such points , a 
plot of stress vs. plastic strain can be plotted as shown in Figure 3. 01. 05(b). 




(a) Engineering stress-strain curve (b) Plastic stress-strain curve 

Figure 3.01.05 



page 5- Si 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



3.01. 10 EFFECTIVE POISSON'S RATIO; AN AVERAGE VALUE OF POISSON'S 
RATIO FOR THE TOTAL (ELASTIC AND PLASTIC) STRAIN 

This average value of Poisson's ratio £ may be expressed as follows: 



or 




(3.01.01) 



(3. 01. 02) 



where all the terms are defined In Section 3. 01. 01 and shown in Figure 3. 01. 05. 
For most materials, p ■ 0.3 and ^ p s 0.5, approximately, and £ becomes 
0.3 c + 0.5c 

M- ^-j - (3.01.03) 

or 




(3. 01. 04) 



3. 01. 11 MATERIAL PROPERTIES REPRESENTED BY TRUE STRESS-TRUE STRAIN 
CURVES IN THE PLASTIC RANGE 

For uniaxial tension or compression, the conventional procedure is to define 
the material properties baaed on an "engineering' 1 stress-strain curve; Bee 
Section 3. 01. 01. A more accurate measure of material properties in the plastic 
range would be based on the true stress -true strain curves. A true stress -true 
strain curve is based on the true values of stress and strain at each point on -the 
curve as determined by the use of the actual rather than the original cross - 
sectional areas. A plastic true stress-true strain curve is shown with the corre- 
sponding plastic "engineering" stress-strain curve in Figure 3. 01. 06. See 
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Section 3. 01. 09 for the presentation of an "engineering" plastic stress-strain 
curve. A true plastic curve may be constructed similarly. 

Fracture in a uniaxial tensile test actually occurs when the strain hardening 
ability of the material is no longer able to compensate for the reduction in area 
that occurs during plastic flow. 

Ductility is usually based on theifc elongation of a tensile test specimen at 
fracture while the true measure of ductility would actually be at the strain corre- 
sponding to the maximum load on the stress -strain curve. This is referred to as 
the "point of instability" since significant reduction of area or "necking" begins 
to occur here while the load Is dropping off before the onset of fracture. 

True toughness should be based on the area under the true stress-true strain 
curve up to the "point of Instability" instead of the area up to fracture under the 
"engineering" stress-strain curve; see Section 3. 01. 03 on Toughness. 

The reason that a sudden and violent rupture does not occur Is that the 
straining ability of the test specimen exceeds the cross -head movement of the 
testing machine, thereby permitting the load to drop off. This is registered In the 
tensile test by a reduction of load beyond the point of wa^w»Tw load where the 
coupon actually separates Into two parts. 
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Stress 



True Fracture 



True Curve 



'Engineering" Curve 




"Engineering" Fracture 



Strain 

Plastic "Engineering" and True Stress-True Strain Curves 
Figure 3.01.06 



Definitions 
f 

€ 



'•Engineering' 1 stress 
"Engineering" plastic strain 

True stress 
True strain 
True plastic strain 
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€ 


" Engineering" plastic strain corresponding to F , the engineering 

tu 


p « 


ultimate tensile stress. 




True clastic strain corresponding to F' , the true ultimate tensile 
r tu 


P u 


stress. 


A 

0 


Original cross -sectional area of the test specimen. 


L 

0 


Original gage length of the test specimen. 


A 


Actual cross-sectional area of the test specimen at a prescribed load. 


L 


Actual gage length of the test specimen at a prescribed load. 


n 


Strain hardening exponent. 


k 


Strength coefficient. 


e 


Napierian base (2. 718. . . . ). 


Equations showing the relationship between the 'Engineering 11 and true 


curves are presented as follows: 




«■ - J ^ - la-jr- (3.01.05) 
L o 




0 


Assuming the elastic strain to be negligible: 




( < - f L Sk - in -L (3.01.06) 

0 


and 


T € ' 

-(e> P .(3,01.07) 

L 

O 

L - L 

c - T ° - r 1 -1 (3.01.08) 
p L L 
r O O 
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anH 



L 

r— - € + 1 (3. 01. 09) 

L o P 

From Equations 3. 01. 06 and 3. 01. 08 

e p = ln {€ p + l) (3.01.10) 
Plastic deformations can be assumed to take place at constant volume. 

A o L o * ^ (3.01.11) 
The load at any point in the tensile test is P and 

'■x 

From Equation 3. 01. 11 



Using Equation 3. 01. 09 and 3. 01. 12 all values of true stress including 

F' become as follows: 
tu 

T" - f(e p + 1) • (3.01.13) 

P tu = F tu (e p + l) (3.01.14) 
u 

It has been found that the plastic true stress -true strain relations may- be 
expressed by: 

V - M*^)* (3.01.15) 
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F - k <€ f )° (3.01.16) 
tu p 


or 


In T - n In «' + In k (3. 01. 17) 
P 

In F!* nine 1 + In k (3.01.18) 
tu p 

u 


By considering the differential of load dP equal to zero at the point of 


instability or maximum load, the values for n and k become aa follows: 




n - e f - In (c +1) (3. 01. 19) 
P u P u 




k • **{tT ■ F tu ( % * "(t)* (8 - 01 - 20 > 

u 


In plotting Equation 3. 01. 17 on rectangular coordinates, n, the strain 


hardening exponent, becomes equal to the slope of the curve as shown in 


Figure 3.01,07. 




* Fracture 
In f « nine n + ink— \ ^ 


Uf • 


b 


n tin k 


^^y 000 ^ n - — ■ «lop« of curve 

> b 


0 


1 




0 1 In «' p 




Plastic Logarithmic True Stress-Strain Curve 




Figure 3.01.07 
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Data Source, Section 1.3 Reference £. 



In conclusion, n may be determined in either of two ways: 

a. By Equation 3. 01. 19 if a plastic "engineering" stress -strain curve 
is available. 

b. By the slope of the logarithmic true stress -true strain curve as 
shown in Figure 3. 01. 07, if available. 

3. 01. 12 SURFACE ROUGHNESS 

In Section 1-25 of the Drafting Room Manual, surface roughness require- 
ments and specifications are given. 

The surfaces of machined parts exhibit notches and grooves of varying size 
depending on the cutting speed, cutting tool, and the machine. The surface 
roughness number is a physical value representing the maximum permissible 
RMS (Root Mean Square) average deviation from the mean surface line both above 
and below the mean surface in millionths of an inch. 

Fatigue failure can occur due to stress concentrations at these grooves and 
notches. Therefore, Table 3.01.01 is provided as a general guide to indicate 
the maximum surface roughness values for moderately and highly stressed parts. 
Maximum surface roughness values for functional requirements will not be the 
responsibility ef the Structures Engineer, 
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Table 3. 01. 01 
Maximum Surface Roughness Values 



■\r A T* PPT A T 


Room Temperature 
and 

Elevated Temperatures 


Room Temperature 
. to -100T 


-100T to -420T* 


MAT£xUALi 


Moderately 
Stressed 


Hignly 
Stressed 


Moderately 
stressed 


Hignly 


Moderately 


Highly 

OLT6BBCU 


a tot nfli «>n2 etc 
All Strengths 


250 


125 


250 


125 


250 


125 


AM 350 , 355 
All Strengths 


250 


125 


250 


125 


250 


125 


17-4PH, 17-7PH 


125 

.X 4# w 


63 


63 


63 


63 


63 


19-9 DL, DX 


250 


125 


250 


125 


250 


125 


Inconel X 


250 


125 


125 


63 


125 


63 


K-Monel 


250 


125 


125 


63 


125 


63 


A-286 


250 


125 


125 


63 


• 125 


63 


Pure Titanium 


250 


125 


125 


63 


63 


63 


Titanium Alloy 


125 


63 


63 


63 


63 


63 


4130, 4140 N 
ITT to 180 


250 


125 


125 


63 


63 


63 


4340 

HT 150 to 180 


250 


125 


125 


63 


63 


63 


4340 

HT 180 to 260 


125 


63 


63 


63 


63 


63 


Alirmlmtm Alloy* 


250 


125 


250 


125 


250 


125 


Magnesium 


250 


125 


250 


125 


250 


125 


" Ob aet <mm tkla tabl* fat 
Oro*. 


aaiaetloa of matariala at low taaaparattr* —Hniawi caaauit tha Stneturaa Owvlopaaaat 
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Data Source, Section 1.3 Reference 



Z.I 

3. 01. 13 NON-DIMENSIONAL STRESS-STRAIN CURVES 

Stress -strain curves axe of fundamental Importance in the computation of 
plastic bending and buckling stresses. 

Romberg and Osgood* have proposed a three parameter representation of 
stress -strain relations in the yield region. 

E<r f / f \n 

0.7 0.7 \ 0.7/ 

Eg ^ - Secant yield stress (corresponding to the intersection of 
the stress-strain curve and a straight line through the 
origin, having a slope of 0. 7 E). V i ^. 

F - Corresponds to the intersection of the stress -strain 

0. 85 

curve and a straight line through the origin, having a 
slope of*0. 85 E: Fig- S.Ol .Ofc 

n - 1 + log e (17/7)/log e (F^ ? /F o< ^ (3. 01. 22) 

(See Figure 3. 01. 09 for plot of equation. ) 

The quantities Ee/F are non-dimensional and may be used in determining 
the non-dimenaional curves of Figure 3. 01. 10. E, n, and F must then be 
known to use these curves. 



From Rafar«ac« 3. 
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0.7E 




NON-DIMENSIONAL STRESS - STRAIN CURVES 



Figure 3.01.08 
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Data Source, Section 1.3 Reference £ 



3. 02 MATERIAL PROPERTIES AT ROOM AND ELEVATED TEMPERATURES 

3. 02. 01 TABULATED MINIMUM MATERIAL PROPERTY VALUES INCLUDING THE 
RAMBERG-OSGOOD CONSTANTS 

This section presents the required material properties for the determina- 
tion of Ramberg-Osgood constants (Reference Section 3.01. 13). Values of F 

W.I 

and F. were obtained from Tnin<-mnTr> engineering stress-strain curves am * 

0 ■ DO 

the parameter n from Figure 3.01.09 

A 

Material property values should be obtained from Reference 18 or other 
official source. Where these values correspond directly to the values called 
out in Table 3.02.02, the Ramberg-Osgood constants are applicable as shown. 

Table 3.02.01 



PAGE 

Stainless Steels 1> » «. Z 

Low Carbon and Alloy Steels 3.£>.5 

Heat Resistant Alloys %.E> »G 

Aluminum Alloys 3 » C> . & 

Magnesium Alloys . £i . ^ 

Titanium Alloys 'b. . to 



Data Source, Section 1 2 
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Table 3.02.02 


MATERIAL 


Temp 
Run 

llr 


Temp 
•F 


e, 
% 


kill 
KOI 


V 

KBl 


E 

c 

6 

io psi 


F 0.7 

KBl 


F 
0. 85 

KSl 


n 


STAINLESS STEEL 




















AISI 301 1/4 Hard Sheet 


1/2 


RT 


25 


125 


80 


27.0 


73 


63 


6.9 


Trans vera e Compression 


1/2 


400 


















1/2 


600 


















1/2 


1000 
















Longitudinal Compression 


1/2 


RT 


25 


125 


43 


26.0 


28.2 


23 


6.2 




1/2 


400 


















1/2 


600 


















1/2 


1000 
















AISI 301 1/2 Hard Sheet 


1/2 


RT 


15 


160 


118 


27.0 


116.5 


105 


9.2 


Transverse Compression 


1/2 


400 




118 


108.6 


23.2 


108.5 


97 


8.6 




1/2 


600 




110 


107.5 


20.0 


108.6 


96.6 


6.2 




1/2 


1000 




86 


86 


16.2 


94.6 


83.6 


6.0 


Longitudinal Compression 


1/2 


RT 


15 


160 


58 


26.0 


48 


37 


4.4 




1/2 


400 




118 


53.3 


22.4 


45.5 


36 


4.7 




1/2 


600 




110 


62.6 


20.1 


44 


31 


3.5 




1/2 


1000 




86 


45.2 


15.6 


40 


30.5 


4.3 


AISI 301 3/4 Hard Sheet 


1/2 


RT 


12 


J76 


160 


27.0 


163.5 


151.6 


13.2 


Transverse Compression 


1/2 


400 




148 


148 


24.1 


153 


142.S 


13.2 




1/2 


600 




138 


138 


22.4 


152 


140 


11.2 




1/2 


1000 




112 


112 


18.9 


127 


121 


19.2 


Longitudinal Compression 


1/2 


RT 


12 


176 


76 


26.0 


70 


61.6 


7.6 


i 


1/2 


400 




148 


71 


23.3 


65 


56 


6.8 




1/2 


600 




138 


70.3 


21.6 


65.5 


56.6 


6.8 




1/2 


1000 




112 


59.3 


18.2 


55 


46 


5.9 



c 



c 



c 



MATERIAL 


Temp 
Exp, 
Hr 


Temp 
•F 


AISI 301 3/4 Hard Sheet 


1/2 


RT 


(CV Special), Longitudinal 


1/2 


400 


Compres s ion 


1/2 


600 




1/2 


1 AAA 

1000 


AISI 301 Full Hard Sheet 


1/2 


RT 


Transverse Compression 


1/2 


400 




1/2 


600 




1/2 


1000 


Longitudinal Compression 


1/2 


RT 




1/2 


400 




1/2 


600 






1000 


AISI 301 Extra Hard Sheet 


1/2 


RT 


Longitudinal Compression 


1/2 


400 




1/2 


600 




1 /*> 


On A 

BOO 


AISI 321 Annealed Sheet 


1/2 


RT 




1/2 


400 




1/2 


800 




1/2 


1200 


17-4 PH Bar 6 Forgings 


1/2 


RT 




1/2 


400 




1/2 


700 




1/2 


1000 



r 



r 



a 
°t 

% 


IU 

kal 


F cv' 
cy 

kal 


E 

c 

, 6 
10 pal 


0. f 
kal 


F 

A OR 

ksi 


n 


12 


175 


68 


26.0 


57 


44 


4 4 




148 


63.6 


23.3 


54 


44 


5.3 




138 


63.0 


21.6 


54 


45 


5.8 




112 


53.0 


18.2 


46 


38 


5.7 


8 


185 


179 


27.0 


183 


172 


16 




168 


168 


25.1 


174 


164 


16 




159 


159 


23.8 


172 


162 


16 




131 


130 


21.6 


141.5 


136.5 


21.5 


o 


1 BIS 
103 




n a a 

26. 0 


77. 5 


63 


5.2 




168 


80.8 


24.2 


74 


69.5 


5 




159 


79.9 


22.9 


74 


58 


4.6 




131 


68.3 


20.8 


58 


42.5 


3.9 


o 


onn 
*UU 












40 


75 












6 


180 


165 


27.5 


166 


160 


24 




1 A3! 


100 


ZD. J 


137 


129 


16 




146 


105.5 


23.1 


106 


97 


11 




88 


62.6 


21.2 


60 


52 


7.1 



5 

m 
r- 



i 

5: 

? 

o 
o 

2 

rj 
Co 

"O 

O 
rn 

to 
to 

(O 

0 
O 

z 



CO 
H 
33 

C 

o 

H 

C 
ID 

> 
r- 

> 

> 
r— 

-< 
in 

c/> 
IG 



MATERIAL 



17-7 PH (TH1050) Sheet, Strip L Plate, 
t - .010 to .125 Id. 



17-7 PH (RH9S0) Sheet, Strip It Plate, 
t « .010 to .125 in. 



19-9DL (AMS 6526) li 19-9DX 

(AMS 6538), Sheet, Strip* Plate 



19-9DL (AMS 5527) li 19-9DX 

(AMS 5539) Sheet, Strip 1 Plate 



PH15-7MO (TH1050) Sheet L Strip, 
t - . 020 to . 187 in. 



PHI 5 -7 Mo (RH 950) Sheet & Strip, 
t - . 020 to . 187 In. 



Temp 
•F 


e. 

em 


F 

kal 


F 

* • 
cy 

kal 


E 

G 

0 

10 pal 


F 
0.7 

kal 


F 

0. 85 
kal 


n 


RT 




180 


162 


29.0 


186 


145 


7.4 


400 




169 


144 


27. 8 


146 


126 


6.8 


700 




144 


118 


24.9 


117 


104 


8.4 


1000 




88 


61.6 


20.3 


66 


47 


6 


RT 




210 

St M.V 


205 


29. 0 


208 


196 


16.4 


Ann 
















600 
















800 
















II i 






45 


29. 0 


36.5 


32 


7. 6 


Ann 




84 


39. 6 










700 




79 


35.1 










1000 




65 


31.9 










RT 


12 


125 


90 


29.0 


85 


74 


7.2 


400 




110 


79.2 










700 




103 


70.2 










1000 




86 


63.9 










RT 


R 

O 


ion 


170 


28. 0 


171 


164 


22.5 


300 
















600 
















800 
















1000 
















RT 


4 


225 


200 


28.0 


218 


189 


7.3 


300 
















600 
















800 
















1000 

















o 
m 
5: 
rn 

r- 
tj 

5: 

o 
o 

3 

</> 
tj 
i> 
O 

m 

-<: 

o 

o 

z. 



o 

H 
C 
10 

> 

I— 

> 
> 

-< 
cn 

c/> 

> 
z 
c 
> 



c 



r 



r 



n 



MATERIA!, 


Temp 
Em 
Hr 


Temp 
•F 


e. 
% 


tu 
ksl 


F , 

cy 

ksl 


E 

0 

6 

10 pal 


F 

0.7 
ksl 


F 0. 86 
ksl 


u 


AM 355 Sheet, Heat Treated 


1/2 


RT 


















1/2 


400 


















1/2 


eoo 


















1 At 

1/2 


Oft ft 

BOO 
















LOW CARBON 6 ALLOY STEELS 




















AISI 1023 6 1025 Tube, Sheet L Bar, 




















Cold Finished 




HT 


22 


55 


36 


29.0 


32.7 


31.5 


24 


Aioi 4iou norniajizea, i > . loo in. 


1/2 


RT 


23 


00 


70 


29.0 


61.5 


53 


6.8 




1/2 


500 




81 


61.5 


27.3 


55 


48 


7.3 




1/2 


ftftft 




Aft 

DO 


4A 9 


91 ft 

4<3. O 


An 


34. o 


5. 2 




1/2 


1000 




46 


30.8 


20.6 


28 


22 


4.7 


ATflf 41 1ft 41 40 41 in Has* TrA«f aH 

Aioi iiju, mu t to'ju noil i roaioa 


1 /9 


RT 


23 


125 


113 


29.0 


111 


102 


10.9 




1 /9 


500 




.113 


98. 3 


27.3 


96 


88 


10.9 




1/2 


850 




88 




91 9 


Aft R 

DO. O 


A1 R 
OX. O 


1 9 




1/2 


1000 




64 


49.7 


20.6 


45.5 


41 


9.2 


AISI 4130 4140 4140 Hpnt TrAntnri 


1 /9 

1/ A 


Kl 


18. 5 


150 


145 


29. 0 


145 


140 


25 




1 /9 
1/4 


C Aft 

500 




135 


126 


27. 3 


126 


122 


29 




1/2 


850 




105 


ftfi fi 


91 9 


Aft 


ftl R 


1 Q R 

10. 0' 




1/2 


1000 




76 


63.8 


20.6 


62 


67 


10.9 


AISI 4130 4140 4140 Hnnt TrAaiai) 


1/2 


K 1 


15 


180 


179 


29. 0 


179 


176 


50 




1/2 


OUU 




162 


156 


27. 3 


156 


153 


46 




1/2 


850 




126 


109.3 


23.2 


109.4 


105 


22 




1/2 


1000 




92 


77 


20.6 


75 


88 


9.8 


AISI 4130, 4140, 4340 Heat Treated 


1/2 


RT 


13.5 


200 


198 


29.0 


198 


196 


90 




1/2 


500 




180 


170 


27.3* 


172.5 


169 


46 




1/2 


850 




140 


121 


23.2 


121.5 


117 


25 




1/2 


1000 




104 


87.1 


20.6 


87 


83 


19 



MATERIAL 



HEAT RESISTANT ALLOYS 

A-266 (A MS 6725A) Sheet, Plate 
ft Strip 



K-MONEL Sheet, Age Hardened 



o 

01 

o 

(D 

OS 



MONEL Sheet, Cold Rolled ft Annealed 



INCONEL-X 



ALUMINUM ALLOYS 



2014-T6 Extrusions 
t * 0. 499 In. 



C 



Temp 


e. 


F , 
til* 


F , 
cy 


E 

c 


F 
0.7 


F 

0.85 




"F 


% 


kal 


kal 


6 

10 pal 


kal 


kal 


n 


K 1 


15 


140 


95 


29.0 


93 


87 


14 


600 




129 


88. 4 


24. 4 


87 


81 


13. 5 


1000 




vie 

115 


81, 7 


■t a a 

19. 8 


81 


75 


12. 5 


1400 




62 


60.3 


14 2 


60 


47 


16.3 


TIT* 

K 1 


15 


125 


A A 

90 


26. 0 


88 


A A 

82 


* A £ 

13. 5 


400 
















800 
















900 
















1000 
















RT 


36 


70 


28 


26.0 


20 


17 


6.4 


400 
















600 
















800 
















1000 
















RT 


20 


165 


105 


31.0 


104 


100 


23.5 


400 




152 


95.6 


28.9 


94 


89 


17 


800 




141 


90.2 


26.4 


88.6 


84 


18.6 


1200 




104 


83 


23.2 


82 


78.6 


21 


RT 


7 


60 


53 


10.7 


53 


50.3 


18.6 


300 




61 


42.5 


10.2 


41.5 


40 


24 


450 




28 


21 


9.2 


20.5 


19.5 


25 


600 




10 


8.0 


7.4 


5.5 


4.5 


6.4 


300 




51 


43.5 


10.2 


44.0 


42.5 


25 


450 




31 


26 


9.2 


26 


25.2 


29 



c 



r 



MATERIAL 


Temp 
Exp, 
Hr 


Temp 

•F 

r 


A 

AM 


V 
kal 


F , 

^y 

kal 


E 

u 

A 

10 psl 


F 0 7 
kal 


F 

A AK 

kal 


n 


2014-T6 Forcings 


2 


RT 


7 


62 


52 


10.7 


52.3 


50 


20 


t ^ 4 In. 


2 


300 




53 


41 


10.2 


40.5 


38.5 


19 


• 


2 


450 




29 


22 


9.2 


21.5 


20 


12.6 




2 


600 




10 


7.5 


7.4 


4.5 


3.0 


3.2 




1/2 


300 




53 


43 


10.2 


42.5 


40 


15.8 




1/2 


450 




32 




q o 




oi R 


lo. O 


2024-T3 Sheet & Plate , 


2 


RT 


12 


65 


40 


10.7 


39 


36 


11.5 


Heat Treated, t £ .250 in. 


2 


300 






37 


10.3 


35.7 


33.5 


15 




2 


500 






26 


8.4 


24.8 


22.8 


10.9 




2 


700 






7 R 


A A 


A O 


R R 

D. D 


o. 2 


2024-T4 Sheet 6 Plate , 


2 


RT 


12 


65 


36 


10.7 


36.7 


34.5 


15.6 


Heat Treated, t £ 0. 50 In. 


2 


300 






34 


10.3 


32.5 


30.5 


14.6 




2 


600 






24 


8.4 


23 


21 


10.2 




2 


7 An 






7 


6. 4 


60 


5.7 


18. 5 


2024-T3 Clad Sheet & Plate, 


2 


RT 


12 


60 


37 


10.7 


35.7 


33 


12 


Heat Treated, t = . 020 to . 062 In. 


2 


300 






34 


10.3 


33 


30.3 


11 






500 






24.5 


8.4 


22.7 


20 


7.9 




2 


7AA 






A K 
U. O 


A A 


5. 8 


5. 5 


18. 5 


202 4 -T6 Clad Sheet & Plate, 


2 


RT 


8 


62 


49 


10.7 


49 


45 


11 


Heat Treated, t£0. 063 in. 


2 


300 






45 


10.3 


44.3 


40.7 


11 




2 


500 






22 


8.4 


31.5 


28 


8.3 




2 


700 






6 


6.4 


7.0 


6.0 


6.6 


2024-T6 Clad Sheet & Plate, 


2 


RT 


o 
o 


An 


At 


1 A T * 
10. 7 


in 

47 


43 


10. 6 


Heat Treated; t < 0.063 in. 


2 


300 






43.2 


10.3 


42.3 


38.7 


10.8 




2 


500 






21 


8.4 


29.5 


26 


7.8 




2 


700 






6 . 


6.4 


5.0 


4.0 


4.9 



MATERIAL 


Temp 
Exp, 
ii r 


Temp 
•F 


2024-T81 Clad Sheet, Heat Treated, 


2 


RT 


t < 0.064 In. 


2 


300 




2 






o 

m 




6061-T6 Sheet, Heat Treated & Aged, 


1/2 


RT 


t< 0.25 In. 


1/2 


300 




1/2 


450 




1/2 


600 


7075-T6 Bare Sheet L Plate, 


2 


RT 


t £ 0. 50 In. 


2 


300 




2 


425 




2 


600 




1/2 


425 


7075-T6 Extrusions, 


2 


RT 


t * 0. 25 In. 


2 


300 




2 


450 




2 


600 




% In 

1/2 


450 


7076-T6 Die Forcings, 


2 


RT 


t * 2 In. 


2 


300 




2 


450 




2 


600 




1/2 


450 


7075-T6 Hand Forcings, 


2 


RT 


Area £ 16 aq In. 


2 


300 




2 


450 




2 


600 




1/2 


450 



F 


F 


Hi 

C 


F 

F 0.7 


F 

0. 85 


n 


ksl 


ksl 


6 

10 psl 


ksl 


ksl 




62 


55 


10.7 


66 


51.6 


11.2 




50.6 


10.3 


61.2 


46.6 


10 


42 


35 


10. 1 


35 


34 


31 




29. 6 


9. 5 


29 


28 


26 




20, 5 


8. 5 


19. 3 


17.7 


10.9 




7 fi 


7 0 


A 6 


A 9 


1 fi 9. 


76 


67 


10.5 


70 


63 


9.2 




64 


9.4 


66.8 


62.6 


16.6 




25.5 


8. 1 


25.4 


23.5 


12. 1 




8 


5.3 


7.2 


5.2 


3.7 




30 


8 1 


34.6 


32. 6 


16 


«?R 
ID 


in 
f U 


1 

in k 
11). 0 


(In 

1 £ 


AO 
DO 


i a a 




R A 


a a 
9. 4 


Ktk R 
DO. 0 


04. D 


Id. 4 




99 R 


1 ft 
l.O 


91 1 
* 1. J 


in k 

ID. D 


f 9 
1. A 




a 

o 


O. »- 




4. J 


1 9 




25 


7.8 


29 


26 


8.8 


ft \ 

71 


DO 


10. 5 


58. 5 


55. 1 


15. 2 




in A 

47. 6 


9. 4 


47. 8 


45 


15. 6 




lo, o 


7. 8 


17. 3 


la 
10 


12 




t n 
7. 0 


D. J 


K A 

o. 0 


3.7 


3. 9 




23 


7.8 


24 


22 


10.9 


72 


63 


10.5 


63.8 


61.5 


25 




51.6 


9.4 


52.2 


50 


21.5 




20.2 


7.8 


20.3 


19 


13.7 




7.6 


5.3 


6.0 


5.0 


6.8 




24 


7.8 


26.6 


25.3 


19.5 



n 



MA 1 £jH1ALi 


i emp 
Exp, 
II r 


Temp 
•F 


e, 
% 


F tu' 
ksl 


F i 

cy 


E 

c 

6 

1 A nnl 


F 0.7 


F 0. 85 

lral 
HJ91 


n 


7A7R-TA Plnrl Shoot f> CXI at a 


2 


RT 


8 


70 


64 


10.5 


64.5 


61.6 


19.6 


t •< A RA In 


« 


300 






50 


9.4 


54 


51.7 


20 




n 

z 


450 






20. 5 


7.8 


19.7 


17.5 


4.6 




2 


600 






7 7 


R 1 


i . i 


D. a 


3. 6 




1/2 


450 






23 


7.8 


27.2 


25.3 


12.4 


7079-T6 Hand Forgings, 


1/2 


RT 


4 


67 


59 


10.5 


69.5 


57.5 


26 


t £ 6. 0 in. 


1/2 


300 






47 


9.4 


46.5 


45 


29 




1/2 


450 






21 


7.8 


20 


18.5 


12 




1/2 


600 






7.0 


5.3 


5.5 


3.5 


3.0 


MAGNESIUM ALLOYS 




















AZ61A Extrusions, 




RT 


R 




14 


D. J 


19 a 


19 1 
1Z. J 


la 
19 


t * 0. 249 in. 




















HK** 1 A .A StlAA* 

■ii\o l n u Ouooi 


1/4 


HT 


12 


30 


12 


6. 5 


10 


8.4 


6 


t m A A1A in A 9RA In 


1 /*> 
1/2 


300 




20 


11. 1 


6. 16 


8.9 


6.9 


4.5 




1/2 


500 




15 


9.3 


4.94 


7.5 


5.6 


4.2 




1/2 


600 




10 


4.9 


3.77 


3.3 


1-8 


2.2 


HK31A-H24 Sheet, 


1/2 


RT 


4 


34 


19 


6.5 


17,3 


14.6 


6.2 


t < 0. 250 in. 


1/2 


300 




22 


17.7 


6.2 


15.6 


12.6 


5.1 




1/2 


500 




17 


14.8 


4.9 


13.1 


10.5 


4.9 




1/2 


600 




11 


7.8 


3.8 


6.7 


5.2 


4.5 



MATERIAL 



Temp 
Exp, 
Hr 



Temp 
•F 



% 



kel 



cy 
kel 



6 

10 psi 



0.7 
ksl 



0.85 
ksl 



TITANIUM ALLOYS 

TI-8Mn Annealed Sheet, 
Plate t Strip 



T1-6A1-4V Annealed Bar 
t Sheet, t S .187 In. 



1000 
1000 
1000 
1000 
1000 

1/2 
1/2 
1/2 
1/2 
1/2 



RT 
400 
600 
800 

1000 

RT 
400 
600 
800 

1000 



10 



10 



120 
100 
01 
75 
38 

130 
105 
99 
87 
70 



110 
72.6 
66 

63.9 
24.2 

126 
96 

64.5 
79.4 
60.6 



16.5 



16.0 
14.1 
13.0 
H.B 
7.7 



119.5 



127 
97 

86.5 
80.5 
61 



102 



13.7 



124.6 
93 
62 
77 

59.5 



43 
22 
22 

21.6 
36 
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SECTION 4.0 



BEAMS 

ANALYTICAL METHODS FOR STRAIGHT, CURVED AND BUILT-UP 
BEAMS ARE PRESENTED. ADDITIONAL TABLES FOR BEAM ANALYSIS 
ARE GIVEN IN " FORMULAS FOR STRESS AND STRAIN - R J. ROARK. 



3RD EDITION, SEE CHAPTER 8 
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Data Source, Section 1 .3 Reference 1 

B EAMS 

?.. i. o 
lmple Beams 

? : \\\ 
hear . Moment , and Deflection 

The general equations for a bean In pure bending are given in Table 4.1.1-1. 

These equations are given in terns of deflection! bending moment, and applied 

loads In columns 1, 2, and 3» respectively. 



Table 4.1.1-1 



TITLE 


U) 


(2) 


(3) 


Deflection 


A-y 






Slope 


0 - dy/dx 


9- --/jfcdx- 




Bending Moment 


M - EI d 2 y/dx 2 


M 


M - M + V x - Moments 
x 00 of any 
loads on the sennent 

V x ' V o + «-ifiebraic 

sum of the ext. 
loads on the segment 
w 


Shear 


V - EI d 3 y/dx 3 


V - dM/dx 


Load 


4 h 
w - EI d y/dx H 


w - dV/dx - d 2 M/dx 2 



With reference to Pig. 4.1.1-2, the 
sign convention Is: 



-x 



c) 



d) 
e) 



+x 



~1 

i 



Pig. 4.1.1-2 



x la positive to the right. 
y_ is positive upward. 
M is positive when the 
compressed fibers are 
on the top. 
w is positive in the direction 
of positive y_* 

V is positive when the part of the beam to the left of the section 
tends to move upward under the action of the resultant of the 
vertical forces. 
The Uniting assumptions are: 

a) The material follows Hooks' a law. # 

b) Plane cross sections remain plane, 

c) Shear deflections are neglected. 

d) The deflections are small. 

In short beams, the deflection due to vertical shear sometimes is appreciable 
and nay need to be considered. If deflections due to shear are considered, the 
differential equations of the deflection curve of the beam is 



ff Mdx dx . f R 



a) 



where (K) is the ratio of the 
shearing stress on the cross-section 
to the average shearing stress. The 
value of (K) is given by the equation 



A 




b'ydy 



(2) 



Pig. 4.1.1-3 



Where (I) Is Mm moment of inertia of the cross section with respect to the 
centroidal avis and (a), (b), (b'J. and (y) are the dimensions shown In Fig. 4.1.1-3. 



page ^r.l . 1 
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TABLE 4.1.1.1 



BE«HS - SIMPLE SUPPORT AT EACH END 


frp* fir LOADING 1 REACTIONS 


BENDINC MOMENTS 


DEFLECTIONS 


P 

l-i-J- * 1 


r a -*r~ 

Pa 


m x . - r^ii x<» 

Pa 

M* • - I~ U-*J; *> • 

M - - Pb *f* g x - a 
■ax 


y - £S* a 2 - b 2 - x 2 ); x<« 

5ZI1 

7 - P^Il"'*'"*"' 2 "*^ x >* 


j^LJL l — -| 


■u 7TEIL 

at x ^*(a*2b) with a>b 


P P 
-^a|*— b —faU 


b • a 
R B - 4 P 


M x - - P x ; *<» 

- - P»; »<x<(L -*J 

M - -P.; From x - a 
•** * To x . a*b 


7 - Hj OU - 3* 2 - x 2 ); x<a 
x " SET I' 1 *-** 2 -* 21 ! *< x <(a^>) 


fTTTTTTl 


R A • ♦? 

B 7 


M X - - g (L - x) 

*Ux ■ * J 3 *** * " 7 


y - y* , ziJt 2 ♦ x3) 




*A " * 7 
*b - * 7 






V - ^ mL 

:--<Tfn 

F— L — i. 


*a • ♦ \ » 

R,- ♦ j W 


*x - " 5*1 -g> 

H - -0.128WL; 
"** it x : 0.577U. 


7 • Bora •J^-wV.tiM ' 

y - 0.01304^'; «t x - 0.5191 




R B " * 7 


-^f-f 1r 2,i *r 
W ' -ifc" x " i 




1 fTTTTl J 




a <x <(* * b) 
ia MX 1 (bum wh«n 

x-b(2c*b)** 


• 


V - aa W\ " a^e 

K^a-fb -rvH 

-cmi — fm u 

W ^- L — U 


-7TJ 


Mx - -(a*x - 3 ); *<» 

• -[ha» - 7 < 2 *-*>l ; 
a<x<(a ♦ b) 
For R*< W 






r a - ♦ r 


"x • I<E 
- - p ♦ ■; x>* 


y . ■iL£xJ >(x 2*3* 2 -*La) . x>* 




Por a>b j , 2 



page 4-^2. 
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TABLE 4.1.1 .3 



CANTILEVER BEAMS 



TYFE OF LOADING 



REACTIONS 



BENDING MOMENTS 



DEFLECTIONS 



+ P 



pi 



M = + PL 
max 



y - P (2L3-3L2 x +x3) 

Oil 



w 



1 H HH 



F 



+ wL 



M 



14 



max 



+ wL 



7m <3lA-4LW) 
4 



max 



wL 
SET 



; x = 0 



u4 



R B = ♦ P 



*b 



Rn = + 



wL 



M x = +P(x-a) 



Mmax - ♦P(L-a) 



* HIT 

ft = + vfL3 
max jxr 



y = 



P(L-a) 1 
6EI 

P(L-x) 



6EI 



(2L-3x+a) ; x<a 



(2L-3a+x) ; x>a 



at x = a * o 



y = W x5 - 5LUx+4L5) 



r = WL^ 
max 



; x » 0 



w 



wL 
7~ 



RB 



"x " gF<3 L -*) 
Mmax - £il 

5 



v v = llwL^ . x = o 

max nuEr 



.m 



M. 



m 



max 



mL^. 
2ET* 



0 
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TABLE 4.1.1.3 



BEAMS RESTRAINED AT OMR END, SIMPLE SUPPORT AT OTHER 


TYPE OF LOADIKC 


REACTIONS 


BENDING MOMKNTS 


DEFLECTIONS 




R A - *P ♦ Rg 


M x - -R$x; x< a 
M. - P(b3*ZliL 2 -3b2L\ 
* 2 | L2 | 


For x< a ^ 




Rn ■ +iiP 
R B ' + t| P 


ma - n. 

H x ■ " P( 7 -T^ ): "7 

M * - -4 p * 


y - P r (5x3-3L 2 x);x<L 
y-| T [5x3-i6(x-L)3-3L 2 x] ; 

y «*x -0.00932^ ; X-.1A7L 


H A W - «L 


r a - 4 | w 

F. 1 LI 

B " + g 


M - WL 




» -TI8mf3Lx 3 -2x il -L 3 x) 


Ml h"a-*1 w - «a 

f j™" A 
V*- L 


r -♦j^r a 2_ taL+ aip] 

tor 1 


Hi - ^(2L-a)^ 
* 8L 2 




f ! 

V*— L — *fc B 


R. - *2ai[6L 2 -« 2 l 


Mjl _ wa 2 (2L 2 -« 2 ) 
«L 2 




(i — F=3L 


-«3*2L3) 

%?■ f2b3-3a*b-aJ+2l3] 
2U* 


(2b3-3a 2 b-a3) 
* 2L3 






^ To" 




L. 




*A " * & " L 

s - * & - L 








L 1*8 




Ma . wa^Ha^-UaL+ZOL*) 
120L 2 




^A t 

■1 L •fie 




m 2 ( VOL 2 -A 5aL+ 12a 2 ) 
120L 2 




\^ L ' «B 


R -*J*L(b 2 -10L 2 l 
VOL3 1 ' 


„ A _ wb 2 (10L 2 -3b 2 ) 
120L 2 








M „ *<(a 5 -15a 2 L z +25a 3 L 2 -15a 4 t+3a 5 V 
A 30 W. 2 





page 4^.<V 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DIVISION 



TABLE 4.1.1.4 



RESTRAINED BEAMS 


TTPE OF LOADING 


SUPPORT REACTIONS 


BENDING MOMENTS 


DEFLECTIONS 


NaQ 


r a Rb 


R A . ^Pb2(3a ♦ b) 
U 

R_ - t P » 2f3b + *' 

L> 


M. - £±b£ 
M a • P» 2 b 

- * R A* * «A 


6EIL3 

3EI(3«*b>2 
* -fgfcfe; ->b 

7 -« - an (4 - 5LI 




1 p p 




R A ' R B " ♦ 7 


m a - M B - Ifi£=U 






R e 






W - wL 

f F f 4 » 

rv A l — i 




R A • Rb - ♦ \ 


MA - MB - - ^ 

H x ■ W l-L^U-x 2 ) 

x 3r r 
■U. - - g; « - * 


7 - • t - L 

7 


* 

"a 2 




Rb 


R A " R B * * 5 


"a-hb-^ 

L 2 3iTj 

M - -VL : x . L 






W - »L 


Pi, 


r b - * ?5 


M JMX - -.043W.; x - .5UL 








v^3w ex 






•if/in 

r r 


R A * R B * ♦ | 


*A " "b - te 

WT T 




JtrrTT*'**- 


D"b 
R g 


RA a 4«t - R3 

B L2 2L 


M 4 - !!iL<6L 2 -aaL*3»2) 
* 12L 2 

B 121? 








[\ 

r*. 


R A - -^bLw.^) 
R B - - (k b-«a) * ad 

L 3L 


M. - *l 2 _(10L 2 -15«X*6a 2 ) 

JQl 2 






k L 




R A -Mtii£lB>*3glUfi) 

r -.(M b -Ma»+«£ 
b L " 


M.- 2S2_(10L 2 -10aL*3« 2 ) 
* 60L 2 

B 60L? 






- »-f b — 


[>■ 


r a • ♦* *f*> 

R- —6 2-»b 

^ L3 








-rm T" 


R 

. Kg 

Rb 


R A " *7tjt7*l*>2> 
R, - ^3.^1 


"A * ^(>l* 2 -2» 

m b - ^ 2 -l*3*2» 






■ L - 






m. -fiESt 

L 2 

u - . 6EIy 
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40.2 

Stress Analysis 

The maximum bending streaa in a beam la: 




This equation ifl true only when: 

• a) plane croaa sections remain plane 
b) the material follows Hooke'a law 

If the calculated maximum stress does exceed the proportional limit, a suitable 
reduced modulus must be used. 

The maximum shearing at re a a in a beam in combined bending and shear la 



where (K)ia the ratio of maximum shearing stress and average shearing a trees as 
calculated in section 4.1.1. The max3 mum ■ hearing ■ tress la often expressed as 




(2) 




1 



» 
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Variable Cross Section 

The following formulas and figures present a method of analyzing beans 
with uniformly tapering cross sections. Beams are often tapered so that the 
bending stresses will remain constant. Figure 4.1.3-1 shows a tapered canti- 
lever beam consisting of two concentrated flange areas Joined by a vertical 
web which resists no bending. The vertical components of the loads in the 
flanges, P tanOCy and P tan OC 2 ' reolat some of the external force V. 
Letting V f equal the force resisted by the flanges and V w the force resisted 
by the webs, then 

V - V f + v w (1) 

V f - P(tana a + t*nQC 2 ) (2) 

Prom Pig. 4.1,3-1, tanOC x - ^ > tanC< 2 - ^2 , and tanO^ + tanOt 2 - 

c c 

"l * "2 - I . Prom this V f - P £ , and since P - V £ , then 

v f - v | (3) 

The load in the web ia V 7 , so by writing a, b, and c in terns of h 

c o 

and h, we have 

V w - (4) 

h 

V. - V (5) 

* h 




Pig . 4.1.3-1 

The reactions and moments for tapered beams with different end conditions 
and various types of loadings can be found in Figures 4.1.3.1, 4.1.3.2, etc. 
Each figure is used independently for beans whose moments of Inertia vary in 
proportion to h^ or h^ as shown on each graph. The letter w represents the 
maximum loading in lbs. per inch and L is the length of the bean. 
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TAPERED BEAM COEFFICIENTS 




ha/hb or hb/ha. 
4.1.3.1 
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0 .1 .2 .3 *U .5 -6 .7 .9 1-0 

h a /h b or h b /h a 

Fig, 4.1,3.2 
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.1 .2 -3 -4 .5 .6 .7 .8 .9 1.0 

h a /h b or h b /h a 

Fig. 4,1.3.5 
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h a / h b or h b/ h a 
Pig. 4.1.3.6 
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Pig. 4.1.3.7 
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.1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

Pig. 4,1,3-9 
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0 .2 .4 .6 .3 1.0 



V*n> 

Pig. 4.1.3.10 
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.1 .Z O -5 .6 .7 .8 .9 1.0 

Fifi. 4.1.3.11 
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Pig. 4,1.3.12 



page 4-. 2.^ 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Data Source, Section 1 .3 Reference I 

CONTINUOUS BEAMS 

I 

Caatlgllano's Theorem 

Castigliano 's Theorem is useful In the solution of problems Involving 

continuous beams with only one or two redundant supports. The theorem can be 

written in integral form as 



and 




where ((5) 13 the deflection under the load (P) and (6) is the slope at the 

point of application of the moment (M ). 

a 

The reaction of a redundant support can be solved for by setting (§) equal 
to zero and solving for (P). The moment at a fixed end can be solved for by 
setting (0) equal to zero and solving for (Ma). 

Three Moment Equation 

The three moment equation ia useful in the solution of problems involving 
continuous beams with relatively few redundant supports. The equation is 



Vl + ^B 1 ! + 2 V 2 + M c L 2 
I I I 2 



(1) 



where (K^ ) and (Kg) are functions of loadings on span (1) and span (2), 
respectively. 




Pig. 4.2.2-1 



One equation must be written for each intermediate support. The system 
of simultaneous equations Is then solved for the moments at the intermediate 
supports . 

Values of (1^) and (Kg) for various types of loading are tabulated In 
Table 4.2.2.1. 
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TTPE OF LOADING 


LEFT BAT - Ki 


RIGHT BAT - K? 






♦ w 2 L 2 3 


— |a h C ■ | af~- 

1 


8Ii 


♦ «2C 2 (3L2 2 -C2 2 ) 
«2 




K, - * l[Bi 2 «2I.l 2 -Bi 2 )-Al 2 (aX.l 2 -Al 2 )] 




i 

V 

V 


WlLi 

K. . * W 2[B2 2 (2L 2 -B 2 ) 2 -A2 2 (2L 2 -A 2 i2] 


a {' i 






1; 




♦ 7*2^3 
601 2 


1 — ( 


1511 




ai 


* 31^ 
81 






♦ 2«ftL 2 3 
1512 




60Ii 


r — >• 


* 5-^3 


"52TT 


p 

1 — L — i 


+ 3PiAitLi-Ai) 
I 


♦ 3» 2 A 2 (L2-A2> 
I 


p 

U — A 4— B -H 


* *iAiUi 2 -*i 2 i 


2 2 
* ^2^2 1 1*2 "B 2 ) 




IlLi 


I 2 L 2 




1 


♦ Ml( Ll . 




w 
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Moment Distribution Method 

The following method is suggested for the solution of problems involving 
continuous beams with many redundant supports. This discussion will be 
limited to members with uniform cross sections within each span. Information 
on beams with varying sections can be found in paragraph 4.2.4. 

P 



w lb per 


ft. 






















A 

L*_ 20*. ^ 








■ C 


D 

4n< , 


4.2.3-1- 


Continuous 


Beam 


With 


Uniform and 



Concentrated Load 



The signs of the fixed-end moments need careful attention. Pig. 4.2.3-2 
illustrates the signs for the conditions of loading shown In Pig. 4.2.3-1. 
The sign of an end moment is positive if that moment tends to rotate the 
adjacent Joint in a clockwise direction. The sign is negative if it tends to 
rotate the adjacent Joint counterclockwise. 



w lb per ft 



Clockwise 



Counterclockwise 



Clockwise 



Counterolookwlse 



Pig. 4.2.3-2. Signs of Fixed-End Moments 

The structure is first considered as a series of single span fixed-end 
beams. The moment restraints at the supports are successively removed one 
by one, and the bending moments are corrected by successive approximations 
until the conditions for the actual structure are obtained. Numerical values 
are used in the successive approximations as shown in Pig. 4.2.3.1. It is 
not necessary to set up algebraic equations for -the redundants. 

Stiffness Pa c tor 

An external moment applied at any Joint Is distributed among the members 
meeting at that Joint in proportion to the stiffness factor, k , of each 
member. The formula for the a-tlffness factor 

k- iji (Note this ,1s. "Relative." stiffness factor only) (i) 

will reduce to £ when all members are of the same material. If EI is 
constant for all spans, k will reduce to £ 
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Carry Over Factor 

For a beam of uniform section, the balancing moment which enters the 
nearer and of a member produces a fixed-end moment at the opposite end equal 
to one-half of Its value and of ilka sign. This value, one half. Is called 
the carry over factor. 

Distribution Pa c tor 



w lb per ft. 

1I11I1UJ11 



k - 4 



IOO* 



80* 



20* 



J51 



- 3 




1 0* 


100* 1 







Fig. 4.2-3-3 



If a moment is applied at a Joint where two or more members are rigidly 
connected, the distribution factor for each member is the proportional part 
of the applied load that is resisted by that member. The distribution faotor 
for any member. 



D - 



k 



where X k is the sum of the k values for all the 
Ref. Fig. 4.2.3-3* spanBA; D - 4 - .80 



(2) 

ibers of that Joint. 



4 



i 

5+T 



For span BC; D - -rrrr ■ .20 

The sum of the D values for any Joint must equal unity. 

Note that when the end member on a continuous beam Is fixed, it will not 
redistribute the moments distributed to it but will retain them at that Joint 
as shown in Fig. 4.2.3-1 • If the end member is simply supported, it will 
redistribute all Its moment. 

Balancing Process 

2700 lb. 



120 lb per ft. 






11 lUlllMl 




A 


B 




C D ^ 


+4OO0 ft-lb 


+12000 ft-lb 


zero F.S.N, in 


-4000 




-6000 


span CD 



Fig. 4. 2. 3-* 
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It can be seen In Fig. 4.2.3-4 that the locked Joints, "B" and "C", of 
the bean are not In static equilibrium unless they are held in place by an 
outside restraining moment. Joint B has a counterclockwise or negative moment 
of 4000 ft-lb. on the left and a clockwise or positive moment of 12,000 ft-lb. 
on the right. The Joint is unbalanced by (12,000 - 4,000) or + 8,000 ft. -lb. 
Procedure 

(1) Compute the fixed-end moments for each loaded span and record them with 
correct signs at their proper locations on a diagram of the structure 
as shown in Pig. 4.2.3.1. Several cases of fixed-end moments are shown 
in Pig. 4.2.3.2. 

(2) Calculate the stiffness factor-using formula.- (1). 

(3) Compute the distribution factors at the Joints from the k-valuea of the 
members using formula (2). Record these factors inside a box at each 
Joint. Snese distribution factors may be expressed as percentages if 
preferred, Ref. Pig. 4.2.3.1. 

(4) Select any Joint which has a large unbalanced moment and compute the 
balancing moments by multiplying the unbalanced moment of that Joint 
by the distribution factors for the respective members. Record each 
balancing moment underneath the corresponding fixed-end moment as shown 

in Pig. 4.2.3.1. Balancing momenta are of opposite sign to the unbalanced 
Joint moment. Draw a horizontal line under each balancing moment to show 
that the moments above this line are balanced and need not be rebalanced 
later . 

(5) Record the carry-over moment at the opposite end of the member as shown • 
in Pig. 4.2.3.1. Place the carry-over moment in a column underneath the 
fixed-end moment or the balancing moment existing there. Each carry- 
over moment is of the sans sign but one-half the value of the balancing 
moment that produced it. Carry-over moments must be considered as 
additional fixed-end moments at the Joints where they are recorded. 

(6) Successively balance each other Joint of the structure, taking care to 
record balancing moments and carry-over moments with proper signs. Note 
that the carry-over moments unbalance previously balanced Joints and that 
such Joints must be rebalanced. Only those moments recorded after the 
last balance of a Joint (below the last horizontal line) are considered 
during the process of rebalancing that Joint. 

(7) The process of balancing Joints is carried on in any desired sequence of 
Joints until the carry-over momenta become negligibly small, which shows 
that the Joints are all balanced. This result will be reached after each 
Joint has been balanced about three times. 

(8) Add columns of moments at each Joint; the algebraic sum of the final 
moments around any Joint in equilibrium should be zero. 



e 

page 4.4.3 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 



MOMENT DISTRIBUTION SAMPLE CALCULATION 



9000 ib 

£10^.10 



1 



90O0 lb 

600 lb par ft. 



2000 lb 



460 

+ 6 - 
- 1 - 



♦65 



L33 



-60 
♦11 



-49 



iimiu 



B k-6 

<— 20' 



U57 
+20 -30 
♦27- +13 
+ 5 -♦11 
■ 3 — 1 
+ 1—±J_ 
- 1 



4*9 



k-6 



1*3] 



1.0c 



0 
-12 



* * 

- n 



*1— ♦ 1 



+24 



-24 +2* 



Distribution Factors 
rixod-and Hiamts 7 1000 
lat Balsnsa at BAD 
lat Balaiwa at C 
2nd Balaaoa at B * 0 
2nd Balaaas at C 
3rd Balanoa at B • D 
Zn for Total mniit 



(a) Analysis of a Continuous 



With a CantUavar Sna 



27O0 lb 



120 lk. par ft. r* 0 '-] 



10* 



a k«4 

— 20 < 



10041*0* 



+40 -*0 

22. 



KL20 



■24— ia 



*4-*+a 



-1— -a 



-98 



k-3 
30 ' 



60* 



75* 



-60 
-24 

*1 



-3 



♦92 



25* 



♦21 



♦22 



k-1 

40< 



[ 0* 
0 

♦10 



+10 



(ft) Analysis of A Continuous 



Distribution Footer* 
rixsd-Bnd Hi Min ts 4 lOO 
lat Inlsnna at B 
lat Balanaa at C 



lat Balaaao at A 
2nd Balanoa at B 

at A 
at C 

3rd Balanao at B 
3rd Balanoa at A ■ C 
ZN for Total Una mt 



Fl«. 4.2.3.1 Analysis by 



it Distribution 
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FUED-EHD MOMENTS 



Pl«. 4.2.3.2 
FOR MEMBERS OF CONSTANT CROSS SECTION 



■7 



2^ 



w lb ptr ft. 



■ fflTTrmTmrmm^ 



P L P 



rH 

HI 111 1TTTT1 



5-1/ 



r 




(1> 



L L L 



— — fc-r Fba 



P«b* 



r 



IfTTTTn>> 



n 



23»L 2 
"950- 



(c) 



(h) 



* t 

r l El 



r r r 



{TTTTTTI ^ IIII1MH w* (3I*-2») 



(i) 



(n) 



_t EC 



(•) 



mn: 



TTTTT 



Mb 



■(•+*) 



(J) 



(o) 
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4--S.O 

C URVED BEAMS 

"371 

rved Beam 

When a curved beam is bent in the plane of initial curvature, plane sections 
remain plane , but because of the different lengths of the fibers on the inner 
and outer sides of the beam, the distribution of stress and strain is not linear; 
the neutral axis therefore does not pass through the centrold of the section and 
equation (4.1.2-1) does not apply. The maximum stresses in curved beams in 
bending are determined by the equations 
M 

Cf Q " K o X c o (stress in outer fibers) (1.) 

and 

M 

& " K l T °i (stress in inner fibers) (2) 

where (c Q ) and (c^) are the distances from the centroldal axis to the outer and 
inner edges, respectively. 

Values of (K 0 )and(K i ) for several cross-sections are given in Tables 4.3.1.1 
and 4.3.1 .2. . 
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TABLE 4-.3-1 .1 



SECTION 



R/c 



FACTOR K 



INSIL-K FIBER-K 



OUTSIDE FIBER-K n 




R — 1 



i 



1.2 
1.4 
1.6 

l.A 

2.0 
3.0 
4.0 
6.0 
6.0 
10.0 



3.U 
2.40 
1.96 

1.75 
1.62 
1.33 
1.23 
1.14 
1.10 
1.08 



0.54 
0.60 
0.65 
0.63 
0.71 
0.79 
0.84 
0.39 
0.91 
0.93 




1.2 
1.4 
1.6 
1.8 
2.0 
3.0 
4.0 
6.0 
8.0 
10.0 



2.89 
2.13 
1.79 
1.63 
1.52 
1.30 
1.20 
1.12 
1.09 
1.07 



0.57 
0.63 
0.67 
0.70 

0.73 
0.81 

0.85 
0.90 
0*92 
0*94 




1.2 
1.4 

1.6 
1.8 



2, 
3. 
4. 
6. 
8, 
12. 



2.25 
1.91 
1.73 
1.61 
1.37 
1.26 
1.17 
1.13 



b-J 



t 2b 



-1 



1.2 
1.4 
1.6 
1.8 
2.0 
3.0 
4.0 
6.0 
8.0 
10.0 



3.01 
2.18 
l.*7 

1.69 
1.58 
1.33 
1.23 
1.13 
1.10 
1.08 



,66 
.70 

.73 
.81 

.86 
►91 
.94 
.05 



0.54 
0.60 

0.65 
0.68 
0.71 
0.80 
0.84 
0.88 
0.91 




1 
1 
1 
1 
2 
3 
4 
6 
8.0 



3.14 
2.29 
1.93 
1.74 
1.61 
1.34 
1.24 
1.15 
1.12 
■1,10 



0.52 
0.54 
0.62 
0.65 
0.68 
0.76 
0.82 
0.87 
0.91 
0.91 




1.2 
1.4 
1.6 
1.8 

2.0 
3.0 

4.0 
6.0 
8.0 

10-0 



3.26 
2.3<? 
1.99 
1.78 

1.66 
1.37 
1.2^ 
1.16 
1.12 
l.OQ 



44 
50 
54 
57 
60 
70 

75 
82 
86 



K FACTOR FOR CURVED BEAMS 
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TABLE 4.3.1.2 



SECTION 



R/c 



FACTOR K 



OUTSIDE FIBER-K 0 



—1.625b - 
|*-1.24b-»j 




I-0.18b4 c 
c-0.70b U- R 



1.2 
1.4 
1.6 
1.6 



3.65 

2.50 
2.08 



85 
69 
49 
38 

,27 
19 



53 
59 
63 
66 

69 
74 
76 
83 
90 
21 



± 



T 



rm 

U- R — H 



F 

4t 



10.0 



3-63 
2.54 
2.14 
1.89 
1.73 
1.41 
1.29 
1.18 
1.13 
1-10 



58 
63 
67 
70 
72 
79 
63 
68 

91 
22. 




1.2 
1.4 
1.6 
1.6 
2.0 
3.0 
4.0 
6.0 
8.0 
10.0 



3.55 
2.48 
2.07 
1.83 

1.69 
1.38 
1.26 
1.15 
1.10 
1.08 



67 
72 
76 
78 
80 
86 
89 
92 
94 
95 



I 

-Uh-4t-HtH- i 



3t 



1.2 
1.4 
1.6 
1.8 
2.0 
3.0 
4.0 
6.0 
6.0 
10.0 



2.52 
1.90 
1.63 
1.50 
1.41 
1.23 
1.16 
1.10 
1.07 
1.05 



0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 



67 
71 

75 
77 
79 
86 

89 
92 
94 

95_ 




1.2 
1.4 
1.6 
1.6 
2.0 
3.0 
4.0 
6.0 

6.0 
10.0 



3.28 
2.31 
1.89 
1.70 
1.57 

1.31 
1.21 
1.13 
1.10 
1.07 



0. 
0. 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 



56 
64 
66 
71 
73 
61 
85 
90 

92 

5L 



T 



b;. 4 H 



.2t- 



EH 



1 



1.2 
1.4 
1.6 
1.8 
2.0 
3.0 
4.0 
6.0 
6.0 
10-0 



2.63 
1.97 
1.66 
1.51 
1.43 
1.23 
1.15 
1.09 
1.07 
1.06 



66 
73 
76 
78 
80 
66 
69 
92 
94 
95 



K FACTOR FOR CURVED BEAMS 
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4-A.O 

Lateral StabllLty 

Rectangular bars are occasionally used in the form of beams with the long 
dimension of the rectangle in the plane of the loads. When the depth of such 
a beam is great compared with the width, the beam may become unstable in a 
lateral direction with a consequent sldewise buckling. 

The expression for the critical stress in a deep rectangular beam is 

CT cr - K' E b 2 CD 

where ( (J cr ) I s tne maximum compressive stress in the beam and (K ) is a 
constant depending on the conditions of loading and lateral support. Values 
of (K' ) for a variety of conditions are given in Table 4.4.0.1. 
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TABLE 4.4.01 
CONSTANTS KOR DETERMINING THE LATERAL 
STABILITY OF SOLID DEEP RECTANGULAR BEAMS 



CASE 


SIDE VIEW 


TOP VIEW 




1 


ft J 




1.86 


V 1 7 




2 


fl H 


l , 1 


3.71 


3 


i-i 




3.71 


V / 




4 


fi — 

v- ■ ■ ■ v 




5-45 


5 


iuiimju4i| 




2.09 




,!] 3 f 5 ^br^? fi ^^ _ 


6 


'i *' 




3.61 


7 






4.37 






ri 
l I 






2.50 






9 




^^^^ p 


3.82 


10 






6.57 


J I 




±L 






7.74 


\2 


j 


1 1— J 






3-13 


^> M ■ 






13 


✓ 


1 






3.4« 


U 








2.37 








15 


> 






2.37 


16 








3. SO 


17 








3. SO 



b - Width of Beam, d = Depth of Beam, L» Length of Beam 
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J hear Stresse s 

Shear stresses In Ordinary Beams 

The shear force (V) parallel to a beam cross section produces a shear 
stress (7~ J of varying intensity over the cross section of the beam. The 
shearing stresses on any two perpendicular planes are equal ; therefore , the 
shearing stress on any horizontal plane through the beam must be equal to the 
shearing stress on the vertical cross section at the point of Intersection of 
the planes. The shear stresses in a beam of constant cross section are not 
affected by the magnitude of the 
bending moment but the difference 
between the bending moment of two 
cross sections of a beam must be 

considered . 

Vb 



r b -i 



Consider a portion of an "I" 
beam between two vertical cross 
sections a distance (b) apart 
and in equilibrium under the 

forces shown. The bending moment Fig. 4.6.1-1 

on the cross section to the right is equal to the sum of the bending moment 
(M) and the couple (Vb). TTie bending stresses on the two cross sections at 
a distance (y) from the neutral axis will be shown as follows: 



dA 



<r b * "y/i 




N.A 



Fig. 4.6.1-2 

In order to obtain the shear 
stress at a distance (y^) above the 
neutral axis , the portion of the 
beam above (y^) will be considered 
a free body as shown in (Fig. 4.6.1-3). 
The resultant force on the cross ' 
section to the right is greater than 
the resultant force on the cross 
section to the left. In order for 
the horizontal forces to be in equl- 




(f b - My/ 1 + Vby/ 



N.A. 




f ba 
Fig. 4.6.1 



llbrium, the force produced by the shear stress (T ) must be equal to the 
difference tn the, two bendinc stresses (r/ b )- Since only the difference in 
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the forces la considered , the loading condition ahown in (Fig. 4.6.1-4) can be 



used in computing the shear stress (T ). 



r 



T ba 



r 



Vby/I 



\ v 



r/l)dA ■ (1) 



Vby dA 
N. A. 



Fig. 4.6.1-4 

Equation (1) represents the total horizontal force on the cross section 
of the element shown in (Fig. 4.6.1-4). Equation (1 ) can be simplified as 
follows : 



v r 



ydA 



(2) 



Equation (2) was derived on the assumption that the beam cross section 
was symmetrical about either the horizontal or vertical axis through the 
centroid. The assumption that stress Is proportional to strain was also used; 
therefore, the equation does not apply If the bending stresses exceed the 
elastic limit. The beam cross section is assumed to be the same at all points 
along the span (no taper). 

Shear Flows in Thin Webs 

The shear stresses at the free surface of a member are parallel to the 
surface; therefore there can be no abrupt change in stress distribution and 
It will be sufficiently accurate to assume that the shear stresses in thin webs 
are parallel to the surfaces for the entire thickness of the web. 

Consider the curved web shown 
in Fig. 4.6.2-1. The shear stresses . _ 

are shown in the direction of the web 
at all points. The shear flow (q), 
which is the product of the shear 
stress (T ) ^"d the web thickness 
(t), is usually more convenient 
to use than the shear stress. The 
shear flow can be determined before 

the web thickness is determined, but the shear stress depends on the web thick- 
ness. Sometimes it is necessary to obtain the resultant force on a curved web 
in which the shear flow (q) is constant for the length of the web. Consider 
an element of the web as shown in (Fig. 4.6.2-2) 



qy 




Fig. 4.6.2-1 





qx 



Fig. 4.6.2-2 
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The element has a length (da), and the horizontal and vertical components of 
this length are (dx) and (dy). The force on the element of length is (qds), 
and the components of the force are (qdx) horizontally and (qdy) vertically. 
The total horizontal force is aa follows: 



-I 



qdx - qx 



(1) 



The total vertical force is as follows 



r 



qdy - qy 



(2) 



The resultant force is (qL) and is parallel to the length (L). Equations (1 ) 
and (2) are Independent of the shape of the web, but depend only on the compo- 
nents of the distance between the ends of the web. The moment of the force 
(qdS) about any point (o) as shown in (Fig. 4.6.2-3) Is the product of the 
force and the moment arm (r). 

qd 8 





Pig. 4.6.2-3 

The area (dA) of the triangle la (rda/2). The moment of the shear flows along 
the entire length of the web can be obtained as follows : 



J qrds - J 2qdA - 2q J'dA - 2Aq 



(3) 



where (A) is the area enclosed by the web and by the lines Joining the ends 
of the web with point (o). 

Shear Plow Distribution in Symmetrical Box Beams 

The shear flows in box beams with several stringers may be obtained from 
the summation of spanwlse loads on various stringers. The shear flows may all 
be expressed in terms of one un- 
known shear flow (q Q ). If two 
cross sections one inch apart are 
considered as shown In Pig. 4.6.3-1, 
the difference in axial load (4P) 
on the stringers between the two cross 
sections is found by multiplying 
the difference in the bending 
stresses on the two sections by 

the stringer areas. The shear 
flow (c^) can be obtained by 

equating the moments of the shear 

flows to the external torsional moment about a spanwlse axis 
shown In (Pig. 4.6.3-1) all the shear flows (q, q 0 , 




Pig. 4.6.3-1 



Por the beam 
q^) can be 
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expressed in terms of the shear flow (q Q ) by considering the spanwlae equi- 
librium of the stringers between the web (o) and the web under consideration. 

q i " q o *A p i 

q ■ q +7* A P 

where ( Zq represents the summation of loads (Ap) between web (o) and 

any web (n). The negative sign must be used If the values of (Ap) are positive 
when they indicate tension increments. The flange elements are numbered in a 
clockwise order around the box, and the shear flows are positive when in a 
clockwise direction around the box. After expressing all the shear flows in 
terms of the unknown shear flow (o^), the value of (q Q ) can be obtained from 
torsional moments. 

Shear Flows Distribution in Unsymmetrlcal Box Beams 

In the analysis of beams with unsymmetrlcal cross section, It Is necessary 
to obtain the bending stresses by obtaining section properties about the 
principal axes and superimposing the stresses from bending about each of the 
principal axes or by making use of the following formula. 

tf b - y«r-y»|x)+ Vxy-Vy | y) (1) 

where (x) and (y) are the coordinates of the various elements of area. 

In analyzing an unsymmetrlcal beam for shearing stresses, it is necessary 
either to consider separately the shears along each of the two principal axes 
or to derive an equation for shearing stress from the general bending equa- 
tion (1). If two cross sections of a beam a distance (a) apart are considered, 
the change In bending moment about any axis la equal to the product of the 
shear perpendicular to that axis and the distance (a). The change In bending 
stress (A^j) between the two cross sections Is obtained by substituting the 
terms (M x - V y a) and (M y - V" x a) In formula (1): 

42k - Vxy-Vx . K Vxy-V yjy) (2) 

* I I -I 2M I I -I 

A x y xy A x y xy 

The change (Ap) In the axial load on any flange area between two cross sections 
a unit distance- apart is obtained by multiplying the flange area by the change 
In bending stress (A ^/a ) • The shear flows can now be obtained from the axial 
load (Ap) by the method In Section 4.6.3. The shear flows around the box beanf 
change at each flange area by an amount shown by Formula (3)> 



Aq • Ap 



V.I -V_I. ; V_I -V..I. 

L Vy * Z xy 2 V, * X xy 



r rVVx (x) + Vxy-Vyjy ) 



A f . . . (3) 
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Shear Flow in Tapered We bo 

The distribution of the shear flow in 
since a large proportion of the shear webs 
rather than rectangular; consider the beam 



a tapered web will now be considered 
in an airplane structure are tapered 
shown in (Fig. 4.6.5-1). 




Pig. 4.6.5-1 



'o *"o/x' v "o/'h' 



The shear load (V w ) registered by the web at any place along the span 1: 
shown by similar triangles to be ; 



V n o 



V x o 



(1) 



The shear flow (q) may also be expressed in terms of the shear flow (q ) at 
the free end as follows : 0 



- V h o - 

7 



s4 



(2) 



Sometimes it Is necessary to find the 
average shear flow in a tapered web. 
Ihe average shear flow between the 
free end and the point (x) of the 
beam as shown in (Pig. 4.6.5-1) 
can be obtained from the spanwise 
equilibrium of the flange 
(Fig. 4.6.5-2). The horizontal 
component of the flange load is 
found by dividing the bending 

moment (q Q hob) by the beam depth (h). The average shear flow in this length 
(q av ) is therefore obtained by dividing this force by the horizontal length (b) 




Fig. 4.6.5-2 



l av 



x 



(3) 
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It has been assumed that the stresses existing on all four boundaries of 
the tapered plate were pure shearing stresses. It has been shown previously 
that pure shearing stresses may exist on only two planes, which must be at 
right angles to each other. The corners of a tapered web do not form right 
angles, therefore it is necessary for some normal stresses to act at the 
boundary of the web. In order to estimate the magnitude of these normal 
s trees, consider the tapered web shown in (Fig. 4.6.5-3)- 




Pig. 4.6.5-3 



It can be shown that a sector such as the one shown In (Pig. 4.6.5-3) may 
have pure shearing stress on all the boundaries. Under these conditions, any 
element such as the one shown will have no normal stress (0^) in the radial 
direction and no normal stress (0^) In the tangential direction. By compar- 
ing the sector of (Pig. 4.6-5-3) with the tapered web of (Pig. 4.6.5-1) it is 
seen that the assumption of pure shear on the top and bottom boundaries was 
correct, however, the left and right boundaries must also resist some normal 
stress. The magnitude of these normal stresses may be determined for the 
Mohr circle in Pig. 4.6.5-4. 




Pig. 4.6.5-4 
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The element under pure shearing stres3e3 has faces (A) and (B) which are 
Inclined at an angle (©) with the vertical and horizontal. The Mohr circle 
■for the pure shear condition will have a center at the origin and a radius 
(f ). Point (A) will be at the top of the circle, and Point (C), representing 
stresses on the vertical plane, will be clockwise at an angle (20) from 
Point (A). The coordinates of Point (C) represent a tensile stress of 
(7* cos 20) on the vertical plane. For small values of (e) the normal 
stresses are obviously negligible. 
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Data Source, Section 1.3 Reference I 

Ineomple te Tension t-'leld Webs 
1 . 1 Stiffened 

If the external shear. load applied to a beam with a thin flat sheet as a 
web is less than the buckling load for the web, the web is In a state of pure 
shear at the neutral axis as Indicated in Fig. U,'f.l-l m If the stresses due 
to bending are negligible over the depth of the web, this shear stress arrange- 
ment can be assumed constant over the full depth of the web. 

If the web la so thin that it is Incapable of carrying a compressive load, 
it will buckle into a pure tension field pattern as indicated in Fig. ^.7.1-2. 

* In an actual Incomplete tension field beam, the state of stress in the 
web is intermediate between pure shear and pure diagonal tension. The engi- 
neering theory presented in NACA TN 2661 considers that this Intermediate 
state of incomplete diagonal tension may be based on the assumption that the 
total shear force in the web can be divided into two parts, a part 
carried by pure shear and a part (5^ t ) carried by pure diagonal tension. 

Thus, under this assumption one can write, 

S ■ S + S Ht (1) 

s dt 

which can be written In the form 



S dt - KS (2) 

S„ - (l-K)S (3) 

s 

where (K) is the "diagonal tension factor" which expresses the degree to 
which the diagonal tension is developed by a given load. Thus the case of 
pure shear Is described by K ■ 0 and the case of pure diagonal tension by 
K - 1. 
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4.T2 

Critic*! Shear Stress 

In the elastic ranee > the stress which will cause the web to buckle is 
given by 

for d c < h c 
or 

Tor - K „ E ^ 

c 

for h e < d c 

where (K a> ) Is the theoretical buckling coefficient for a plate with slaply 
supported edges having width (d c ) and length (h c ) (see Pig. 4.7-2.1), and 
(d ) and (h c ) are "dear dimensions" (see Fig. 4.7.2.1.). If (d c >n c ), the 
abscissa of Pig. 4.7.2-1 should be read as (dc/hc). The parameters (R d ) 

and (R^) are restraint coefficients from Pig. 4.7.2.2. (Subscript h. refers to 
edges along uprights; subscript £ to edges along flanges). 

If ( 7^) exceeds the proportional limit , a suitable reduced modulus should 
be used (see Pig- 4.7.2.3 for 243-73 and 753-Tb* alloys). 

If ( 7/^) calculated by these equations is leas than ( 7^) calculated 
with the presence of up-rights disregarded, use the latter value. 

The following symbols are to be used with Plgure 4.7.2.1 
t u ■ Thickness of upright 
Xy - Thickness of flange 
t ■ Thickness of web 



(2) 
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Theoretical coefficients for plotes Empirical restraint coefficients, 

with simply supported edges. 



Fig, 4.7. 2.1 Fig. 4.7J2.2 
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Nominal Web Shear Stress 

When the depth of the flanges is small compared with the depth of the 
beam and the flanges are angle sections , the nominal web shear stress is given 
by 

r " £ t <» 

where (S w ) is the web shear force (external shear minus vertical component of 
flange forces), (h e ) is the depth of the beam measured between the centroids 
of the flanges, and (t) is the thickness of the web. 

In beams with other cross-sections, the nominal web shear 3tress is given 

by 

T- V«F (l + 20^ 



. 

where is the first moment of the flange area about the neutral axis and 

f^) is the first moment of the web area above the neutral axis. Before 
values of (Q^ and (I) are calculated for use with this formula, the web 
thickness must be multiplied by the estimated diagonal-tension factor (K) 
Diagonal - Tens Ion Factor 

The diagonal tension factor (K) is given graphically in Fig. 4.7„4.1. 
For flat plates (R therefore the ratio (td/frh or th/fcd - 0) as shown in 

Fig. 4.7.4.1. When ( T/t ct <2)> (K) ia given by the formula 

- K - .4 3 4(* + f) (1) 



where 

T+ T 
i i cr 



(2) 
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Effective Area of Upright 

The effective area of the uprights is 

\» - A u (1) 

for double (symmetrical) uprights or 

for single uprights, where (Ay) is the actual area of the upright, (e) is the 
distance from the median plane of the web to the centroid of the cross-section, 
and ( k ) is the radius of gyration of the croas-aection with respect to its 
centroldal axis parallel to the web. 

When the outstanding leg of an upright la very wide, . ( A ue) is equal to 
the_^area of the attached leg plus (12 ty 2 ). 

Stresses In Uprights 

Thm stress ( f/ u ) Is the average taken along the length of the upright. 
For a double upright, ( f/ u ) is uniform over the cross section; for a single 
upright, (CT) Is the stress in the median plane of the web along the upright- 
to -web rivet line. 

If the flanges are heavy enough to make the flange strain ( £ f ) small 
in comparison to the web strain ( C )i the ratio ( (ftff ) given graphically 
in Pig. 4.7.6.1. 

If the flanges are light, ( (f^) can be solved for by use of the following 
equations . 

& - - m KTtand (1) 

U *H« + .5U-K) 

cTt^ 

d* , fl Kreota (2) 

p 2A F + .5(1-K) 

.... <*> 



€ - -I r?*- + U-KHl+M) sin 2ert 

£ | sln2a I 

e P - r (5) 



r - -2h (6) 

where ( « ) is the angle of diagonal tension in degrees, these equations must 
be solved by successive approximations . A value of ( « ) Is assumed and 
equations (1 ) , (2), and (4) are evaluated. From the resulting stresses, the 
strains are computed and Inserted into equation (3). If the angle computed 
from equation (3) does not agree with the assumed angle, a new computation 
cycle Is made with a changed value of ( a ) . 

The maximum value of ( 0^) occurs at the middle of the upright. The 
ratio ( f/ u mMJ ^(f u ) i« given graphically in Fig. 4.7-6.2. 



tu 



CP 



dt 




Diagonal-tension analysis chart 
Pig. if.?. 6.1 



c 



c 



1.8 




Ratio of maximum stress to average stress in web stiffener 
Not* for use on curved webs : 

For rings, read abscissa as ( for stringers , read abscissa as -jj- . 

Fi«. 4.7.6.2 
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Column Failure 

Column failures due to instability, without previous bowing are possible 
only in double uprights. When column buckling begins, the uprights will force 
the web out of Its original plane causing the web to develop tensile forces 
normal to the plane of the web which tend to force the uprights back. This 
bracing action is taken into account by use of a reduced "effective" column 
length (L e ) of the upright, which Is given by the empirical formula, 

h, 

,1/2 (d <1.5h) ..... (1) 



L e 



1+1^(3-2 



L e - \ (d >l-5h) .... (2) 

where (h^) Is the length of the upright, measured between centrolds of upright- 
to-flange rivet patterns. Hie stress ( 0^) at which column failure takes 
place can be solved for by use of the standard column equations with the 
actual height of the column replaced by (L e ). 

To avoid column failure or excessive deformation of a single upright, the 
stress ( 0* u ) should not exceed the column yield stress, and the average stress 
over the cross section of the upright 

" (3) 

avg *u 



should not exceed the allowable stress for a column with the slenderness 
ratio 

Forced Crippling Failure 

The shear buckles in the web can force buckling of the upright in a leg 
attached to the web, particularly if the upright leg 1b thinner than the web. 
These buckles provide a lever arm to the compressive force acting in the leg 
which produces a severe stress condition.* The buckles in the attached leg 
will in turn Induce buckling of the outstanding legs. 

To avoid forced crippling failure of double uprights, the maximum upright 
stress ( ^ ll m&x ) should not exceed the allowable -value ( (f Q ) defined by the 
empirical formulas 

<f Q - 21 K 2 / 3 (Vt) 1 ^ 3 ksi (24S-T3 alloy) .... (1) 

Cf 0 - 26 K* /3 (Vt0 1/3 l«i (75S-T6 alloy) .... (2) 

Nomographs for these formulas are given In Figs. 4. 7 # 9.1 and 4.7. 9.2. 

To avoid forced crippling failure of single uprights, the maximum upright 
stress ( ^ nax ) should not exceed the allowable value ( (J Q ) defined by the 
empirical formulas 

Cf 0 - 26 K 2 / 3 (Vt) 1 / 3 ksi (24S-T3 alloy) .... (3) 
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<J 0 - 32.5 (Vt) 1/3 ^si (753-16 alloy) (ft) 

Nomographs of these formulas are given in Pigs. ft. 7. 9.1 and ft. 7. 9-2 . 

IT ( $ ) exceeds the proportional limit, it should be multiplied by 
plasticity correction factor (n), which can be taken as 

n - (5) 

with the moduli determined from the compressive atrees-straln curve of t. 
upright material. 
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4-.~l.lO 

Maximum Web Stress 

Tke maximum (nominal) web stress within a Day is given by the formula 

7"max * rd^Kl-HBj) (1) 

The factors {C^) and (Cg) are given graphically in Fig. 4.7,10-1 and 4.7.10-2, 
respectively. The angle ( a ) is given graphically In Pig. 4.7-7-1 '"he flange 
flexibility factor, (wdj is equal to : 



w 



d«.7 d 



where (d) is the spacing of uprights, (t) Is the thickness of the web, (h Q ) 
is the depth of the beam measured between centrolds of flanges, and (I c ) and 
(I. ) are moments of Inertia of compression and tension flanges, respectively 
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STRESS CONCENTRATION FACTORS, C 2 & C^ 
Fig. 4.7. 10^2 
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Allowable Web Str*ffflea 

Fltf. 4.7.15.1 anu '1 .7 . 13.2 tflve "basic allowable" valuee (denoted by 
■j-j^) for ( T TnAX ) that are used as follows for different types of construc- 
tion: 

(a) Bolts Just snug, heavy washers under bolt heads, or web plate 
sandwiched between flange angles: Use basic allowables, 

(b) Bolts Just snug, bolt heads bearing directly on sheet: Reduce 
basic allowables 10 percent. 

(c) Rivets assumed to be tight: Increase basic allowables 10 percent. 

(d) Rivets assumed to be loosened in service: Use basic allowables. 

These allowables are not valid for rivets of any countersunk type. 

When single uprights are used, the simplest construction results if the 
web is riveted to the outside of the flange angle. Preliminary results 
indicate that such an unsyrametrical arrangement of the web results in lower 
web failing stresses if the web is thick. With webs having (h/t - 60) and 
offset by 2.1 times their thickness from the center line of the flanges, the 
web falling stress is reduced by about 10 percent. For webs with (h/t - 120) 
or more , no detrimental effect has been noted. 

At points where local loads are Introduced into the web, the allowable 
web stress cannot be estimated with any degree of accuracy. The only safe 
procedure is to reinforce the web with doubler plates in adjacent bays. 

The above criteria la valid only If the standard allowable bearing 
stresses (on sheet or rivets) are not exceeded. 

Web to Flange Rivets 

The rivet load per Inch of beam is given by 

R" - S w (1 + .414 K) (1) 

where (h p ) la the depth of the beam measured between centroids of rivet 
patterns, top and bottom flanges. 

Upright to Flange Rivets 

The end rivets must carry the load existing in the upright into the 
flange. If the gusset effect (decrease in upright load towards the end of 
the upright) "is neglected, these loads are 

for double uprights, and 

p - <r a (2) 

'u u ue 



for single uprights. 

Upright to Web Rivets 

The upright to web rivets for double uprights must be checked for two 
possibilities of failure, one due to shear caused by column bending, and one 
due to tension in the rivets caused by the tendency of the web folds to 
force the two components of the upright apart. 
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To avoid ahcar failure, the total rivet shear strength for an upright 
of 24S-T3 alloy 3hould be 



100 Qh. 
"bTT 



e 

where Is the first moment of the cross-sectional area of one upright 

with respect to an axis in the median plane of the web, (b) is the width of 
the outstanding leg of the upright, and (*\/ L e ) !s the ratio given by formula 
4,7.8-1 or 4.7.8-2. For uprights of other materials, it is suggested that 
the right-hand side of Equation (1) be. multiplied by the factor: Compressive 
yield stress of material divided by compressive yield stress of 24S-T3 alloy. 

If the actual rivet strength (ft) is less than the required strength (H R ), 
the allowable stress for column failure must be multiplied by the reduction 
factor given in Fig. 4.7.15-3. 

To avoid tension failures, the tensile strength of the rivets per inch 
run must be greater than (.15 t O ult ) where ( & ult ) and (t) are the tensile 
.strength and thickness of the web, respectively. 

For single uprights, the tensile strength of the rivets per inch run 
must be greater than (.22 ttf^^) to keep the fold3 of the web from lifting 
off the uprights. 

The tensile strength of a rivet Is defined as the tensile load that 
causes any type of failure. 

The pitch of the rivets on single uprights 3hould be 3mall enough to 
prevent lnter-rivet buckling of the web or the upright at a compressive 
stress equal to (tfu^). The pitch should also be less than (d/4) in order 
to Justify the assumption of edge support used in the determination of ( T ) . 

Secondary Stresses in Flanges 

The compressive stress In a flange caused by the diagonal tension is 
given by 

. KS Cotct 

-Hbqr- (i) 

The primary maximum bending moment in the flange (over an upright) is 
given by 

" KC 3 S "^T° (2) 

where (C^) is given graphically in Fig. 4.7.10-2. Because these moments are 
highly localized, the block compressive strength Is probably acceptable as 
the allowable value. The calculated moments are believed to be conservative 
and are often completely neglected in practice. 
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Stiff ener Size to Use with Non- Buckling 
Web. 

A web stlffener Is used to decrease the 
size of web panel; thus when buckling of the 
web starts, the stlffener tends to keep buckles 
from extending across the stlffener or causes 
the sheet to buckle In two panels Instead of 
one. Mr. H. Wagner In a paper presented before 
a meeting of the A.S.M.E. In 1930 offered the 
following expression as the required moment of 
inertia of a stlffener to be used with a shear 
resistant web. 




(CIO. 8) 



where 







moment of Inertia of stlffener 


d 




center line distance between stiff eners 


hw 




depth of web plate 


V 




vertical shear at section 


t 




web thickness 






modulus of elasticity 



A more recent criteria for stlffener 
stiffness (I v ) for both flat and curved webs 
is given by the curve in Pig. CIO. 9. When the 
stlffener Is used purely as such and not as a 
means to transfer a concentrated external load 
to the beam web, the question arises as to what 
Is the minimum number of fasteners required in 
attaching the stlffener to the web. For non- 
buckling webs, two criteria are suggested :- 

(1) The stlffener should be attached to the 
flange at each end. 

(2) The rivet pitch (spacing) should 

be at the most equal to 1/4 
times the stlffener spacing, or 1/4 the 
web height If this is smaller, in order 
to Justify the assumption of simple support 
at the edges of the web panel. Normal 
practice uses more rivets. 
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LO.2 SHEAR WEB REDTFORCOffiHT FOR ROUND HOLES 
LO.2.1 Ooublcr Reinforcement 

The thickness of the reinforcing doubler may be obtained through the use of thi 
equations below. The figure below defines the variables used in the equations, 







2Cl >^>C_ 


—*^\y /* — a 



FIGURE 10.12 - SHEAR WEB REINFORCEMENT 



\ ' R + 2 



q » Web shear flow 
■ Bending stress 
W m Qoubler width 



D - 2R 



F ■ Ultimate tensile strength 
tu 

f - Tensile stress 

t . * Doubler thickness 

a 



^we.^ 3 Web thickness 

^Hng - "Smeofed" C^Qmcjed doubter tkicknsLSS 
6r uwflarged doubler bKickmtsc 
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The stresses at section A-A, are: 



2 "<- 25RHR i 



"b Section Modulus 



The stress interaction, assumed at failure, is: 



. .75qD(D + W) , cD 

" — r?— ^ 

a 

Therefore, 

L « ^ 
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For flanged doubters the total thickness, t . + t, ( may b« obtained from 
Figure 10.14. * wa0 



.36 
.32 
.28 
.24 
+ .20 

1.12 



.08 
.04 



•tot 



note 2 



A 



A 



Z 



Zjj 



12345673 9 10 



D, in, 



FIGURE 10.14 - TOTAL THICKNESS FOR FLANGED DCU3LERS 



Mote L:~ The rivet pattern is to be uniform, and develop a 

running load strength per inch (between the cangent 
lines) of 



2q 



'ring 



t, + 0.3 t 



web 



Note 2: In this region, increase t £ t to correspond to 



0 for the same D and omit the flange 
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NOTE : Tht limits of the curve for T ,.i 

a I 1 

50 < h/t < 300 
. I5< D/h < .75 
60 < c/t < 300 

For c/t < 60, use correction 
factor, K, at right 

T ■ K t 

cor all 
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FKHIRE 10.15 - ALIOWABLE SHEAR STRESS FOR 2024 WEBS WITH CIRCULAR HOLES HAVINf! 45 ELANCES 
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10,2,2 fr">° Flange Reinforcement 



Allowables Cor panels loaded by pure shear (no addition bending forces) are given 
in Figure 10.12. Limited available data indicates thac beaded lightening panels 
are more efficient than flanged panels. (Reference NACA RB No. £*B23, "Tests of 
Beams with Large Circular Lightening Holes".) 

10, 1 SHEAR WEBS WITH 3EADS 

Beaded panels are one type of non-buckling shear webs. S tif f eners- nust- be added -at 
load points to prevent premature collapse. Since the collapsing a cress is only 
slightly higher than the buckling stress, the buckling stress is considered the 
ultimata allowable. The critical shear stress r for a beaded web can be 
expressed as: CT 



Figure L0.17 is based on test results obtained from 2024-T^ clad panels with a bea-d 
spacing of 2 to 5 inches, panel heights of 7 tp 12 inches, and gages of 0.032 to 
0.064 inches. It is suggested that above the proportional limit r be reduced bv 
the factor G/G. CT 



where 





» Simply supported flat sheet, shear buckling constant 
based on a/b from Figure 10.13. 



St, - Beaded-web shear buckling coefficient obtained from 
Figure 10.17. 



t 




FIGUR£ 10.16 



GEOMETRY OF BEADED WEBS 
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Slotted Beam. — If the web of a beam is pierced by a hole or 
slot (Fig. 20), the stresses in the extreme fibers a and b at any 
section B are given by 

M A , V A z[I x /(I x + /,)] , . , 

So = 7-/ — tr , x — (compression) 

I/c (I/c) x 

c _ M A V A z[U/(h + /:)] , f . m , 

Sb = 7Tc + — imi — (tension) 



Here M A is the bending moment at A (mid-length of the slot), V A 
is the vertical shear at A] I/c is the section modulus of the net 
beam section at B; I x and 7 2 are the moments of inertia, and 
(I/c) i and (I/c) a the section moduli of the cross sections of parts 
1 and 2 about their own central axes. M and V are positive or 
negative according to the usual convention, and z is positive 
when measured to the right. 

The above formulas are derived by replacing all forces acting 
on the beam to the left of A by an equivalent couple M A and shear 

V A acting at A. The couple pro- 
duces a bending stress given by the 
first term of the formula. The 
shear divides between parts 1 and 
2 in proportion to their respective 
7's and produces in each part an 
additional bending stress given by 
the second term of the formula. 
The stress at Any other point in the cross section can be found 
by similarly adding the stresses due to M A and those due to this 
secondary bending caused by the shear. At the ends of the 
slot there is a stress concentration at the corners which is not 
here taken into account. 

The above analysis applies also to a beam with multiple slots 
of equal length; all that is necessary is to modify the term in 
brackets so that the numerator is the 7 of the part in question and 
the denominator is the sum of the 7's of all the parts 1, 2, 3, etc. 
The formulas can also be used for a rigid frame consisting of 
beams of equal length joined at their ends by rigid members; thus 
in Fig. 20 parts 1 and 2 might equally well be two separate beams 
joined at their ends by rigid crosspieces. 
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34.4 BEAMS ON ELASTIC FOUNDATIONS 

Many airframe beams having partial support from 
transverse skin or web structure are analogous 10 - beam 
on an clas lie support. The bending of frames attached to 
li?h! rxins can be analyzed in this fashion, and so can 
reinforcing rings around openings, which are subject to 
transverse bending. 

The general case for a beam on an elastic foundation 
is shown in Fig. 34.4.J. It is assumed that the magnuude 
of the reaction offered by the foundation to the 
deflection of ihc beam is a variable quantity proporliona! 
to the deflection. Thus, the reaction per unit length of 
the beam is Ky. where y is deflection and K is a co;>;:ar.t 
called the modulus of the foundation. K. is. in effect, a 
"spring constant," i.e. if 1 ,000 lb distributed over 1 in. of 
length causes a deflection of 1 in., then K * J. 000 psi. 

BEAM ON ELAS1IC FOUNDATION 
-ax 



U. 



q flb/tx) 



BtAM I 



ELASTIC FOUNDATION f 1 I I t K * tlk/t:1 



FIGURE 3^.4-1 



The forces aciing on the beam of Fig. 34.4-1 
constitute a parallel system of forces to which two 
equstions of equilibrium apply: IF * C nnu IM ■ 0 
These two equations are not sufficient to determine the 
distribution of the reaction, and hence the problem is j 
statically indeterminate one. Therefore, as i> usujl ir. 
statically indeterminate beam problems, the equation oi 
the elastic curve assumed by the beam i< ussJ tor 
obtaining the neceisur>' additional equations. 

The equation of the elastic curve in familiar form is 



dx^ 



-M ( wncrp powtive directions are as (34-1) 
shown in Fig. 34.4-1) 



From which 



d 4 v 



EI z—L. ■ -Ky for the unloaded portion of (34-2) 
the beam 



EI— jj- * q - Ky for the loaded portion of (34-3) 
d * the beam 



The solution of Eq. (34-2) is: 

y . e £* (A cos 0 x + B sin 0x) + e^ * 

(C cos ff x + D sin 0.x) 



(3*-4) 



It is important to note that the elastic foundation, is 
effective in both tension and compression, as thougn 
spring were attached to the beam. Also, the theory 
breaks down if either the beam or the foundation reaches 
a clastic condition. 



where A, B. C, and D arc constants ot integration 
determined by the boundary conditions of the problem 
and 

a - 4/ v uL'i 



(34-5) 



The stiffness of the beam should be considerably 
larger than that of the foundation: otherwise fsc;on such 
as contact stresses may decide the design and method of 
an? lysis. 



The solution of Eq. (34-4) for specific problems is 
facilitated by Figs. 34.4-2 and -3, which give values for 
the various functions of 0x. Figure 34.4-4 gives solutions 
for certain beams on elastic foundations. See Refs. 4. 10. 
and 20 for a complete theoretical background. 
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SOME SOLUTIONS FOR BEAMS ON ELASTIC FOUNDATIONS 



GEOMETRY 
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FUNCTIONS OF 0x FOR COMPUTING STRESSES 




FIGURE 34.4-2* 
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SECTION 4.10 

BEAMS ON ELASTIC FOUNDATION 

REFERENCES: 

BOEING STRESS MANUAL 

4. J.H. FAUPEL ENGINEERING DESIGN, WILEY AND SONS, NEW YORK 1964 

10. F. B. SEELY AND J. O. SMITH, ADVANCED MECHANICS OF MATERIALS. 2ND 

ED., WILEY AND SONS. NEW YORK 1957 

20 . S. T1MOSHENKO, STRENGTH OF MATERIALS, PART II - AVANCED THEORY 
AND PROBLEMS, 3RD ED. VAN NOSTRAND, NEW YORK, FEB. 1959. 

HETENYI, M., BEAMS ON ELASTIC FOUNDATION, THE UNIVERSITY OF 
MICHIGAN PRESS, ANN ARBOR MICHIGAN 1958. 
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SECTION 5.0 



COLUMNS 



COLUMN THEORY, CHARTS AND TABLES FOR COLUMNS AND BEAM COLUMNS 
ARE PRESENTED. 
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5-o -o 

COLUMNS 

theory 

gaVinltlon 

A column is a structural member, either atralght or having a amall 
Initial ourvature, whoa* croas-sectional dimensions are ahort with respect 
to lti length, and that la subjected to an axial compressive force only. 
Henoe, column* are under a unlutlal atreaa. 

•3.\.2. 
Fa 11 lire 

A oolumn la conaldarad to have failed when It stops fulfilling the func- 
tion for which It waa deelgned. Contrary to most structural, members, failure 
of a oolumn does not necessarily imply yielding of the material nor any 
permanent damage in the member. 

Column failure la more related to the stability of the member than, it la 
to the atress or the cross-sectional area of the column; however, the geometry 
of the member la of primary Importance in predicting the type of failure of 
the member. The geometrical characteristics of a column are summarized in a 
parameter known aa the "slenderneaa ratio, " which la the ratio between the 
length of the column (L), and the minimum radlua of gyration (k) of lta cross 
aeotlon, where 



* -Y-Sjs a) 

- Minimum moment of Inertia of the section 



A « Cross-eeotlonal 
In general, by determining the el end erne a a ratio of a column, it la possible 
to predict the type of failure that the column will experience. 

The four modes of failure are represented graphically in Fig. 5.1.2-1 
aa a function of the alenderneaa ratio. 

A B C 




Slenderneaa Ratio (V*) 
Pig. 5.1.2-1 



Zone : 



(Afi) Block Compression (P/A) 

(BC) Primary or general failure In the short column range. 

(Use the tangent modulus In Euler's equation.) 

(CD) Primary or general failure In the long column range. 

(Use Euler's equation.) 
Seoondary or local failure (Uae method In Sect. 5.4.0) 
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Block Compression 

A short compression member for which L/k Is so small aa to make the 
effect of lateral deflection negligible Is called •."compression block." 
the maximum axial load which a compression block can carry Is determined 
solely by the strength of the material. The member la considered to have 
failed when lta average stress reaches the compression yield strength of 
the material. Point "3" la usually located at an l/k value from 20 to 30 
depending upon the material properties of the column. 

Short Columns (Inelastic Buckling) 

A column with an L/k value so small that the average stress on the 
cross section reaches the elastic limit before the critical stress Is 
reached Is called a short column. After small lateral deflections occur, 
the column will reach the conditions of Instability associated with total 
collapse. In other words. Inelastic strain occurs and Is followed by 
Instability and collapse after some Increase In load. The dividing point 
between long and short columns la marked by the critical alenderneae ratio 
{Point "C", Fig. 5.1.2-1). This point can be located by plotting the elastic 
limit on the curve in Fig. 5.1.2-1. Die critical slendemess ratio la 
uaually located at an L/k value between 50 and 160 depending upon the 
material properties of the column. The critical buckling load of a short 
column can be calculated by substituting "E t " for "E" In Euler'a equation. 

Note : For most materials the elastic limit la considerably lower 
than the yield strength. 

Long Column (Elastic Buckling) 

A slender column will fail by buckling before the stress exceeds the 
elastic limit of the material. This type of column fails through lack of 
stiffness instead of a lack of strength. It should be noted that IT a 
column la perfectly straight, the load truly axial, and the material 
perfectly homogeneous, the column will remain straight under any value of 
the load. If the column Is slightly deflected laterally, the critical 
buckling load la that load which will hold the column In the slightly bent 
position. The significant characteristic of buckling is that the elastic 
deflections and stresses are not proportional to the loads aa buckling 
takes place. The slendernesa ratio for long columns will be greater than 
the critical slendernesa ratio (Point "C", Fig. 5-1.2.-1). The critical 
buckling load can be obtained by the use of Euler's formula. 

Local Crippling or Secondary Failure 

This type of failure Is defined as any type of failure In which 
the cross sections are distorted In their own planes, but not translated 
or rotated. This type of failure la limited to thin walled sections. 
Since the buckling phenomena seem to be Identical, "Local Failure," and 
"Crippling" will be used as synonymous terms. 

Note : The position of the dashed line, Local Crippling Limit, in 
Pig. 5*1*2.-1 depends upon the geometrical characteristics 
of the column being analyzed. 
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5-Z.O 

Constant Crosa - Sectlon Columns 
Long Columns 

The critical, or buckling, load (P p ) of a constant cross-section column 
can be shown in terms of the well-known Euler's equation as follows: 

'--^V- (i) 

where (E) is the Modulus of Elasticity of the material, 
(L) is the length of the column, and (I) la the moment 
of inertia of the column cross-section. 

It ia often more convenient to work with a buckling stress, (rf - p /A). 

cr cr 

Thla may be obtained by In troducing the radlua of gyration of the croaa- 
se-ctlonal area (k - V I/A ) in equation (1). 

, _ 7T 2 E . , , 

Ucr tI ^ k j5 (Elastic buckling) (2) 

Short Columns 

In the derivation of equation (2), it was assumed that the stress- 
strain curve for the material was a straight line, and, hence, that the 
stiffness (E) (Modulus of Elasticity) of the material remained constant 
as the load (P) increased to the value (P g ). This condition limits the 
applicability of Euler's equation to elastic buckling, and to a column 
having a slenderness ratio {L/\c) above a certain limiting value, depend- 
ing on the properties of the materials. When (L/k) has a value such that 
the stress (Pg/A) is equal to the elastic limit, any increase in (P £ ) will 
cause a rapid decrease in the stiffness from the value of (E) to E fe (which 
ia the slope to the stress-strain diagram at the inelastic stress caused 
by increasing P E slightly). This decrease in stiffness permits the column 
to bend and to quickly acquire a large deflection with a small Increase in 
load. This failure is called inelastic buckling and Is represented by the 
following equation: 
o E 

<* cr " fv*F (lnelMtlC buckling) (3) 

where (E T ) is obtained from the stress strain curve of the material. 

The solution of the tangent -modulus equation (3) for a column of a 
given material and dimensions involves a trial -and -error process, for the 
reason that the value (E T ) ia not constant. Therefore, values of the 
tangent modulus (E T ) must be known for every value of the stress above 
the elastic limit. Corresponding values of ( (f ) and (E^ are found from 
an ordinary stress-strain curve and are usually given in the form of a 
curve. 

End Fixity 

In the foregoing equations it has been assumed that the column is 
hinged at both ends so that it can rotate freely. Such a condition oc- 
casionally exists in an aircraft structure where a member is connected by a 
single bolt at each end. In moat cases, however, compression members are 
connected in such a way that they are restrained against rotation at the " 
ends. If a compressive member is rigidly fixed against rotation at both 
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ends, the deflection curve for elastic bucicling will nave the shape shown In 
Fig. 5.2.0-l-{b). At the quarter points of the fixed column there will be 
points of reverse curvature, or points of contraflexure. At points of 
eontraflexure there is no curvature and hence no bending moment 



The 



\ 



C - 1 

U) 



p 

ttMi / / 



V - 



mrrr 



(b) 

Fig. 5.2.0-1 




(c) 



portion of the column between points of contraflexure may therefore be 
treated as a pined -end column. The length (L') between the points of 
contraflexure is used in place of (L) in the previous column equations , 
(2) and (3), and the slendemess ratio is defined as (L'/k). An end- 
fixity term (c) Is often used and is defined in the following equations: 



cr 



7T e E 



err 2 e 



or 



13) 



Por the fixed end condition of Pig. 5.2.0-l-(b), (L 1 - V2)# *nd (C - 4), 
the fixed-ended column will therefore resist four times the load of a 
similar pin-ended column if both are in the long-column range. This 
same relation does not hold in the short-column range, because the value 
of (E^) in equation (3) is smaller for the smaller values of (I/). This 
fact la obvious because it can be seen that a reduction jof (L'/k) has a 
much smaller effect on (Cf cr ) in the short column range than it has in the 
long -column range. 

Moet practical columns have end conditions somewhere between hinged 
and fixed ends, as shown In Fig. 5-2.0-l-(c). The ends are rigidly attached 
to a structure which deflects and permits the ends to rotate slightly. The 
true end-fixity conditions can seldom be determined exactly, and conservative 
assumptions must be made. Fortunately, short columns are usually used and 
the effect of end fixity on the allowable compressive stress is much smaller 
than it would be for long columns. Some common end-fixity conditions are 
given in Pigs. 5.2.0.1 through 5.2.0.4. 
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LONG COLUMNS END FIXITY 



Type of Fixity 



Type of Fixity 



-f=f- 



50 



1.00 



2.05 



70 



— 1 



rL 



77777 



Fig. 5.2.0.3 
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1.00 



a f— blr^ aU- 



77^777 



SHE 



Fig. 5.2.0.4 



.25 



2.00 



Sect. 5.3.0 
Sect. 5.3.0 




Fig. 5.2.0.2 
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Sect. 5.3.0 




Fig. 5-2.0.2 



Equal End Restraint 
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50 
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Pig. 5.2.0.1 
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Fig. 5-2.0.3 
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Fig. 5.2.0.4 
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Variable Cross - Section Columns 

The condition under which the conventional modified Euler critical column 
load formula 



2 

C TT SI 
— 7^" 



(1) 



la valid, la for a straight column with oonstant ar«a and bending rigidity along 
lta length loaded In edge compression. The determination of the Euler load 
beoomes more difficult when the bending rigidity varies along the length of the 
column. Thlo section gives appropriate column buckling coefficient curves and 
formulas for computing the Euler loads for varying cross-section columns. 

Stepped and Uniformly Tapered Columns- - 

The general equation for the critical budding load of variable arose - 
seotlon columns is 



cr 



mKI 



(2) 



where (■), the column buckling coefficient, is a function of the column 
geometry, bending rigidity, and end restraint. 

Values of (m) for the stepped columns shown in Table 5.3.0 are given 
in Figures 5.3.0.1 through 5-3.0.5. The values of (m) for tapered columns are 
shown In Figures 5-3.0.6 thru 5-5.0.19. (Note small n JL" from Fig. 5-3.0 through 
Fig. 5-3-0.19 will be uaed as large "L" In the given equations.) 

The following two examples are typical for calculating the critical buck- 
ling loads for a stepped column and a tapered column. 



Example Ho . i x 
01 van : 

a^ - 10.3 x 10 6 (75ST6 Aluminum) 

I, - .282 In* 



J-L 



18 



*2 



29 x 10° (4130-150 HT Steel) 
2.60 in* 



i,:,, 

> 1 1 1 1 



Find Critical Buckling Load (F er ) 
Fig. 5.3.0.4 i 
a/L - 6/18 - 1/3 

» - 3.6 



i 

) V ) ) J ' / / / / 

I p 

(1) Stepped Column 

10.3 3E 2.82 x 10 6 
29 x 2.6 x 10 b 



0385 



, m mE 2 X 2 _ 3-6 x 29 x 10 c 
° r "72- (18? 



Example Ho . 2 ; 
Qlveni 



^ - 29 x 10° (4130-150 HT Steel) 

I x - .01067 In* 

Z 2 - 29 x 10 6 (4130-150 HT Steel) 

- .0853 In* 



840. OOO lbs 



r 



16' 



TTf 







■ 




1 








2 


12" 

1 






i 1 1 i 1 11 


T 


1 1 r 



(2) Tapered Column 
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Consider A Transverse Axis Of Symnetry 
Prom Fig, 5-3.0.12 

a/t - 12/16 - .75 Vl - ' -126 

m - 9-65 

•p . m E 2^2 m 9.65 x 29 x 10 6 x ,0853 - 23*300 Iba. 



Note: The accuracy of equation (2) la decreased for 
colinnns whose critical stresses are In the 
plaatlc range. 
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TABLE 5.3-0 CATALOGUE OF CASES OF COLUMNS OF VARIABLE CROSS-SECTION 




Fig. 5.3-0.1 
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Fig- 5.3.0.1 
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Stepped Column With Larger Moment Of 
Inertia At Ends, Both Enda Pinned, And 
A Trans var b« Axis Of Symmetry 



Pig. 5.3.0.5 
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Momenta Of Inertia For Ends Varying A3 

Hie First Power (N-l) With Both Ends 
Fixed And A Transverse Axis Of Symmetry 



Fig. 5.3.0.7 




Moment Of Inertia For One End Varying Aa 
The Plrat Power (N-l) With One End Pinned And 
The Other Fixed And No Tranaverse Axis Of Symmetry 



Pig. 5.3.0.9 
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Moments Of Inertia For Ends Varying As 
The Second Power (N-2) With Both Ends Fixed 
And A Transverse Axis Of Symmetry 



Fig. 5-3.0.11 




Fig. 5.3.0.12 
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Momenta Of Inertia For Ends Varying As Tha 
Third Powar (H«3) With Both Enda Plxad And 
A Tranavaraa Axis Of Symmetry 

Pig. 5.3.0.13 



Moment Of Inertia For One End Varying Aa 
Tha Third Powar (N-3) With Both Ends Pinned 
And No Transversa Axla Of Symmetry. 

Pig. 5.3.0.14 



1.9 10 



c 



•I !' 




T 

Momenta Of Inertia For One End Varying As 
The Third Power (N-3) With One End Pinned And The 
Other Fixed, And No Transverse Axis Of Symmetry 



Fig. 5.3.0.15 
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Moment Of Inertia For Ends Varying Aa The 
Fourth Power (N-4) With Both Ends Fixed And 
A Transverse Axla Of Symmetry 



Fig. 5.3.0.17 




STRUCTURAL ANALYSIS MANUAL - 
GENERAL DYNAMICS/CONVAtR AND SPACE SYSTEMS DIVISION 




0 0.1 0.2 0 3 0 4 0.5 0.6 0.7 0.8 0.9 1.0 



Moment Of Inertia For One End Varying Aa Ttie 
Fourth Power (N=4) With One End Pinned And The Other 
Fixed And No Transverse Axis Of Symmetry 

Pig. 5-3.0.19 
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Crippling of Sections 

This type of failure io limited to thin walled sections. These thin 
walled aections can be classed as stable or unstable. 

Unstable sections are those in which collapse would occur simultaneously 
with the buckling of any one of its components. Probably the best example 
of this type of section is an angle. 

Stable sections are those which can carry additional load after one or 
more of its components have buc-kled. One of the best examples of this type 
of section Is a channel. The channel will probably be able to carry some 
additional load after one of its flanges has buckled. 

Two methods are given here to calculate crippling loads. One method will 
be used for formed sections whereas the other will be used for extruded 
sections. 

Formed Sections 

Any formed section in general can be assumed as made out of several 
angles. These angles are formed by dividing the cross-sectional area midway 
between bends as shown in Pig, 5.4.1-1. The angles will consist of unequal 
legs designated as (a) and (b). The angles can have either of three boundary 
conditions: both edges free, one edge free, or no edges free. 
By calculating the ratio and 

using the curves of Pig. 5.4 J. ,1, F~ b F~j 1 

the following expression can be ' f B " 

obtained. 

cr 



where rj cc - Crippling stress U— b -J 

CVv" Compressive yield 
cy «. Fig. 5. A .1-1 

stress 

E - Modulus of elasticity of the material 

The crippling stress (0 CC ) for each angle or element can now be obtained by 
multiplying the number read from Fig. 5.4 J... l by ^y^r — — j 

Por sections consisting of several angles such as the hat in Pig. 5.4.1-1, 
a weighted average should be used to obtain (cT cc ). This can be shown by the' 
following expression. 

rf m T( Crippling Loads Of Angles) 
Ucc r-> , — ' 

L(Area Of Angles) 

This method of obtaining the crippling stress of formed sections is in 
good agreement with test results provided the size of the lip is long enough 
to stablize the section. The following procedure should be used to determine 
the effectiveness of the lip. 

The lip's size or length (b t ) necessary to give due restraint to the 
flange, depends on the length of the flange (b p ) and on the thickness (t) of 
the section. When the length of the lip (b L ) is too small, its function as a 
stabilizing agent is practically non-existent. 
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Uaing the data obtained from a series of teats, Pig. 5.4.1.2 was 
plotted having as coordinates the ratios (b^b^) and (b^t). For points 
falling under the lowest curve, the section should be evaluated assuming the 
lip as one leg of an unequal angle as shown In Fig. 5.*- 1-1* for points 
falling above the highest curve, the lip should be neglected but considering 
the end having the lip as fixed; for points falling between the two lines, 
an average of the crippling loads given by the two methods should* be used. 

Three numerical examples will be given. The sections will be considered 
as formed sections of 7178- T6 aluminum alloy. 



Example No. 1 



jj.1735"- bj 



Determine Coordinates for use in 
Fig, 5-^.1.2 

.947V-1735" - 5.46 



bj/t 



1735/. 053 - 3.30 



«. .053"- t 



T 

A point having these two coordinates will fall above the upper or highest 
curve of Fig. 5. 4.1.2:hence, the lip should be neglected and this edge 
considered fixed. 



One edge free 

■_a«.947. 



r 



9735" 
t 



— .053"' 



I 



Determine Abscissa for use In 
Fig. 5.4.1.1 

a+b „ . 947" + .9735' 



From Fig. 5«^.1.1» 



- 18.11 



tfcc/^c7 



E - .039 



tfcc " Vtfcy & <* 039 > " V 78 ' 000(10 • e > xl ° 6 ) " 35,10O psi 



bp/b L - .950"/. 240" - 3.96 
bj/t - .240"/. 050" - 4.80 



.870" 

y 

A point having these two coordinates will fall under the lower curve of 



^.050"- t 



Fig. 5.4.1.2 hence, the lip will be considered, 



( 1 ) one edge free 



r 

b- .870" 

HI- 



-^.475*J^ - ^.475 H p 



a» 

"a 

.240" - b 
(2) f 



.050' 



(2) One edge free 



For angle (1) 

Pig. 5AJ .1 



a+b 
"St 



« 1.345/.1 
tfcc/^c 



'cy 



13.45 
.0486 
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For angle (2) 

From Fig. 5.^.1.1 
The weighted average will o«: 



a+b 



715/. 1 - 7.15 

O^cc " £ (Crippling loads of angles ) 
£ (Area of angles) 



Example No. 3 
.175 



r-i-7S5" r 



.025"— 



7 



1.22^' Cut here 

- = J17l755 M 



-J. 7^5" ^ 
Cut the section midway between bends as 3hown. 



^.725" f*- 



1755" (j 

T~ .025 



^J^125' 



b f /b L - .725*7-175" - -U.14 
bj/t - .175"/. 025" - 7.02 



A point having these two coordinates* will fall between the upper and lower 
curves of Fig. 5,'*. 1.2 hence, the average of the two methods used in nxample 
No. 1 and No. 2 should be useu. 



Case 1 Neglecting the lip: 



a+b m 1.3375/. 05 - 26.75 
2t 





a- 

.725" 


i m 

1 






t - 


-025"*. 





.125 - b 

No edge free 



From Fig. 5.^.1.1, 

:c/^ 



a, 



cy 



E - .0312 



Case 2 Considering the lip: ,17-55 

r 

(1 ) One edge free 




3625" 



(2 




^25" 



(1) 



.025" — 



,bl25 



(2) No edge free 



For angle (1) a+b m .538/. 05 - 10. 76 

!t 



a+b •= .975/. 05 - 19.5 
2t 



From Fig. 5- 1.1 tf cc /^O cy * - -"575 
For angle (2) 

From Fig. 5-4.1.1 Cf c y/>6 



cy 



0395 
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The weighted average will bei 

— m T, (Crippling loads of anglea) 
^cc y lAwt of angle a ) 

The average of the two cases will now be obtained 

<yv^ " * " - 03855 

Ccc " (-03855)0.01) 10 5 - 3^,800 pal 
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Extruded or Built-up Sections 

The relationship between allowable compression stress and section 
properties- Is given In Figure 5.4.2.1. The dimenBionlesB parameter, 
has a rational derivation, however the curve relating it to the term ~° u cy 

b ia empirical. This curve includes the results from tests of moat 

tV K 

o f the commonl y used aircraft materials, in calculating the material parameter 
V~E^ CT cy i minimum guaranteed (ANC-5 "A") values should be used. Room 
temperature material parameters for some of the more common materials are given 
in Table 5.4.2.6. In determining the material parameter for clad materials, 
*he secondary modulus of elasticity must be used. The allowable compression 
stress at elevated temperatures can be determined by utilizing the elevated 
temperature valueB for "E c " and C cy in calculating the material parameter. 
The allowable compression stress, & xliax * should never be greater than 1.14 



It may be necessary to use a modification of "E" for materials having a 
very low ratio of compressive yield to modulus, (7* such as aluminum at 

600°F, etc. Cy E 

The term "crippling stress" means the stress at which local instability 
occurs as evidenced by distortion of a cross section in its own plane. 

The allowable compression stress is the maximum stress which can be 
safely applied to a column without producing complete failure of the column. 
In stable sections the allowable compression stress may be somewhat higher 
than the critical crippling stress. Unstable sections collapse and fall at 
stresses little or ho higher than the crippling stress. 
Unstable Sec tions 

An example of an unstable section is an angle lacking Intermediate 
supports. For angles of this type, the abscissa In Figure 5.4.2.1, b 
can be determined by taking 1/VTas 1.56 and using an average t V k" 

b/t for the two legs. 

In computing the allowable compression strength of lipped angles, the 
method given In Section 5.4.1 should be used. The crippling stress, C , 
obtained from Section 5.4.1 will be the allowable compression stress. 
Stable Sections 

Stable sections are defined as sections which do not fall immediately 
upon the occurrence of crippling. Channels, zees, I's, H's, and all closed 
sections are in this category. Back-to-back angles, various built up combina- 
tions, and tees are usually considered stable when functioning as a compres- 
sion flange of a conventionally proportioned plate girder type beam, the web 
stiffners of which are riveted to the flanges and thus act as stabilizing 
members for the compression flange. Allowable compression stresses applicable 
to stable sections are to be obtained from Figure 5.4.2.1. 

For channel, zee, I (or H) sections and rectangular tubes in compression, 
values of 1/YlTcan be obtained from Figures 5. 4. 2.2 through 5.4.2.4. The 
values of "b" and "t" are as indicated on the sketches. The same values of 
(1/Y"K) may be uoed to determine conservative values of allowable bending 
modulus. 
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Plain and lipped angles used as compression flanges of plate girder beams 
(fuselage and hull framed sections, for Instance) are treated as shown In 
Table 5.4.2.5, Cases 1 and 2. 

Case _3a shows an example In which a skin riveted to a flange may benefit 
the allowable compression stress by Increasing the effective thickness of the 
flange to the extent of one-half the skin thickness (but not more than one-half 
the flange thickness). The effective (b/t) is not to be reduced below 10 by 
using the skin to Increase the effective "t" .- This Increase in thickness 
should not be assumed unless the skln-to-flange riveting is adequate to 
prevent buckling of the skin at the calculated allowable compression stress 
of the oomposlte section. In Case -jb- the allowable compression stress is not 
assumed to be benefited by the skin. To the contrary, the allowable stress 
may be reduced due to deformation of the flange by shear buckles in the skin. 
In the event that the skin shear stresses are high, attention should be given 
to this possibility and to means of combating it, such as increasing the 
buckling stress by reducing the dimension to the adjacent stringer, etc. 
Case J[a usually does not suffer from this trouble because the corner of the 
angle breaks up the skin buckles. 

In Case k the thickness of an angle is increased by one-half the thickness 
of the thinner nested angle. The additional angle should not be considered to 
reduce the b/t to less than 8. 

In general, only one element should be considered to reinforce a particular 
flange. Thus, in Case 4, no added thickness is assumed to result from the 
presence of the skin. Exception may be taken to this rule In cases where the 
composite member is unusually well supported by adjoining structure. 

Many variations of Case 4 are possible, such as a lipped basic angle with 
a plain reinforcing angle and vice versa, a reinforcing angle longer or shorter 
than the basic angle on either or both legs, etc. A weighted average value of 
b should be used (measuring b from the inside face of the inside angle, aa 
shown In Case 4) except that where the basic angle and the reinforcing angle 
differ by not more than one gauge, a straight average may be used for simplicity. 
Where either the basic angle or the reinforcing angle Is lipped (y^K) ""-y De 
assumed 1.0 unless the lipped flange la lighter than the plain flange by more 
than one gauge, in which case use 1.25. 

See Case 6 for back-to-back angles. 

Note ; The above rules concerning effective t_ apply only to the deter- 
mination of the allowable compression stresses. In calculating actual stresses 
due to applied loads, the area to be used should Include all elements plus the 
effective width of skin at full thickness. 
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Fig. 5.*- 2-2 
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h/b 

Fig. 5.^.2.3 
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Fie. 5.^.2. '» 
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TABLE 5*^.2.5 
Diff erent Types of Compressive Flanges 



CASE 1, 



/J i-h -^ outstanding : 1/ Y?T- 1.25 
web leg ; 1/Vk - 1.00 



CASE 2, 



both 



legs 



i/Vk~- 1.00 



j- t f skin le*v 



V/ • V -T l/VK"-1.25(plain flange) 



- t„ 



/Tfl _b— J l/VK^1.00(cllpped " ) 

Vr ' *f + V2 t, 

web leg : 

i/V~k - i.oo 

(3ee text for limit on effective b/t) 



/IT 



pbj"T 
- 1- 



CASE 3b. 

r- 6 f 

fc= akin leg : 1/V"k" - 1.25 

t. 



'eff " *f 



web leg.: 1/Vk" - 1-00 



CASE 4. 

t— basic angle 

v * r- 1 3kln lg K : 1/ViT- 1.25 
. I eff f( thicker) 

Winner) 
web leg: I/VST- 1.00 



CASE 5, 




reinforcing angle 
see text for limit on effective b/t) 



b and t sane as basic angle 
outstanding leg : 1/V*"" 1-25 
web leg : 1/V* - 1.00 



CASE 6, 



CASE 7. 



skin leg - see CASE 1. 
web ler, • 

i/Vk" - i.oo 

Sff" ^(thicker) 4 X /2 V(thlnf^rTl 



n*r)| 



skin leg -see CASE 1 - l/V*" 

C eff- fc f + V2 t a 

*■ 

Use for reinforcing strip only"" 
web leg - see CASE 6. 



CASE 8. 



=3 



\ - fc f 



akin leg - see CASE 7, 
web ler - see CASE 6 . 



'eff - *f 
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TABLE 5.^-2.6 
ROOM TEMPERATURE MATERIAL PARAMETERS 





MATERIAL 


FORM 


C0NH 


THICK- 
NESS 


GRAIN 
DIRECTION 


V E e tf ey (KSI) 


2024 
AL. 


Clad 
Sheet 


T3 


<-062 

>.062 


L 

L 


599 
624 


160 


<.0b2 
>.062 


L & T 
L & T 


67b 

70Q 


Tol 


<^.0b2 
>.062 


LtT 
L & T 


730 

— » — 


T64 


' <.0b2 

■>.062 


L 
L 


— M 


T66 


>.062 


L & T 
L & T 


i — i — 


"Bare 

Sheet 


T3 




L 

T 




Bar * 

Rod 


T4 


<3.oo 

^3.00 


L 
T 


655 
630 


Ext. 


T4 




UT 




7075 
AL. 


Sheet 


T6 


<i fl5q 

.040-. 250 


L 


— i 


Bare 
Sheet 


16 


< .039 
.040-. 250 


L 

L 


84S 


Bar & 
Rod 


T6 


<3.oo 
*:3.oo 


L 
T 


632 
7Q4 




to 




L fc T- 




Stainless 
Steel 


Sheet 


Annealed 




L & T 


OOS 


Cold 

Rolled 

Sheet 


1/4 Hard 
1/2 Hard 
3/4 Hard 
Full Karl 




L 
L 
L 


1421* 
1605 # 
1700* 


Alloy 
Steels 

PH s.s. 
"TT-t PH S.S. 


Sheet 


125 HT 
150 HT 
180 HT 
200 HT 

260 HT 
TH1050 






1815 
2050 
2280 
2395 

2192 
213Q 


cM6m fi 

C130 AM Ti 


Bar&Rod 
Sheet 
Bar&Rod 


f1,v- 110 






1105 
1420 



• Values adjusted to account for the fact that this material is 
highly anisotropic. 
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Data Source, Section 1.3 Reference I 

5-5.0 

Beam Columns 

A beam column la a structural member, either straight or having a amall 
Initial curvature, whose cross seotlonaJl dimensions are small with respeot 
to Its length and that Is subjected to both axial and transverse loads. The 
axial, loads can be either tensile or compressive. 

Bean Columns Subjeoted to Axial Compressive Loads 

Beam oolumns under axial 'compressive loads are far more critloal than 
bean oolumns under axial tension loads. Axial compressive loads increase 
the bending moment and add the possibility of instability or buckling types 
of failure. This type of beam column is subjeoted to the limitations of 
both beams and columns. The oritical column load ehould be determined, con- 
sidering only the axial load (5-1.0 and 5-2.0), The oritloal load Is not 
the maximum load that the beam oolumn can oerry, but rather the load under 
which the member would be unstable even if there were no side load. Hie 
critloal load Is Independent of the magnitude or distribution of the trans- 
verse load. The following equations should be used to calculate the effects 
of the oom blued loads on a single span beam oolumn: 

x . „ ... x 



Bending Moment - M - sin J + c 2 0OB J ♦ (1) 
Shear - V - C l cos ? - C 2 sin £ + f ' (w) ( 2 ) 

Deflection - <5 - "o~* 



71 J ' t-*\ 



P (3) 
Slope - 0 - T o" V (4) 



j - ^ZJ/f ( 5 ) 

Where (M Q ) and (V Q ) are the primary bending moment and shear, respectively. 
I.e. the bending moment and shear that would be produced by the transverse 
loads and end moments acting without the axial loads. The particular 
expressions for (Cj), (Cg) # and f(w) depend on the oharactar of the trans- 
verse load. Table 5-5.1-1 contains (C^, <C 2 ), and f(w) for some of the 
■ore oomnon types of transverse loads. The moment (m) Is positive when 
producing compression In the upper fibers and (W) or (w) is positive when 
upward. The load (?) and the distance (x) are as shown on the sketches in 
Table 9.5.1.1. 

Limitations 

1. The results obtained from these equations become inacourate as the 
ratio M/M Q approaches or becomes lees than 1.1. 

2. It is recommended that at least four significant figures be used in 
all computations. 

The following example will Illustrate the procedure to 
be used. 
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Xxaaplei (Bssji Coluan with axial ooapresslve load) 



p 


I 1 i 1 1 1 1 1 i 


p 








m L-50 B » 



P - 100,000/ 
w - 6o #/ln. 
Z - lOxlO 6 pal 

I - 6.75 In- 
A - 9.00 In? 



Plndi <*) and {&) at (x - 20") 

M - C„ sin £ + C oos 4 + f (w) 



C l aln J 



C a oo. 5 



where i 



(10x10°) (6.75) 



- 25.96 



aquation (1) 



aquation ($) 



labia 5.5.1.1 

C . wJ 2 (coa L/J-l) . -60(675 )(eoa 1.92-1) - 96,961.! 
*1 Sin VJ Sin 1.92 



wJ~(coa L/J-l) _ -60(675 J (coa 1,92-1) - 56,961.21 

C a - -wj 2 - -[-60(675)] - +40,500 
f (w) - wj 2 - -40,500 

Then froa aq. (1 ) 1 

* - (56,961.21) (Sin .77) + <40,500)(Coa .77) -40 ,500 
II - 28,942.97 ln-lba. 



Conaldar tranaTaraa load only* 



wLz wx 



?{L-x) 



(iter. Table 4.1.1.1) 



M G - <§£^22l [50-20] - (600)(3P) - 18,000 ln-lba. 
•q. (3)* 

^-V - lB.000-a6.942.O7 

F~ icr 

cS - -.1094 lnohaa 



Modified Prlnclpla of Suporpo a 1 tlon 

The method of auparpoaltlon ean ba appllad provided aaoh of the super- 
Imposed banding amenta la the effect ef the combined aotlen of one or aore 
of the transverse loada and the entire aii ml load. In thla connection an 
end aoaent la to be oonaldered aa a tranaverae load. In order to obtain the 
proper formula for the bendlnc aoaent on a beaa-coluan subjected to two or 
aore trans Terse loada, all that la neoeaeary la to add the values froa 



Table 5.5.1-1 for each of the transverse loada to obtain 
to be uaed In equations (1), (2), (3), and (4). 



f(w) 
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BAM COLDMKS WTO AXIAL COMPRESSION LOAD 



LOAD! NO 



r(*> 



MAX. MOMENT 



Unaqual Bnd Momnti 



K 2 -M 1 Cob V j 
31n L/-> 



1 

Cob x/J 

whera 
Tan 



x .fVMfo-L/jl 

7 SinVjJ 



Zqual £nd Homanta 



Mj Tan L/2J 



' Cob L/2J 
At Mldapan 



Uniform Load 

mm 



nm 



w r (Cob L/J-l) 
31n L/J 



- . J* 



M mM «j <: (l-3«eV2J) 
At Mid span 



Uniform Load Plus 
K-ind Momanta u- 

^ttHtttttttttth, 



Dg - 1^ Cob L/J 

Sin L/J 



Not* tt 



°1 

Sao Nota 4 



* J 



whara 

C^Sin VJ 



Concentrated Load 



x < a: -wj sin b/J 
Sin L/J 
> A: WJ Sin a/J 
Tan L/J 



- WJ 31n a/J 



M . 12 COB x/J 

where 

Tan x/J " °1 



UrU.ro ml y increasing 
Load 



■^rffTTTTflfi 



- « J 

Sin L/J 



J 2 * 



Occurs at 

Coa x/J-J/LSlnL/J 
Solve for x/J and x, 
Subatltuta in Eq(l ) 



Uniformly Deareaeing 
Load 




Tan L/J 



Occurs at 

Co. L-x -J/LSlnL/J 



*J. (l-x/Lfcolva for x/J and x, 



Substitute In Eq(l) 



Syeawtrleal Trlangla 
Load 




x<L/2: - 2 * J 

L Coa L/2J 

x>L/2! 2 » J 3 O"" VJ 
L Coa L/2J 



V- ^ 3 Ta.nL/aj 
+ «J 2 



*« J 3 Sin L/2J J 2 



(1-x/Lj 



«.t Mldapaji 
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TABU 5.3.1.1 (Cont'd) 
BEAN C0LUMK3 VITH AXIAL C0NFRS33ION LOAD 



LOADXNQ 



t (») 



MAX. MOMENT 



1 j r- 

Partial Unirorkly 



x<ai awj'sin ■/jainr/j 

Sin L/J 

<x«Lbi 

2wj* sin »/3Sln a/f — wJ*Sin b/J 

Tan L/J 

b < x < Li 



-wj 2 Co* a/J 



2 wi 2 Sln«/i Sin a/1 '■"J* Si " *"J 31n Vj] 

Tan -1 



Sa« Hot* (6) 



Syiaaotrieal Partially 

Uniform Dlatrlb. Load 



x < a.— j*Sln*/JS«oL/3J 
a < x< L-a : 

-wJ 2 Tan L/2JCoa a/J 
L-a < x < L: 

»J 2 31r.VjSaeL/2JCoa L/J 



-«J - Coa a/J 



-«wj"3iP«/J Sin L/2J 



r 1 1 Co. L/ ajl 



At Nldapan 



— i 



Two Syaaaatrlcal 
Conc«ntrmt«d Loada 



x < a : J Cob b/23 
coa 

a < x < L-a : 

•wj Sin a/J Tan I/2J 
L-a < x< Lt 

WJ Coa L/J Coa b/gj 

Coa L/2J 



• wj am a/J 



WJ 31n L/J Coa b/2j | 
Cos V2J iJ 



At Nldapan 



Cone antra tad Moaiant 



coa b/J 
x< a: — Sin L/J 



x>aj — ■ Coa a/J 
Tan L/J 



Saa Nota (6) 



■ Coa a/J 



At ( ■ 0: 



• #/ln 



H-«J' 



4* 



[ 1 "^ i V2j] 



2 Tan L/2J 



At X - L/2: 

■ — j 2 " 



Plxad End Bm 
Uniform Load 



L/2J - U 
SlnL/2J 



x < L/2: -V2 * J 
x > L/2: 

1/2WJ |2Coa L/2J • 



1/2WJ 



f l-Coa W2S 1 
[ 51n L/ ' gj J 



M • 



1/2WJ ^ Coi^L/^-CoaL/2^ 



Flxad End B» an -Cone an 
Eratad Load at Cantar 



ErfJ ri-Coi L/gj 
Sin &2J 
At! - X - 0 J 



w #/ln 
tHHTTttfttt 



X <L/2: 

X> 1/2: 

1-CoaL/J „.2 
' Sin L/j 



PlxaQ 31«pla Baaa 



f Tan L/2J - L/2J1 _ 
[ Tanl/j - tV] * 



*LJ 



'TanL/2J-L/2J' 



^TanL/J(MLj)J - "3' 



TanL/J - VI 
. [Tan VJ] 

At x - 0 



x < L/2 



e ffs 



.a Baaai 



PlxVd Slapla Bai 
Cone antra ted Load 



i 

i 



JJl r LTanL/JtSacL/2J-l) 
[ J Tan WJ - L 



•2 Sin L/2J 



max I 

T JTanL/J ( SacL/SJ -1 3 
[ J Tan VJ - L J 



At x - 0 
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TABLE 5.5.1.1 (Cont'd) 



BEAM COLUMNS VI Til AXIAL COMPRESSION LOADS 



LOADING 




C 2 


MAX. MOMEWT 


V 

4 

Cant 11 ever- Concc 
ed End Lomd 


ntrat 






"max WJ ™ n ^ 
At x - L 


* #/ln 

f=^L^ 

Cantilever- Unlf 
Load 


f\ 

ortn 






M^- [jU-3eeL/j)+ 
L Tan L/jj 
At x - L 


fix 
Latei 


' 

+—L «. 

id End Beam 
-al Displace 


With 
ment 






H - * P Tan L/2J 
max . . 
2 (TanV2J-V2j| 

At X - 0 
And * "max At x " L 



NOTES t 

(1 ) W or • la positive when upward 

(2) H la positive when producing eompreselon in upper fibers 

(3) J -V^y^ with a dimension of length. 
<*) - ^ - wj 2 j Dg - - wj 2 



(5} All angles for trigonometric functions are in radians. 

(6) When the formula for the maximum moment is not provided in the table, methods of 
differential calculus may be employed, If applicable, to find the location of maximum 
moment; or moments at several points In a span may be computed and a smooth curve then 
drawn through the plotted results. The samo principle applies in the case of a compli- 
cated combination of loadings. 

(7) All points where concentrated loads or momenta are acting should also be checked for 
maximum possible bending moments. 

(8) Before the total stress can reach the yield point a compression beam column may Call 
due to buckling. This Instability failure is Independent of lateral loads and the 
maximum P that the structure can sustain may be computed pertaining to the boundary 
condition without regard to lateral loads. A check using ultimate loads should always 
be made to Insure that P Is not beyond the critical value. 

(9) It Is recommended that all calculations should be carried to at leaet four significant 
figures . 
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Bsr- Coluana Subjected to Axial Tension Loads 

Slnoo axial tension loads usually tond to decrease ths bending noment 
at any section, bean solusns may bo designed neglecting ths axial loads. If 
ths loads are negleeted, oonssrvatlrs rosults will bs obtalnod. 

Nero proolso rosults oan bo obtalnod with tho sanations glvon bolowi 



Bondlns Hoswnt ■ H ■ Cj alnh j + C 2 oosh | + f(w) 

Sh^ar - v - °1 oosh 5 + C 2 slnh f + f • (w) 

"J . . J "J J 



Defleotlon - £ 



M-H. 



(6) 
(7) 
(8) 



Slops 




(9) 
(5) 



(M ) and (V } aro primary banding moment and shoar, respectively. 
The particular expressions for (C^), <C 2 ), and f(w) do pond on tho charaotar 
of tho transvorse load. Tablo 5*5-2.1 oontalns (C 1 )» (C 2 ), and f(w) for 
mumm of tho moro common typos of loading. The load (P) and tho dlstanoo (x) 
im shown on tho sketches In Tablo 5-5.2.1. The moment (M) Is pooitlwo 
producing oosiprosslon In tho upper flbors and (w) or (w) Is posltlro 



1. The rosults obtalnod from thoso oquatlons boooao lnaoeurato as tho 
ratio "/M 0 approaohos or becomes moro than 0.90 (*/* Q ^ -90). 

2. It Is recommended that at lout four significant flguros bo used 
In all calculations . 

lbs following oxamplo will illustrate ths procedure to bo used for a 
column subjected to an axial tension load. 



oi 



w - 60 #/ln 



|i I ' i t 1 1 u . 



i= 



L-50' 



Flndi (M) and (S) at (Z - 20") 

M • slnh j + C 2 cosh j + f<w) 



P - 100,0OO# 
w - 60 //In. 
g - 10 x 10 6 psl 
I - 6.75 in* 
A - 9-00 in? 



equation (6) 



, VV-Y^* 10 ^ 6 ' 7 * - 25.98 



equation (5) 
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and froa labia 5-5.2.1 

- w J 2 - -60(676) - -40,500 
f(w) - -wj - - [^60(676)j - +40,500 
In.n Kq. (6) 1 

» - (30,1*7. 44)(»lnb .77) - (40,500)(cosh .77) + 40,500 

H - 12,964.76 ln-lba. 
Proa prorious cxuplt (Axial Coapr«..lon) 1 

H # - 18,000 ln-lba. 
Ft« Xq. (8) 

«S- "-"o - 12,964'.78-l8,000 - -.0595 inch.. 
~F~~ lo 5 

Hodlflod Prlnolpl. of 3up.rpo.lt Ion 

In. a*thod of superposition oan b. applied to beam columns In ■■^■i 
tanalon In th* ■■■»• aannar aa whan th. .Tlal load la compression. 
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TAJLI 5-5.3.1 
LAM COLONICS WITH AXIAL TSKSION LOAD 



LOAOim 



MAX . MOMENT 



Unequal ind Ho— ntn 



Mg - H 1 Co«h L/J 

Sinn L/J 



*_ - "l 
W <!o.h v\J 



-^Slnh L/J' 



Equal End Momanta 



^ Tfcnh L/2J 



Unlfom Load 



mn 



w f/ln 

nffln 



■ J* fl- Coah L/J) 
Slnh L/J 



9-. 



D 2 - Coon L/J 



Slnh L/J 
3** * 



S*a Hot* * 



-J 2 



W °1 
coahVj 

wher* 

Tannx/j 



Dg-D^ Coahj 



Sm No 



DjSinh L/J 



Concantratad Load 



»yj Slnh b/J 



iinh V3 



-WJ Slnh «/J 



Coin x/J 



whar* 

Tanh x/J — °1 



Uniform IncraaaiJic 



Load 



■ J 

Slnh L/J 



*4* 



Uniform Dacraanlng Loai 



f Occurs at: 
Coanx/J-+J/LSlnnL/J 
tolva for x/j and x 

lubatltut* Into 
Sq'n (1) 



Tain L/J 



■ J 



'J 2 U-?) 



Occurs at: 
3oa L-X-+1 SlnhL/J 
T" L 
Solv« for «/J and 
x and aubatitut* 
into Eq'n (1) 



yia aatflcaj. TflmH Lo*d| ^ ^ . 




LCoah L/2J 
x >L/2: 
• 2»3 3 Coah 



>wj J Slnh L/2J 



-Toa n l/j 
fioah VSJ 



2"J 2 (1-T 



2"J^-_ _ L- "J 2 



page 5.S. 8 



STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA MICS/CON VA IR AND SPACE SYSTEMS DIVISION 



TABLE 5.5-2U (Cont d) 
HBAM COLUMNS WITH AXIAL TENSION LOAD 



LOAOINQ 



MAX. MOMENT 




.jj^sinh -.yg^n h r/j 

a <X <b: 

2WJ Z Slnh d/2J Slnh 9/3 - 



Tanh L/J 

b<r x< L: 

awj^sinh dyftj Slnh t/f 

Tun h y j 



*3* Slnh b/J 



*J 2 Coaha/jH - W J 



Sat Not* (6) 



2*0 Slnh d/J Slnh t/f 



a< 9 x < L-a: 

-wj* Coah a/J Tanh L/2J 
L-a < X < L 1 

wj 2 Slnh d/2J Cosh L/J 



"J Co«h a/J 



■2wj* Slnh d/2J Slnh L/ZJ 



,j2 [&ib& 



Coah L/2J 



At Kid a pan 



Two Symnvtrlcad 
Cone antra tod Load a 
w 



x< a. 



4^4 



WJ Coah b/2J 
Coah ) 



a < x < L-a : 

WJ Slnh a/J Tanh L/2J 

L-a< x < L t 
WJ Coa h L/J Coah b/8J 



Cua h L/SJ 



- »*J Slnh a/J 
■ W4 SJj|h L ^ z Ceah o/2J 



At Mid a pan 



Coneontratad Moatont 



X<41 - \?>**\yj 



Sinn L/J 



Tan 



M Coah a/J 



3N Not* (6) 



Flxad End Bow - 
tMlfona Load 



4 



w#/ln 



•La. 



2 Tanh L/2J 



At x - 0 



(MX — 

*J 2 [ L/aJ - 3 

[Tanh L/2 J J 



Flxad End Baaai-Concan 
tratad Load at Cantor 

' t" n 



Sr. 



x < L/2 : -WJ/2 

x>L/2 : 
WJ I g Coah L/2J - lj 



WJ ["coah 
I Sin. 



W fcoa L/gJ-Co 
r P Sinh VSj 



Slnh L/2J 
Coah L/j 



"max " 

WJ F i-CoBh L/2 
r" [slnh L/3j 

At x - L/2 



Can til avar- Cone an • 
tnttd End Load 



3-. 



M^- wj Tanh VJ 
At x - L 



CantUeTar-Unlforai 




L Tanh L/J-J(l-Sac L/J) 
It x - L 
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TABU 5.5.2.1 (Cont'd) 
BEAM COLUMNS WITH AXIAL TENSION LOADS 



LOADING 



f(w) 



HAZ. HOKENT 



Fixed Bnd Beam-Lateral 
Displacement 




a P Tanh L/2J 
2[L/2J-Tmnh L/2j] 

At x - 0 And 



At I - L 



NOTES i 



(1) 
(2) 
(3) 

<*) 

(5) 
(6) 



(7) 

(8) 
(9) 

(10) 



W or w la positive when upward. 

H i« positive whan produolns compression In the uppar fibers 
j - -^E I with a dimension of length. 



&1 ~ * wj ; Dj ■ Nj + w J 

All anglea for hyperbolic funotlona ar* In radians. 

whan rorwnxla for maximum momma* la not provided In the labia, methode 
of dlffarantlal calculus may ba employed. If applicable , to find tha 
location of wolva moment; or amenta at aeveral points In the apan 
say ba computed and a smooth curve drawn thru plotted reaults. The 
same principle applies In the case of a complicated combination of 
loadlnca* 

Values given In Table 5.5.2.1 were obtained froai Table 5-5.1.1 by the 
following substitutions: Sin L/J - 1 ainn VJ i Cos I/J - Cosh L/J i 
Sin VJ - 1 Sinn x/J 1 °° m VJ - C°« h VJ * nd J - 1J "here 1 " V-T - 
All points where concentrated loads or moments are acting should also 
be cheeked for poaslbla bending amenta. 

Axial tension helps to stabilize the structure. Usually, Instability 
r allures need not be considered unless the beam is very thin for which 
bending buckling should be checked. 

It la recommended that all calculations should be carried to at least 
four significant figures. 
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Data Source, Section 1.3 Reference 2 
SEAN COLUVKS 



Single Span Beam Columnai 

-Bending Moment U « Cj Bin 5- + C 2 cos * + f(w) 

J J 

Shear S - £l eo. 2. - El .in I +"^1 

J J.J J "5 * 



Deflection 



Slope 



where 



P 

m S °" S 
P 



and Co are constants given in Tables 4*21 and 
4*22* f(w) is a function of loading given in 
Tables 4*21 and 4.22. M 0 and S Q are primary 
bending moments and shears* 



Limitations In highly stressed beams changes of E due to plasticity 
will affect the accuracy of the above formulae. This 
.is particularly true when the beam column approaches 
instability and M f S, y and i increase very rapidly with P. 



Superposition: The principle of superposition does not hold for loadings 
involving different axial loads. However, the effects 
of transverse loadings may be superimposed as follows: 

When an axial load P combined with a transverse 
loading A produces moments, sheafs, etc. M Af S A# 

yA. *a 

and the identical axial load P combined with a 
transverse loading B produces moments, shears, 
etc Vjj, S B , y 5 , 1 B 

then the same axial load P combined with 
loadings A and B aeting simultaneously will 
produce moments s shears p etc. 
M - U A + M B , S = S A + S B , y = y A + y B , 
i = iA + iB 
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p.ef. Airplane Structures Vol . *2, Kilos .'• Sew*!!, 2r.d Suit ion. 








C V 


- "Z. 








fc_A _ K.* /** /"> *. 

r\ j ~ "i loo j 


M , 


o 




- — H 




EQUftL 










0 






jin'u Mr 


•p 




■ X 


uri* 


1 * 




ukivf ORr*\ 

"PLUS* 

END 




f f A 1 . i 1 f f + 

! ; ;^r*/»H 1 1 I 

iT^ x l »- 


! < 

— 

1 

i 


J 

m Ml • \aT j "** 




' 2_ 




F"" - — 1 


x<c j -^'-^ 

j 
J 


O 


o 

j 
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TaG*lC 

?. "-..'' sf.-*..m-'j_li^:: : n 

twv: , ;: r .jG:-.::. 

F.ef. AirLla::e Str.:ct-r?s Vol. ;c, Nilos 1 -:.a ..:;tio::. 


l O t*« X> \ rs 










C onC^h- 

TRftT E O 
LOK'D 

A- ^ 
Z 


■ ^ jL- - 

f Z i" z '*1 

v 1 ^_ F 




0 

->JJ Sim _L_ 


O 

o 


v v G- 

INC- TO 




r> — l — ^ 


T 

i 

NT— p 


■ -z. 

j 


0 


\_ 


UNIFORMLY 

DEC^ = (\S- 
1 NG TO 
H\G HT 


? 

f 






— ? 


J 


■ 2. 

- UTJ 










? —p. 


.1 f ! 1 ! 1 i J\ | 




o 


7 uT J 1 v 

• 


— u -J 


L Cob 


U i J 


rft""if- l 
E.- 




^ 1 

w X | 

b J j 


2_<i. ' * / 

< * < ts /"* J 

fc<X < U 
Tflw Vj 


o 

i 


c 

O 
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T^Ki'" TOY. 



■ T ; ' r 



p-f . .Mrnltuc Structures Vol. Z, Mies J: Ncv.ell, 2mJ licit! ci. 



SYt^ M . =T- 



! >- d 

mi 



. <U - . 2.1 
g.<x < L- S. 



l- a. < x < L 



CC^CEN- 



1 



i 



X < Q. 



2i 



0-<X < 



L-£X< X < U 
VJsl J J 



S» ni — COfe k. 

_ i 2j 



C0& L /2A 



2,) 



o 
o 



COUPLE ;? 



x < a. 



x > a . 



yvn cos 
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Contimuau* Beam Colmcu 



Thr**-*Qmgnt £q-jatl*n 



wher* J 



6 s (rc^B 5 

— 5 



Wh«r* Ki and K 2 are funotlon* of loading an Bay 1 and Bay 2, 
r*«r**tt»aly» 7*1j*« for a f ? and ar* tabulated on pag** 
To 5- £-22,. *1 and K 2 »r* tabulated be low t 



(R*f. Airplane Stricture! by Nil** 4 5t«U Vol, #11, 2nd Edition) 



Uadinc 



End 

Moo* at* 



Tqrrn fir Three-cement Equation 



Left 



Right Bay K 2 



Equal 
Sad 

Moment* 



Snifei 
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LO ft D * ^ & 








End 












p T 

M, ! »■ * , Mu 

-- u 

i 1 


A I, 


i 


Et> LOftt) 




vr 




j. a 












1 i. 

i — i ! 


L 




J*. 


concghtrim. 





■w 




SEC ^ -1 












u 


r 


x, 


It 


VftRV t ist G 
TO RiGhT 






T 




! 






-* u » 


i 
i 

I 




I* 


TO R\ChT 








i 










* 

— — u 




I. 


It 
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I. 



L 



4aS 



X 



n 



2 J. 

CQ*^- 



Co* 

2 i*. 



Clock vni^S. 
COuPtC 



J5H 



i. 



- 1 



— T 



CO* 



COb- 



I, 



CO S 



I — i± 
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FUMCTIOMS ffSg. T^£€g-MoMcMT gSOATlOMS. UJ\T^ A*UVt- CoM PEEKS tOU 



« 6 C L / j cosh: V3 ^ i ) 













corVj) 















J- 



? 





oc 


A, £X 


A 




6 




X J 




1.0000 




l.ocoo 




1 COM 




n 
w 


0.10 


1.0006 


0,0006 




\ 0 .0007 


O.0010 






1.0007 




1.0010 




0.20 


1.0047 


0.0039 




0.CC20 


0.0030 


0.0059 


1.0027 




1-0040 


n err 


0.30 












1.0106 




1.0061 


1.0091 


0.30 


0.4C 


1.0189 


0.0063 




0.0047 




0.0072 




i.oioe 




1.0165 


0..40 


0.50 


1.0299 


*J «UX1J 




0.0063 




0.0O94 


0.01.33 


1.0171 




1.C257 


0.50 


0,60 






0.0078 




0.0117 


1.0437- 


0.0156 


1.0249 




1.0374 


O.fO 


0.70 


1.0603 




0.0094 




0,0142 




1.0343 




1.C515 




0.70 


0.30 


1.0801 


0.0198 




0.0111 




0.0168 




0.0232 


1.0454 




1.0664 


0.80 




1.1033 




0.0131 




0.0198 




0.90 


C.C271 


1.0585 




i.ose2 


0.90 


1.00 


1.1304 




0.0152 




0.023 J. 


0.0151 


1.0737 




1.1113 


1.0<? 


1,05 


1.1455 




0.C085 




0*0123 


0.0162 


1.0822 




> 1.1241 


1.05 


1.10 


1.1617 




0.0090 




0.013S 




1.0912 




1.1379 




1.10 


1.15 




0.C175 




0.OO97 




0.0148 


1.1792 




1.1009 




1.1527 


1.15 


1.20 




0.0137 




0.0105 




0.0159 


1.1979 




1,1114 




1.1686 


1.20 


1.25 




0.0201 




0.0111 




0.0170 


1.2180 




1*1225 




1.1856 


1.25 


1.30 




0.0216 




0.0120 




0.0183 


1.2396 




1.1345 




1.2039 


1.30 


1.35 


1.2623 


0.0232 




0.0128 




0.0196 


0.0250. 


1.1473 




1.2235 


1*35 








0.0137 


0.0210 
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FUNCTIONS FOR. TE^-HONtETr EQUATIONS TTTH AXIAL COMPRESSION (Contd.) 




L/J 














L/J 


1,40 


1.2878 




1.1610 




1.2445 




1.40 






0.02C8 




0.0147 




0.0226 




1 # 45 


1.3146 




1.1757 




1.2671 




1.45 




0.0268 




0.0158 




0.0243 




1.50 


1.3434 




1.1915 




1.2914 




1.50 






0.0310 




0.0169 




0.0260 




1.55 


1.3744 




1.2034 




1.3174 




1.55 






0.0334 




0.0182 




0.0281 




1.60 


1.4078 




1.2266 




1.3455 




1.60 






0.0361 




0.0196 




0.0303 




1.65 


1.4439 




1.2462 




1.3758 




1.65 






0.0391 




0.0211 




0.0327 




1.70 


1,4830 




1.2673 




1.4085 




1.70 






0.0422 




0.0228 




0.0353 




1.75 


1.5252 




1.2901 




1.4438 




1.75 






0.0458 




0.0246 




0.0383 




1.30 


1.5710 




1.3147 




1.4821 




1.60 






0.0498 




0.0267 




0.0416 




1.85 


1.6208 




1.3414 




1.5237 




1.35 






0.0542 




0.0290 




0.0452 




1.90 


1.6750 




1.3704 




1. .639 




1.90 






0.0593 




0.0316 




0.0493 




1.95 


1.7343 




1.4020 




1.-51S2 




1.95 






0.0650 




0.0345 




0.0540 




2.00 


1.7993 




1.4365 




1.3722 


• 


2.00 






0.0137 




0.0073 




0.0114 




2.01 


1.8130 




1.4438 




1.6636 




2.01 






0.0140 




0.0074 




0.0117 




2.02 


1.8270 




1.4512 




1.6953 




2.02 






0.0143 




0.0075 




0.0113 




2.03 


1.S413 




1.4587 




1.7071 




2.03 






0.0145 




0.00~7 




0.0121 




2.04 


1.8558 




1.4664 




1.7132 




2.04 






0.0148 




0.0078 




0.0122 




2.05 


1.8706 




1.4742 




1.7314 




2.05 






0.0152 




0.0080 




0.0126 




2.06 


1.885S 




1.4822 




1.7440 




2.06 






0.0154 




0 .0082 




0.0128 




2.07 


1.9012 




1.4904 




1.7563 




2. 07 






0.0156 




0.0083 




0.0130 




2.08 


1.9168 




1.4967 




1.7698 




2.08 






0.0161 




0.0084 




0.0134 




2.09 


1.9329 




1.5071 




1 . 7832 




2.09 






0.0164 




0.0037 




0.0135 




2.10 " 


1.9493 




1.5158 




1.7967 




2.10 






0.0168 




0.0088 




0.0139 




2.11 


1.9661 




1.5246 




1.3106 




2.11 






0.0170 




0. X)90 




0.0141 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 



FUNCTION'S FC?. 


TERES- MCVCEN? EQUATIONS WITH AXIAL COMPRESSION (Contd.) 




L/J 


oL 






j a a> 


*Y 




! l/J 


2.12 


1.9e31 




1.5336 




1.8247 




2.12 






0.0174 




0.0091 




0.0145 




2.13 


2.0005 




1.5427 




1.8392 




2.13 






0.0179 




0.0094 




0.0147 




2.14 


2.0134 


i 
i 


1.5521 




1.8539 




2.14 






I 0.0132 




0.0095 




0.0150 




2.15 


2.0366 




1.5516 




1.8689 




2.15 






1 0.C1S6 




0.0097 




0.0154 




2.16 


2.0552 




1.5713 




1 .8843 




2.16 






0.0139 




0.01C0 




0.0157 




- 2.17 


2.0741 




1.5813 




1.9000 




2.17 






0.0194 




0.0101 




0.0160 




2.18 


2.0935 


1 


1.5914 




1.9160 




2.18 






0.0198 




0.0104 




0.0163 




2.19 


2.1133 


i 


1.6013 




1.9323 




2.19 




■ 


0.0203 




0.0106 




0.0168 




2.20 


2.1336 




1.6124 




1.9491 




2.20 






0.0207 




0.0109 




0.017a 




2.21 


2.1543 




1.6233 




1.9663 




2.21 






0.0211 




0.0110 




0.0174 




2.22 


2.1754 




1.6343 




1.9837 


2.22 






0.0218 




0.0114 




0.0179 




2.23 


2.1972 




1.6457 




2. J016 




2.23 






0.0222 




0.0115 




0.0183 




2.24 


2.2194 




1.6572 




■2.0199 




2.24 






0.0228 




0.0116 




0.0187 




2.25 


2.2422 




1.6690 




2.0336 




2.25 






0.0232 




0.0122 




0.0192 




2.26 


2.2654 




1.6812 


i 


2.0578 




2.26 






0.0237 j 


0.0124 




0.C197 




2.27 


2.2891 




1.6936 




2.0775 




2.27 






0.0244 




0.0126 ! 




0.0201 




2.28 


2.3135 




1.7062 




2.0976 




2.28 






0.0249 




0.0130 1 




0.0205 




2.29 


2.3384 




1.7192 


i 

• 


2.1131 




2.29 






0.0256 


1 0.0133 i 




0.0211 




2.30 


2.3640 




1.7325 . 




2.1392 




2.30 


2.31 




0.0262 




0.0136 j 




0.0216 




2.3902 




1.7461 




2.1608 




2.31 






0.0269 




0.0140 | 




0.0222 




2.32 


2.4171 




1.7601 


l 


2.1330 




2.32 


2.33 




0.0277 




0.0143 1 




0.0227 


2.4448 




1.7744 




2.2057 




2.33 






0.0283 




0.0147 | 




0.0233 




2.34 


2.4731 




1.7891 




2.2290 




2.34 






0.0291 




0.0150 j 




0.0239 




2.35 


2 . 5022 




1.8041 




2.2529 




2.35 


2.36 




0.0298 




0.0154 j 




0.0245 




2.5320 




1.8195 




2.2774 


2.36 






0.0305 




0.0159 




0.0251 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA M1CS/C0N VAIR AND SPACE SYSTEMS DIVISION 



FUNCTIONS FOH T 


ERrs-MOKE^n 1 equations with axial 


COMPHESSION (Contd. ) 










I ■ a 

1 A 








L/J 


. • 37 

' S.O r 




0.0314 


1 1 A3 54 


0.0162 


2 3095 


0.0259 


2 37 


9 

£ t JO 




0.0323 




0.0167 


2 32A4 


0.0266 


2 .38 


9 39 


2 6262 


0 , 0334 


1 .3683 


0 0171 


2.3 550 


0.0272 


2 .39 


9 4,0 


2 6 596 


0.0339 




0.0177 


2 ,3822 


0.0281 


2 • 40 


9 AT 


2 6935 


0.0352 


1 9031 


0.01S1 


2 .4103 


0.0288 


2 . 41 




9 79A7 
4b . < few / 


0.0362 




0.0186 


9 4301 


0.0296 


2 42 


9 43 




0.0372 


1 93QA 


0.0191 


9 4fifi7 

4b « IvO ' 


0.0306 


2 43 


2-44 


2 .8021 


0.03e2 


1 9S89 


0.0197 


2 .4993 


0.0313 


2.44 


2 45 


2 .8403 


0.0395 


1 .9786 


0.0203 


2 .5306 


0.0324 


2-45 




2 A79S 


0.0406 


1 9929 


0.0209 


2 56 30 


0.033-4 


2.46 


9 A*7 






9 m QA 




9 5Q£4 




2 47 




0.0420 




0.0215 




0.0343 




9 4A 




0.0432 


9 041 3 


0.0222 




0.0355 


2 48 


2 49 

Ct . Iff 


w . WW wW 


0.0446 


2 0635 

A . www w 


0.0229 


9 4662 


0.0365 


2 49 


2 #50 


3.0502 


0.0461 


2 .0864 


0.0236 


2 ."027 


0.0378 


2-50 


2 #51 


3-0963 


0.0475 


2 . 1100 


0.0243 


2 .7405 


0.0389 


2.51 


2.52 


3.1438 


0.0493 


2.1343 


0.0252 


2 .7794 


0.0403 


2.52 


2.53 


3.1931 


0.0506 


2.1595 


0.0260 


2. 3197 


0.0415 


2.53 


2.54 


3.2437 


0.0526 


2.1855 


0.0269 


2.3612 


0.0431 


2.54 


2.55 


3.2963 


0.0545 


2.2124 


0.0278 


2.9043 


0.0445 


2*55 


2.56 


3.3508 


0.0564 


2,2402 


0.0288 


2.9488 


0.0461 


2.56 


2.57 


3.4072 


0.0585 


2.2690 


0.0298 


2.9949 


0.0478 


2.57 


2.58 


3.4657 


0.0605 


2.2988 


0.0309 


3.0427 


0.0495 


2.58 


2.59 


3.5262 


0.0628 


2.3297 


0.0321 


3.0922 


0.0513 


2.59 


2.60 


3.5890 


0.0C52 


2.3618 


0.0332 


5.1455 


0.0533 


2.60 


2.61" 


3.6542 


0.0678 


'2.3950 


0.0345 


3.1968 


0.0554 


2.61 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



FUNCTIONS FOR 


THRZE-HC^NT EQUATIONS *ITK AXIAL COMPRESSION (Cor.td.l 




• L/J 


f 


1 & Q\. 


B 




i "y 




1 T /« 

! L/J 


2.62 


3 7220 




O AOQ Q 




1 

: 3.2522 




2 .62 


2-63 




0 0705 




u • uooy 


i 


0 • 0575 


3.7925 




T> AR ^A 




3.3097 


2 ,63 












! 


0,0599 


2,64 






c . 502 7 




< 3.3696 


2 . 64 






U . V /DC. 




0. OooB 


i 


0.0623 


2.65 




0.0797 


2 . 5415 




| 3.4319 


2.65 


2.66 


4 021 P 




U .U4U4 


J 


0.0650 




c • OCX? 




j 3.4969 


2 .66 


2.67 




0 0S2Q 








0 .0677 


4 .1047 


0.0867 


*- . *% X 




o , 5646 


2 ,67 


2.68 












4 .1914 




2 

*■ . cuou 




o . booo 


2 .68 


2.69 




0.0906 








O OTTO 


4.2320 




2 71 40 






2 ,69 




4.3766 


0.0946 








U.J / / X 


2.70 




2 761 Q 




t -FQ£ *T 
«J • VOOO 


2 . 70 


2.71 




0.0991 










4.4757 




2 8121 




0 . OO i 1 


I 2 .~1 


2.72 




0.1038 




0 0S27 






4 . 5 79 5 


0.1090 


£ . O DtO 




3 .9517 


2 . 72 


2.73 






u.uoox 




0.0888 


4.6885 




2 .9199 




4.0405 


2.^3 


2.74 




0.1144 




0.0579 




0.0932 




4.6029 


0.1204 


2.9778 




4. 1337 


2.74 


2.75 






0.0608 




0.0980 




4,9233 




3.0386 




4.2317 


2.75 


2.76 




0.1266 




0.0641 




0.1032 


5.0499 


0.1336 


3.1027 




4.3349 


2.76 


2.77 






0.0675 




0.1067 


5.1635 




3.1702 


4.4436 , 


2.77 


2.78 




0.1410 




0.0712 


i 


0.1148 


5.3245 


0.1491 


3.2414 




4.5564 ! 

i 


2.78 


2.79 






0.0752 


0.1213 




o. 4736 


0.1579 


3.3166 


4.6797 i 
1 




2.79 


2.80 


5.6315 




U.0797 


0.1285 • 




0.1675 


3.3963 


4.8032 I 


2.80 


2.81 


5.7990 




0.0844 


0.1362 


0.1780 


3.4807 


4.9444 | 


i 


2.81 


2.82 


5.9770 




.0.0897 




0.1448 1 

! 


0.1894 


3.5704 


5.0892 j 


2.82 


2.83 


6.1664 




0.0955 


0 .1540 


0.2021 


3.6659 


5.2432 


2.83 


2.84 | 


6.36e5 




0.1017 




0.1643 


0.2160 


3.7676 


5.4075 


2.84 


2.85 


6.5845 




0.1088 




0.1757 


0.2315 


3.8764 




5.5832 




2.85 


2.36 






0.1164 




0.1C81 


6.6160 


0.2486 


3.9928 




5.7713 


2.86 








0.1251 




0.2020 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAM1CS/C0NVAIR AND SPACE SYSTEMS DIVISION 



PTTNCT'CNS FOR TEPES-tfOMTNT SQt'A 


TTCNS '.YTTH AXIAL 


COMPPTSSTO?: (Contd. ) 




L/J 


1 CX 




. A 




"Y 






2.S7 


, 7.C646 




4.1179 


! 0.1346 


5.9733 


t 


2.87 






0.2676 








0.2174 




2.es 


| 7.3322 




4. 2525 t 


6.1907 




2.88 




1 


C.2c90 




! 0.1452 




0.2348 




2.59 


! 7.6212 




4.3977 




6.42 55 




2.89 




I 


0.3131 




! 0.1573 




0.2543 




2.90 


i 7.9343 




4.5550' 


6.6798 




2 .90 






- . 2 402 




0.1709 




j 0.2763 




2.91 


8.2*45 




4.7259 




6.9561 




*? QT 










0.1862 




0.3012 




2 .92 


c .6455 




4.9121, 


7.2573 1 








u • 4ucl 




0.2039 




0.3296 




2 .93 


9.0516 




5.1160 




7.5871 


i 


^ QT 

c *vO 






A i i,:c 




0.2241 




, 0.3625 




2 .94 


9.4982 




5.3401 




7.9496 




. O OA 

2.94 






i 0.4933 




0.2474 




0.4004 




2.95 


9.9915 




5.5875 




6.3500 




o c c 






: 0.5478 




0.2747 




/-> A A A C 

0 .4446 




2 .96 


10.5393 




5.8622 




G .7946 




& . 7W 






i 0.6117 




0.3066 




0.4964 






11.1510 




6.1668 




9 .2910 




O 0*7 






i o.ce-'e 




0.3446 




0.5579 




2.98 


11.8386 




6.5134 




5.8489 




2 .98 






c.^?es 




0.3901 




0.6315 




2.99 


12.6171 




6.9035 




10.4804 




2.99 






0.S886 




0.4451 




0.7209 




3.00 


13.5057 




7.3486 




I T O A 1 T 

II .^UIO 




3.00 




1.0238 




0.5127 




0.3304 




3 .01 


14.52951 


7.6613; 


12.0317 




3 .01 






1.1924 




0.5970 




0.9671. 




3 .02 


15.7219! 


8.4583 




12.9988 




3.02 






1.4063 




0."040 




1.1405 




3.03 


17.12821 


9.1623 




14.1393 




i at 
3 .03 






1.6634 




0.5426 




1.3651 




3 .04 


18.8116 




10.0049 




15.5044 




3 .04 






2.0513 




1.0265 




1.6633 




3.05 


20.8629 




11.0314 




17.1677 




3.05 






2.5547 




1.2782 




2.0711 




3.06 


23.4176 




12.3096 




19.2383 




3.06 






3.2684 




1.6350 




2.6498 




3.C7 


26.6860 




13.9446 




21.S8S6 




3.07 






4.3300 




2.1659 




3.5103 




3.08 


31.0160 




16.11051 


25.3989 




3.08 






6.0034 




3.0051 




4.3712 




3. 09 


37.0244 




19.1156 




30.2701 




3.09 






8.8990 




4.4503 




7.2138 




3.10 


45.9234 




23.5659 




37.4839 




3.10 






14.5332 




7.2675 




11.780e 




3.11 


60.4566 




30.8334 




49.2647 




3.11 






27.9956 




13.9987 




22.6930 
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STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAtR AND SPACE SYSTEMS DIVISION 



FTJNCTI 


CNS FOR THJ^EE- MOMENT EQUATIONS WITH AXIAL COMPRESSION (Contd.) 




-/J 






/S 




! -r 




T /\ 
W J 


3.12 j 88.4525 








, 71,9577 








1 


76.296" 




1 38.1491! 


61.8440 




3.13 


164. 748^ 


r 


°2 OR! 2 


! 


[ 133.8017 




TIT 




1 


1034 4142 


1 


1517. 20881 






3.14 


11199.1629 


1 


1 Ann i onn 
i 


OO 


! 972.2562 




•t 1 ji 
0 . 14 


3.15 


-227.166S 




-1X2 .9747 




1-183.8716 




3.15 










! 61.7055! 


100. 0325 




3.16 


-103,7576 


JC a C 


— Di. «£0?£ 


18.2624 


-63.8391 




; 3 .16 

1 


3.17 


-67.2348 


T 7 QIT^ 


_ 11 lYififl 
— OC . UUQO 


8.7527 


-54.2342 


^ j TOO* 

14 . 1384 


3.17 


3.18 


-49.7313 


1U |£ /10 


-■£4.2541 


5.1365 


-40.0458 


8 .3263 


1 3.18 


3.19 


-39.4600 


D . 7537 


-19 .1176 


3.3778 


-31.7195 


5.4750 


3.19 

! 


3.20 


-32.7063 




-15.7398 




-26.2445 










4 .7787 




2.3903 




3.8742 


1 3.20 


3.21 


-27,9276 




-13.3495 




-22.3703 


| 3.21 






3 . 5593 




1.7807 




2.8858 




3.22 


-24.3683 




-11,5688 




-19.4845 


3.22 






2 .7541 




1.3779 




2.2330 




3.23 


-21.6142 




-10.1909 




-17.2515 


3.23 






O 1 ft j A 

2 • 1940 




1.0930 




1.7790 


3.24 


-19,4202 




- 9.0929 




' -15.4725 


3.24 






1 .7590 




0.8954 




1.4507 




3.25 


-17.6312 




- 8.1975 




-14.0218 


3.25 




•16.1447 






0.7443 




1.2057 




3 .26 




- 7,4532 




-12.8161 


3.26 


3 .27 


-14 .8399 


1.2548 




0.6284 




1.0178 






• 0 . SZ 48 




-11.7983 


3.27 






1.0733 




0.5376 


0 ,o7Q7 


— i*3 • oibo 




— O l&O / £ 




-10.9276 


3 .28 


3.29 




0.9285 




0.4652 


-10.1743 


n h *?*^** 
u . / OOO 


-12.8881 




- 5-8220 






3.30 




0.8111 




0.4066 






-12.0770 




- 5.4154 




- 9.5162 


3.30 






4.6522 




2.3367 




3.7784 


3.40 


- 7.4248 




- 3.0787 




- 5.7379 


3.40 






2.0479 




1.0354 




1.6681 


3.50 


- 5.3769 




- 2.0433 




- 4.0697 


3.50 






1.1477 




0.5861 




0.9389 


3.60 


- 4.2292 


0.7302 


- 1.4572 




- 3.1308 


3.60 


3.70 






0.3785 




0.6016 


- 3.4990 


0.5029 


- 1.0787 




- 2.5292 


3.70 


3.30 






0.2659 




0.4179 


- 2.9961 




- 0.8128 




- 2.1113 


3.80 


3.90 


- 2.6314 


0.3647 




0.1981 




0.3070 




- 0.6147 




- 1.8043 


3.90 






0.2744 




0.1544 




0.2349 
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fiTpUCTURAL ANALYSIS MANUAL 
GENERAL D YNAMICS/CONVAIR AND SPACE SYSTEMS DIVtStON 



pu:icTio:is foh thp^ 


-'-lice!!? 


^UATTONS WI3 AXIAL COMPRESSION (Con id.) 




L/J 






Y 




-r 


AY 


L/J 


4.00 


-2.3570 


i 


i*S ! 


1 


-1.5694 ! 




4.00 


0.2116 ! 


i 




! 0.1854 • 


4.10 


4.10 


-2.1454 






-1.3840 ■ 


0.1498 ; 


0.1662 




u . 1UOO 


; 


4.20 


4.20 


-1.9792 


-0.231 / < 




-1.2342 


0.1237 j 


0.1317 ■ 

1 


t 


0 . 0887 
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Data Source, Section 1.3 Reference 3 



l l . t Tursiunal Instability of Columns 

The previous sections have assumed thai. the column was Lorsionaily siabLe; i.e., 
Lh«- column would either Call by bending in a plane of symmetry of the cross 
section, by crippling or by a combination of crippling and bending. There arc 
ca.sts when a column will fail cither by twisting or by a combination of bendiny 
and i wis i i n^ . These tors ionai buckling f ail u res occur when the torsional 
rigidity of Che section is very low. "hin walled open sections, for instance, 
can buckle by twistiny at Loads well below the £uler loau. Of u-n in 'Jim 
upt n sections the centroid and shear center do not coincide, therefore, torsion 
and flexure interact. 

In Lhis section, ii will he assumed that Che plane cross sections of the culumn 
warp, but their geometric shape does not change during buckling; that is, the 
theories consider primary failure of columns and not secondary failures, 
cha rac le- r i zed by dis tortion of the cross sections . There is coup 1 inc. of p r ii:ia ry 
and secondary failures but no method has been developed to handle them so 
seconda ry Cai lures will he ignored. 

11.3.1 Centrally Loaded Columns 

Centrally loaded columns can buckle in one of three possible modes: (L) they 
can hind in the plane of one of the principal -axes; (2) they can (.wist about, tlu- 
shear center axis; or (3) they can bend and cwist'simui taneously . Bending 
in i hi plane of one of the principal axes has been discussed previously. The 
laiicr twu modes will be discussed here. 

11. v. 1.1 Two Axes of Svmmetrv 

When the cross section has tvo axes of symmetry or is point symmetric, the 
shear center and centroid coincide. In this case, the purely tursiunal buckling 
load aiiouL Lht* *hvar center is ^iven hy 

P A ■ I/r2 { CJ 4- £1* t 2 /1 2 } (11.27) 
• o 1 

whe re : 

r 0 - polar radius of gyration of the section about its shear center 

G ■ shear modulus of elasticity 

J • torsion constant (Section 8.0) 

£ • modulus of. elasticity 

I" ■ warping constant of the section (Section ti.Q) 

1 • effective length of the member 

For a cross section with two axes of symmetry there are three critical values 
of Che axial load. They are the flexural buckling loads about the principal 
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axes, P and P and the purely ' torsional buckling load, ^. One of these loacs 
will bc X mitiimum and vill determine the mode of failure. In this case there is no 
interaction and the column fails either in pure bending or in pure twisting. 
Shapes in this category include I-sections, 2-sections and cruciforms. 

11.3.1.2 General Cross Section 

In general a thin willed open section buckling occurs by a combination of torsion 
and bending. Purely flexural or purely torsional failure cannot occur. Con- 
sider a general section with the x and y axes the principal centroidal axe» of 
Lhe cross section and x and y the coordinates of the shear center. The cruii 
section will" undergo translation and rotation during buckling. The translation 
is defined by the deflections of the shear center u and v in the x and y 
directions. During translation of the cross soction, point 0 moves to 0' and 
point C to C where 0 is the shear center and C is the centroid. The cross 
section rotates an angle t about the shear center. Equilibrium of a longiludinal 
element yields three simultaneous equations, the solution of which results in 
the following cubic equation for calculating the critical valut: of buckling load. 



2 „2, 



2 2 



0 < I L . 2b) 



wlie re 



P - * 2 E1 /L 2 

X X 



(11.29) 



* 2 EI /L 2 

y 



(11.30) 



P - l/r 2 (CJ + IT * 2 /L 2 ) < u - 3i > 
• o 

i 

Solution of the cubic equation, 11.2ft, gives three values of the critical load, 
P , of which the smallest will be used. The lowest value of will always 

be r less than P , _? v , or P 0 . By use of the effective length, L, various end 
conditions ean'be considered. 

11.3.1.3 Cross Sections With One Axis of Symmetry 

A n.mtlKT .»r "innly :iyni«ctrLc section* are shown in K inure H.7fa. tf ihr x-axis 
is considered to be the axis of symmetry, the y Q - X> and the equation for a 

iS m< • ra I .s<*u L i on red uc Lo 



(P 



cr 



(P 



P x )(P c, 



v • 



2 2 



(11. J2) 
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Then- arc auain three solution*, one of which is P._ - P and represents purely 
ru-xuraJ buckling about the y-axis. The other two ire the root* of the quadratic 
term, ins idc the brackets equated 'co zero and ^ive two torsional-f lexurai bucklinii 
loads. The lowest tors ional-f lexurai load will always be below P^ and P . Jt 
may, however, lie above or heJow P*. There/ore, a singly symmetrical section 
( Mich as an an^ ie , channel o r hat? can buCKiu in cither of two modes, by bending 
ur in to rs i una t-floxurai buckling. Which of these two actually occurs uuperto 



failure of singly sytrsne trical sections can occur either in pure bending ur in 
.s i mil I Ijneous bend inn and twis ti ng. The eval uat i on of the to rs i orra I -f I i xu ry I 
buckling load can never be as simple as the determination of the EuLer load, 
the re Co re , s ttps have been taken to ca tego rize modes of f ai lure . Ce r ta i n comb i i>- 
ations uT dimensions will prohibit torsional-f lexurai failures. 

for suction* symmetrical about the x-axis, the critical buckling load is b iven 
by equation 11.32. The load at which the member actually buckLes is t ither P y 
or the siuaJ lur rout of the quadratic equation. 

The buck Ling domain can be visualized as being composed of three regions. These 
are shown in Figure 11.77 for a section whose shape is defined by the ratio, b/a. 
Region J contains ail sections for whim I >I . In this region only torsiun*!- 
flexuraJ buckling can occur. Sections for^which ^ > I fal is into Region 2 ur J. 
In He^ion 2, the mode of buckling depends on the parameter tl^a*. The (tI7a*) 



curve represents the boundary between the two possible modes of failure. H is 
a plot of the value- of tl^a at which the buckling mode changes from purely 
flexural to to rs ional- f I exural . -The boundary between Regions 2 and J is Located 
at the- intersection of the ( C-L/a ) . curve with the b/a axis. Section* in . ; 
Region J will always fail in the rTixural mode regardless of the valut of tL/a". 

Figure I1.7a defines these curves for angles, channels, and hat sections. In 
this figure, meubers that plot below and to the right of the curve fail in the 
tors i onai-f lexurai mode, whereas those to the left and above fail_ in the pure 
bending mode. The curves in Figure 11.78 also tfive the location of the 
boundaries between the various buckling domains. Each of the curves approaches 
a vertical asymptote, indicated as a dashed line in the figure. The asymptote, 
which is the boundary between Regions 1 and 2, is located at b/a car-responding 
to .sections for which I • I . Sections with b/a larger than the transition 
value at the asymptote will always fail in torsional-f lexurai buckling, regard- 
less of their other dimensions. If b/a is smaller than the value for the 
asymptote, then the section fails in Region 2 and failure can b« ei-ther by 
pure f lexurai buckling ur in the torsional-f 1 exural mode. In this region, the 
parameter, tUa , will determine which of the two possible modes of failure is 
critical. In the case of the plain and lipped enamel section, jhere is a 
lower boundary Region 2. This transition occurs where the (tUa curve 
intersects the b/a axis. Sections for which b/a is less than the value at this 
intersection are located in Region 3. These sections will always fail In the 
flexural mode, regardless of tne value of ti^a . For the lipped angle* and hat 
sections the ( t-L/a ) ^ ( . curve does not intersect the b/a axis. Region 3, where 
only fl exural buckling .curs, does not exist for these sections. 



on l he dimensions ano. shape of the gi' 



section . 




C 
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FIGURE 11.70 - SINGLY SYMMETRICAL SECTIONS 
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FIGURE 11.77 BUCKLING REGIONS 
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Thr critical buck I i lit; luad <*ur *jnniy .sviiiik- trica! si'dimi* (x-.ixi.s i> Lin- .jx i 

o(" symmetry) that buckle in the lorsional-f lexural mode is b iv«n by the Iuwcjl 
root of 

r o 2 ( P cr- P x )(P =r-V- P cA" " °- < U - 33 

Dividing Una equation by VJf^* * nG rearranging results in the fol Lowing 
i n tu rac L iun equa t inn: 




(i! .34) 



i* a shape factor that depends on geometrical properties uf the cross sec Lion - 

Figure LI. 79 is a plot of equation 11.34. This p^ot provides a simple method 
for checking the safety of a column against failure by torsional-clexural 
bucklin... 

T.i dcLc-nuinc if a ^iven member can safely carry a certain load, P, it is only 
nt-ui's.siiry Lo cwiipuie P and P for the section in question and thin , knowing 
K., use ine Lurruct curve to cneck whether the point determined by the arguments 
P/P and P/P falls below (safe) or above (unsafe) the pertinenL curve. If it 
is oesired to determine the critical load of a member instead of ascertaining 
whether it can safely carry a given load, use 



which is another form of equation 11.34. 

The interaction equation 11.34 indicatts that P„ r depends on three factors: 
the loads, P and P , and the shape factor, K. ? x and P are the two factors 
which interact, whi?e K. determines the extent to which Ihey interact. The 
reason bending and twisting interact is that the shear center and the ccntroid 
do not coincide. A decrease in x^, the distance between these points, therefore 
causes a decrease in the interaction. 
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FIGURE 11.78 - BUCKLINC MODE OF SINGLY SYMMETRICAL SECTIONS 
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FIGURE 11.79 - INTERACTION CURVES 
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To evaluate the lursiunal-Clexural buckling load by mcan« uf the i n u- r;n: l i on 
equation, it. in ncci'saa ry Co know.P and K.. A convenient mcliiod for tie U- nni n i nw, 
those two parameters is therefore an assentiai part of the procedure. 

For any given section, K is a function of certain parameters that define the 
shape of tnc section. Starting with equation 11.32 and substituting Cur 
x and r , K can be reduced to an expression in terms of one or more of these 
parameters. If the thickness of the Member is uniform, the parameters will be 
of the form b/a, in which a and b are the widths of two of the flat components 
uf the section. In the case of a tee section, for example, equation II. 35 can 
be reduced to *. 



{J * b/a} { U/a)-> + 1} 



(U.37) 



in 



which b/a is the ratio of the flange £o the leg width (Fig. 11.70). 



In general, the number of elements of which a section is composed and the 
number of width ratios required to define its shape will determine the complex- 
ity of the relation for K. Because all equal-legged angles without lips have 
the same shape, K is a constant for this section* For channels and lipped 
angles, K is a function of a single variable, b/a, -while lipped channels and 
hat sections require two parameters, b/a and c/a, to define K (Fig. 11.76). 

Curves- for determination of K have b*«n obtained for any Lea, channels, and 
hat sections. These curves are shown in Figures 11.30 and 11.31. A single curve 
covers all equal- lei^yed lipped angle suctions. The value of IC for all plain 
equal-lugged angles, K « 0.623, is given by the point b/a - 0 on this curve* 
(Fig. 11.80). For hats and channels (Fig. 11.31), a scries of curves is given. 

The evaluation of P follows the same scheme as that used to determine IC. 
Starting with the equation for P , given in equation 11.27, and substituting 
for r , J, and T yields; ' 



* g - £A{C t (t/a) 



C 2 (a/i) 2 } 



(11.38) 



a general relation for P , In which, S ■ Young's modulus, A - cross-sectional 
area; t « the thickness of the section; L - effective length of the member; 
a • the width of one of the elements of the section; and and - functions 
of b/a and c/a, in which b and c are the widths of the remaining elements. 



Equation 11.35 indicates the important parameters in torsional buckling and 
their effect on the buckling load. Similar to Euler buckling, P varies 
directly with t and A. The term inside the bracket consists of two parts, the 
St. Venant torsional resistance and the warping resistance. In the first of 
these, the parameter, t/a, indicates the decrease in torsional resistance with 
decreasini; relative wall thickness; whereas, in the second the parameter a/L 
shows the decrease in warping resistance with increasing slenderness. 
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FICORE 11.80 - SHAPE FACTOR FOR ANCLES. 
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FICORI 11. SI - SHAPE FACTORS FOR COMPLEX SECTIONS 
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The erjuf f Lcicnts , C, and C_ f . in the St. Venanc and warping terms art functions 
of ij/a and c/a, respectively . These terms therefore indicate the tifect lhat 
the shape of the section has on P # . 

Sections composed of thin rectangular elements whose middle Lines intersect at 
a cniifiion point have ne^li^ible warpin^ stiffness; i.e., T m 0> Because 1 C, i> 
l> rupu rt i una L tu V , ihe torsional buck.linij load of these sections reduces "u : 



P ft - EAC.(t/a) 



(11.39) 



For the plain equal-legged angle, which falls into this category, P can be 
further reduced to : 



? 9 - AC(c/a) 



(11.40) 



in which C is the shear modulus of elasticity, and a is the length of one of 
the leys. 

In general, however, and C, must be evaluated. Curves for these values are 
given in Figures 11.82, 11.83, and 11. 3^ for angles, hats, and channels. 

For other cross sections values of the warping constant, T , and location of 
shear center arc ^iven in FLuurc 11. S3. 

U.S. 2 EccenLricai 1 v Loaded Columns 

Th-j previous section described the buckling of columns with centrally applied 
loads, i.e., at the centroid of the section. If the load, P, is applied 
eccentrically as. shown in Figure 11.36 the general cubic equation for calculating 

p is : 

cr 



A.P 3 + A.P 2 + A.P + A - 0 
3 cr 2 cr 1 cr o 



(11.41) 



Where 



A 3 " A/I o { C x *Z + e y *1 * < e y " 7^ ' < ' *«> > 1 



x o 



K 2 ' A/I o< VTo * V + P y ( *o * «x> - V*2 (P x * V 
* C y *l (P x+ P y>}" (P x + W 

A • A/I { P P e 3, + P P « ll+(PP + PP *PP) 
I o l xyx 2 x y y H J x y ye x * 

A • -P P P I . I + I + A(X 2 + Y 2 ) 

o xy* o x y o o 



2-S7 
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P • EI r 2 /L 2 - l/I ( / Y 3 dA + / X 2 YdA> - 2Y 

xx 1 X A * 0 

P - EI r 2 /L 2 - 1/1 ( / X 3 dA + / XY^dA) - » 

y y * y 4 * 0 

P « A/I (GJ + £ r * 2 /l 2 ) 

* 0 

In the general case, buckling occurs by combined bending and torsion. In each 
case the three roots of the cubic can be evaluated for the lowest' value. 

i'f P acts alont the- shear center axis: 

v • X 

X o 

e • Y 

y o 

and the buckling loads become independent of each oLhur, the critical load 
will be the lowest of the two fcuicr loads, P x> P y and the load correspond i ny, 
to purely torsional buck. lint; vhich is! 

% • <V A > P/C y *1 + «x *2 * V* (M.42) 

When the column has one plane of symmetry and the load acts in the plan* uf 
symmetry e ■ 0 and buckling in this plane takes pLace independently and the 
critical load is th* same as the Eui^er load. However, lateral buckling and 
Lorsional buckling are coupled and the critical loads arc obtained from the 
following quadratic equation: 

(P - P) {U 0 M> P - ?<c $ i + I 0 /A) } - P 2 (Y o - e y ) 2 - 0 CII.O) 
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FIGURE 11.82 - TORSIONAL BUCKLING COEFFICIENTS 
C x AMD C 2 FOR ANCLES 




FIGURE 11. S3 - TORSIONAL BUOaiNC 
COEFFICIENTS C, AND 
C, FOR HAT SECTIONS. 
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figure 11.34 - torsional suckling 
coefficients c, and 
c for channel 
Sections. 
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FICURI 11.55 - SHEAR CENTER LOCATIONS AND WARPING CONSTANTS 



page 5. "7. lZ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA MICS/CON VA IR AND SPACE SYSTEMS DIVISION 



^ — ' 


T 








~- ft 




• • — — — j *\ < b 


' e 

















Values of 


e/h 










1.0 


' O.b 


0.6 


0.4 | 


0.2 






0 


.430 


.330 


.236J 


,141| 


.055 






,477 


.25d 


.2Sd 


.153) 


.0371 1 


Q.2 


.530 


.423 


.3251 


.2221 


,113 


1 


0.3 


.575 


.4?q 


.365j 


.253) 


.133 




0.4 


.610 


,50} 


.39 J 


.230) 


,155 




0.5 


.621 


,5n 


,403 


.2?0| 


.161 





fll< 



Values of e/h 


^fc^ 1.0 0.8 0.6 1 0.4 


0.2 




0 


.430f .330 | .236 1 .141 | .0551 I 


0.1 


.464 .367 | .270 1 .1 7'jj .080 1 1 


0.2 


.474 .377 | .230 1 . HI 


.0901 | 


0.3 


.4531 .35* | .265 


.172 | .0o5| | 


0.4 


.410 .320 i .235 


. 1 50 1 .0721 1 


0.5 


.353| .275 | .196 


.123 | .056| 




0.6 


.300 | .225 | .155 


.095 \ .040| 





Figure 11.35 (Cont'd) - Shear Center Locations and Warp ins Constants. 
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Data Source, Section 1.3 Refarence ^ 



SUBJZCT: Colunu Allowables 



The column allowables gi^en in Figures 1 through k$ are based on the tangent nodulus 
theory and predict primary failure through lateral bending. 

The coluzui allowables are "based on nlnisun guaranteed properties, Basis A, or probabi- 
lity properties, Bc.sis B, if the latter are available. The pertinent basis is indicated 
in the figures. 

n-ipsx 

Figure 



Alminun Alloys 

2011* Zxtmsion £ 

202^ Bare Sheet and Plate 1 

Bare Plate 2 

Clad Sheet 3 

Clad Sheet and Plate 

Extrusion 5 

7075 Bare Sheet and Plate 2 

Clad Sheet 3 

Extrusion 6 

Die "Forging 6 

7173 Bare Sheet and Plate, Clad Sheet and Plate , and Ebctrusions ■ 9 

356 Casting 7 



Alloy Steel 

Heat-treated ? tu - ISO - 260* ksi 
Heat-treated f£ u ■ 90 - 150 ksi 



Stainless Steel 

16- 3 Cold Rolled - With Grain 12 

Cold Boiled & Heat Treated - With Grain 13 

Cold Rolled - Cross Grain ' 1** 

Cold Rolled L Heat Treated - Cross Grain * 1? 

AM 350 Sheet 16 

PH 13-8M6 Plate and Bar • • • • 19 

PE l**-SMo Sheet 19 

PH 15-7Mo Sheet and Plate IS 

17- 7 PH Bar 16 

17-7 PH Sheet and Plate 17 
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Figure 

Magnesium Alloys , 

AZ63A-T6 Casting 2 £ 

ZK60A-T5 Extrusion 2 * 

A2313-H2^ Sheet 2 ° 

HM21A-T8 Sheet 21 

HM31A-F Extrusion, Area < 1.000 in. 3 22 

HM31A-F Extrusion, Area: 1.000 - 3*999 In. 3 23 



Titanium Alloys 

Canrsercially Pure Sheet 25 

SMn Annealed Sheet 25 

4Al-^Mo-lV Solution Treated and Aged Sheet and Plate t ^ .250 2o 

5Al-i.53n Annealed Sheet, Plate, Bar and Forging . . 2T 

6A1-^V Annealed Extrusion 28 

Annealed Sheet t ^ .250 |9 

Solution treated and Aged Sheet t < .137 30 

Annealed Bar t < 3-0 31 

Solution Treated and Aged Bar t ^ 1.0 32 

Solution Treated and Aged Bar 1.01 < t < 2.0 33 

Solution Treated and Aged Bar 2.01 < t 4 3.0 3* 

Solution Treated and Aged Extrusion t ^ .500 3o 

Solution Treated and Aged Extrusion .501 $ t ^ .750 39 

Solution Treated and Aged Extrusion .751 < t ^ 1.000 *0 

Solution Treated and Aged Extrusion 1.001 < t < 2.000 **1 

Solution Treated and Aged Extrusion t > 2.000 U2 

6Al-6V-2Sn Solution Treated and Aged Bar 1.01 4 t < 2.0 35 

Solution Treated and Aged Bar 2.01 £ t < 3*0 .... • 

Solution Treated and Aged Bar 3-01 4 t * 4.0 37 

3Al-i*to-lV Single Annealed Sheet and Plate t < .500 ' * " m? 

Single Annsaled Plate .501 < t < 1.000 7Z 

Single Annealed Plate 1.001 ^ t £ 2.500 £5 

Duplex Annealed Sheet and Plate t £ 1.000 * * * * kr 

Duplex Annealed Plate 1.001 «. t < 2.000 £T 

13V-UCT-3A1 Solution Treated and Aged Sheet and Plate t £ .250 

Annealed Sheet and Plate t < .250 * 9 



page 5". 8. 2. 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMlCS/CONVAiR AND SPACE SYSTEMS DIVISION 




page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




V/p 



page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA MfCS/CON VA JR AND SPACE SYSTEMS DIVISION 



c 



90 



80 



70 



60 



a 50 



ho 



30 



20 



10 



Fig. 3 

2021 CLAD SHEET 
7075 CUD SHEET 



■T" '"I 



r - n — ; — i 



::I..LL:!. 



-i-4 



i 



— 4 



r-7-r-T 



7'TT' 

--r 





Material 






Curve Desiccation 


Thickr.es o 


Basis 


1 


202li-Tii2 


<".063 


B 


2 


202lj-T3 


<.063 


6 


3 


. 202L-T36 


<.063 


B 


b 


202U-T6 


<.063 


A 


5 


202ii-T8l 


<.063 


A 


6 


202li-T86 


<.063 


B 


7 


7075-T6 


•016-.039 


B 


8 


7075-T6 


.0i*O-.062 


B 


9 


7075-T6 


.063-.187 


B 


10 


7075-T6 


•186-.2li9 


B 




L'/P 



page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




<L<a9 



page 5 -S."! 



STRUCTURAL ANALYSTS MANUAL 




V/p 

page S*B-<£> 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




0 20 1|0 60 80 100 120 

V/p 



page 5 - 5> O 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page 5 - Si . \ O 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



c 




page *5 - . 1 I 

213 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAiR AND SPACE SYSTEMS DIVISION 




page H*8* ^2- 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION "~ 





page 



STRUCTURAL ANALYSIS MANUAL 




page 5. S. ^ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPA^E SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAtR AND SPACE SYSTEMS DIVISION 



160 



160 



UjO 



120 



ft MO 



8 80 
I 

. o 



to 



to 



20 




page 5 * 8 • 1 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 



GENERAL DYNAM1CS/C0NVAIR AND SPACE SYSTEMS DIVISION 




page 5.^.13 



GENERAL 



STRUCTURAL ANALYSIS MANUAL 
DYNAMt CS/CON VA IR AND SPACE SYSTEMS 



DIVISION 




fiTBUCTUR AL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACFSYSTEMS DIVISION 




page S.S.Zo 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




L'/P 



page S -2 \ 



STRUCTURAL ANALYSTS MANUAL 
GENERAL D YNAMICS/CON VAIR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page 5. 5>. 2 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DtVtStON 




STRUCTURAL ANALYSIS MANUAL 




page5.5i.ZS 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAtR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAJR AND SPACE SYSTEMS DIVISION 




•s. < 

page"£.S>-25> 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAtR AND SPACE SYSTEMS DIVISION 




74 , 



pageS.6.2^ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page 5- 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMiCS/CONVAIR AND SPACE SYSTEMS DIVISION 




pageS-&.£\ 



STRUCTURAL ANALYSIS MANUAL 




page a .2>-^Z 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



c 




page 5 .S-'S.S 



CTPlirTURA f ANAI YSIS MANUAL 
GENERAL DYNA M ICS/CON VA I R AND SPACE SYSTEMS DIVISION 




C 



page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA MICS/CON VA IR AND SPACE SYSTEMS DIVISION 




page 5.5>,S<b 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




. page?. S>.^7 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



C 




STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAtR AND SPACE SYSTEMS DIVISION 





page 5.8.<K> 



csTRUCTURAl ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




6^1 JUV TITANIUM ALLOT 
SOLUTION TREATED AMD AGED EXTRUSION 

.751 < t < 1.000 




page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNA Ml CS/CON VAIR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page 5"- 8*4-5 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVtStON 




page 5.8-4^ 



STRUCTURAl ANALYSIS MANUAL 
GENERAL D YNA M ICS /CON VAIR AND SPACE SYSTEMS DIVISION 





page 5. $.^8 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




page n-S-'SO 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DIVISION 




STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 



SECTION 6.0 

PLATES 

DATA IS PRESENTED IN GRAPHICAL AND TABULAR FORM FOR PLATES 
WITH IN-PLANE OR NORMAL APPLIED LOADING. 



PAGE 

6 . 1 IN-PLANE LOADING STABILITY RECTANGULAR 6.1.1 

6.2 IN-PLANE LOADING STABIUTY PARALLELOGRAM 6.2.1 

6.3 CURVED PLATES 63<1 

6.4 NORMAL LOADING 6 . 4>1 

6.5 MEMBRANES 6 . 5<1 
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Data Source, Section 1 .3 Reference 



PLATES 



A plate la a i«mb«r whoa* thickness la small compared to the other 

dimensions. A plate dirfera fro* a bee* In that a plate bends in all planes 

normal to the plate whereas a beaai nay be assumed to bend In only one plane. 

6.V.O 

general 

<b .1.1 

Classification of Plates 

Plates are generally divided Into four groups i 

(1) Thick Plates are plates In which the shearing stresses 
are important, corresponding to short, deep beams. 

(2) Thin Plates (Small deflection) Are .plates in which bending 
le the main action resisting normal loads. The deflection 
should be less than about 1/2 the thickness. 

(3) Very Thin Plates (Large deflection) 

The useful resistance of these plates to normal loads depends 
In part on the direct tension accompanying the stretching of the 
middle plane. The deflection will be larger than about 1/2 the 
thickness. 

{k) Mem bra nes 

The resistance of these plates to normal loads depends 
exclusively on the stretching of the middle plane. The effects 
of bending can be neglected in this type of plate, and It may 
be assumed that tension is the main action on which useful 
resistance depends. 

Plasticity Coefficient " J{_" 

Efficiently designed plates often buckle at a stress above the proportional 
limit. In order to handle problems In the plastic range, a reduction factor is 
introduced Into the conventional formulas for elastic buckling. This reduc- 
tion factor Is referred to as the plasticity coefficient, 7} - The equation 
used to obtain m JJ " is shown below 

n . K t (1) 

" sT 

If the critical stress Is below the proportional limit, the plasticity 
coefflclent,7{. Is equal to "one" since E fc - E. Above this point the tangent 
modulus, E fc , must be used to obtain the plasticity coefficient. Since "E t " 
le a function of stress, an estimate of the actual stress must be made In order 
to obtain an initial value of m Z^. m Using this value of "E t " the critical stress 
can be calculated. 

1. If the computed stress Is greater than the estimated 
stress, the actual stress will be greater than the 
estimated stress and less than the computed stress. 

2. If the computed stress is less than the estimated stress, 
the actual stress will be less than the estimated stress 
but greater than the computed a tress. " 
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This procedure should be repeated until the assumed stress and computed 
stress converge. 
Edge Restraint - ( Fixity ) 

TTie degree of edge support provided to the plate element at its edges 
by the adjoining structural elements has a marked effect on the buckling and 
bending stresses. The degree of edge restraint may be approximated from the 
following Idealized edge conditions. 

(a) Elasticaliy Restrained Edges : This is an edge about which the plate 
is elasticaliy restrained from rotating freely. The deflection in 
the transverse direction along the edge is zero. The degree of 
restraint is defined by the rotational restraint coefficient, £ , 
which Is proportional to the ratio of the stiffness of the restrain- 
ing medium to that of the plate. 

Fixed or Built-in Edge ( £ - 00 ) : This is an edge about which the 
plate cannot rotate. Hie deflection in the transverse direction 
along the edge is zero. The tangent plane to the deflected surface 
along this edge coincides with the Initial position of the plate. 

(c) Simply Supported Edges ( £ m 0 ) : This is an edge condition where the 
plate is free to rotate about the centerline of the edge (no restrain- 
ing bending moments about the edge). The deflection in the transverse 
direction along the edge is zero. 

(d) Free Edge ( £ « 0 ) : This Is an edge that is entirely free to rotate 
and to deflect transversely. 

In general, torsionally weak edge members such as open sections used in 
a compression panel will act almost as simple supports, while torsionally stiff 
edge members such as closed sections and heavy flanges will provide almost 
clamped edges. 

In order to Identify the edge conditions, the following notations have 
been employed on the various charts, etc.: 
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Fig. 6.1-3-1 
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Assumptions 

Throughout this section it is assumed that the bodies undergoing the 
action of external forces are perfectly elastic within the elastic lUalt of 
the material. The matter of" this body is assumed to be homogeneous and con- 
tinuously distributed over its volume so that the smallest element cut from 
the body possesses the same specific physical properties as the body. It is 
further assumed that the body Is isotropic, i.e., that the elastic properties 
are the same In all directions, Basle assumptions are listed below i 

(a) Perfectly Elastic 

(b) Homogeneous 

(c) Continuous 

(d ) Isotroplo 

(e) Constant Thickness 

Stress Ratios , Interaction Curves , and Margins of Safety 

In the analysis of plates subjected to combined loading, it is general 
engineering practice to make uae of the atress-retio method because of Its 
simplicity and nondUnenaional charaotar. 

Stress Ratios 

Stress ratios express the relationship between the applied or allowable 
stress and the critical buckling or failing stress if the load ware acting 
alone. Stress ratios are the ordinate and abaelsaa of the interaction curves. 
The interaction equations are expreaaed In terms of stress ratios. There are 
two baale types of stress ratios: 

Applied Stress Ratios (R) 

(S Appl ied Stress ^ ' 

R - Tf- (critical duckling or Palling iJtress 
M:r for Load Acting Alona) 

Allowable Stress Ratios (R^) 

(Allowable Buckling or Palling Stress 
ft - Oa In Combined Loading) .... \*) 

a — (Critical Buckling or Palling Stress 
°cr for Load Acting Alone) 

When the applied stress ratio, R, Is more than the allowable atrees 
ratio, R^, the plate will buckle. 
Interaction Curves 

*Tha effect of one type of loading (R-^ ) on another simultaneous type of 
loading (R-) is represented by an Interaction equation or curve.. This method 
provides a means of predicting structural failure under combined loading. 
The interaction curve Is obtained empirically from test data or from a plot 
of the interaction equation. The generalized interaction equation is: 

H* + R* + R* -1.0 ») 

*1 *2 *3 

Where R^ , R a , R. - allowable stress ratio.. 
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The exponents, x, y, and z, are constants which depend on the type of 
loadings aotlng In combination. The numerical subscript* attached to the 
a trees ratioo indicate the type of loading such as compression, tension, 
■hear j bending and pressure. 

In many oases, the exponents, x, y, and z, are whole numbers, and the 
Interaction relationship can' be determined analytically with ease. These 
exponents may be determined analytically or empirically from test data. 
If these exponents are not whol'e numbers, it is much easier to use the 
interaction curves. 

Margin of Safety 

The margin of safety is an Indication of the degree of utilization of 
a structure and Is given by the formula: 



M.S 



Allowable Stress 
Applied Load 



To determine the margin of safety from the interaction curves 
the following procedures should be used: 

Procedure for Two Loads Acting 

(1) Determine the critical buckling stress for each 
load as If it were acting alone. Use the associated 
buckling curve from articles 6.2.0, 6.3.0, 6.4.0, 
and 6.5.0. (One load acting - Shear, Compression, 
Tension, or Bending. ) 

(2) Calculate the applied stress ratios R^, and using 
equation (1), the applied stresses, and the critical 
buckling stresses obtained from step (1). 

(3) Locate on the proper Interaction chart the point corres- 
ponding to the stress ratios calculated. Point "A" on 
Fig. 6.1.5-1 represents this point. If point "a" falls 
on the outside of the curve, the plate will buckle and a 
negative margin of safety will be obtained. 

1.0 



Loading #2 
(Shear, etc.} R & 



«2 = 




1.0 



Loading §1 (Compression, etc.) 



Fig. 6,1.5-1 
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(>0 Dm* a ntraight line from the origin through this 

point and at the intersection of this straight line 

with the interaction curve read the corresponding 

allowable stress ratios R and R . 

*1 *2 

(5) The margin of safety is then calculated by using the 
stress ratios obtained from steps (2) and (ft) and 
equation (4). 

U.S. - \ - 1 - "'a - 1 <5) 

Procedure for Thr^e Loads Acting 

(1) Perform operations (1 ) and (2) from the procedure above. 
These calculations must be made Tor all three loadings, 

(2) Using the loading conditions and the aspect ratio, a/b, 
select the proper family of curves. 

(3) Locate on the chart selected from step (2) the point 
corresponding to the stress ratios ^ and Rg. Point n k m on 
Pig. 6.1.5-2 represents this point. The stress ratios R^ 
and are the coordinates of the interaction curve and 

is s parameter (see Pig. 6.1.5*2). 




Loading #1 (Compression, Etc.) 



Pig- 6.1-5-2 ■** 
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Draw a straight line through this point, point "A", 
Fig. 6.1.5-2, and the origin. 

Extend this line to locate an arbitrary point "x" which 
satisfies the following relationship: 




Where R^ and R^ , the applied stress ratios, are obtained 
from step (1) above. 

This is best accomplished by trial and error and is 
illustrated below: 

Example Problem 

Olven: A plate with applied stress ratios R^ - .520, 
- .315* R3 » .125 and a/b - 1. Assume the 
Interaction Curves on Pig. 6.1.5-2 correspond 
to the fixity and loading of this panel. 

Find: Find the allowable stress ratio "R H 

a l 

Solution : 

Establish point "A" on Fig. 6.1.5-2 corresponding 
to ^ - .520 and Rg - .315. 

Using equation (7), IL m -125 R . .240 R« • • • (8) 

•3 .520 a l a l 

1st Try *. Let R - .6 (Trial and error procedure) 
a l 

then R a - .240 (.6) - .144 (9) 

a 3 

Using this initial value of R a establish an 

arbitrary location of point "x" on ti5e line extended 

from the origin through point "A." Prom this point on 

Fig. 6.1.5-2. the initial value of H R a " Is found to 

be .700. Therefore, the actual value if R & must be 

between .60 and .700. Repeat this proceduri until the 

values of R converge. 
a l 

2nd Try : Let R_ - .650 then R_ - .156 from eq. (8) and 
a l a 3 

R - .690 from Fig. 6.1.5-2. 
a l 
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3rd Try : Let R 



.670 then R. 



.161 from eq. (8) 



and R_ - .685 from Pig, 6.1.5-2. 



Use R. 



.677 



(6) Calculate the margin of safety by using the allowable stress ratios 
obtained from (5) above and equation (4), 



M.S. 



- 1 



R 3 



(10) 



Example 

Prom the example in (5)» R. ■ .677 and R- - .520 

*1 1 



M.S. 



Note 



- 1 



.677 



- 1 



This method is based on the assumption that all 

loadings are applied proportionately. This coincides 
closely with the loading in actual airplanes. 

Buckling of Plat Rectangular Plates 

The critical buckling stress in plates and shells is given by the 
equation : 

Cr 12 ( 



(1) 



300 



Where "k" is the nondimenaional buckling coefficient for the configuration 
under consideration, and "b n is the loaded edge unless otherwise noted. 
Hie Incorporation of the plasticity coefficient , 7f , makes the above equation 
applicable in both the elastic and plastic range. In the elastic range "7J" 
Is equal to one (1) and in the plastic range "7f " is leas than one. The 
value of " can be determined by use of the method outline in article 6.1.2. 
The material constants H E" and are for a given material at a given 

* ampere ture. 

The following table gives values of Jf /12(1-^ ) for various values 
of Polsson's ratio. 





TABLE 6 


.2.0-1 








7T 2 


u 


7T* ' 


tf 


TV 2 


12(1-£Z 2 ) 


12U-/I 2 ) 


12(l-^£ 2 ) 


.20 


.857 


.30 


.904 


.40 


.979 


.21 


.860 


.31 


.910 


.41 


.989 


.22 


.864 


.32 


.916 


.42 


.996 


.23 


.887 


.33 


.923 


.43 


1.009 


.24 


.873 


.34 


• 930 


.44 


1.020 


.25 


.877 


.35 


.937 


.45 


1.031 


.26 


.882 


.36 


.945 






.27 


.887 


.37 


.953 






.28 


.892 


.38 


.961 






.29 


.898 


.39 


.970 
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Uniaxial Compression 

The equation and curves In Pigures 6.2.1.1 through 6.2,1.5 can be used 
to determine the critical buckling strength of rectangular flat plates sub- 
jected to uniaxial compression* 

Loading diagrams and fixity notations have been placed on each of the 
various figures to Indicate the proper use of each curve. 

Procedure 

1. Calculate the a/b ratio from the dimensions of the plate. 

2. Select the curve for the fixity which moat closely represents 
the problem, and determine "k" using the ratio of a/b obtained 
above. 

3. Using this value of "k" and the associated equation from the 
same figure, solve for the critical buckling stress, ^ cr * 

NOTE: In Pig, 6.2.1.5, care should be taken to use the "k" 

values obtained from the k* curve with the equation 

c 

containing k' , etc. 
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o 



b 

(a) Long Simply Supported Plate With Varying Compressive Load 




(b) Short Simply- Supported Plate with Varylnc Compressive Load 

FU. 6.2il.3 
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0.1 0.2 0.4 0£ 0.8 10 Z 4 6 8 10 20 



a 

Pl«. 6.2 J, r > Duckling Coefficient;; for I'l-il.e column 
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Shear 

The buckling stress coefficients for rectangular flat plates under 
.hear are presented In Figure 6.2.3-1. The ten- "b" Is always the shorter 
dimension of the rectangular plate. 
Procedure 

1. Calculate the ratio b/a fro. the dimension of the panel. 

2. Select the curve whose fixity most closely represents the 
problem, and determine "k a " (Pig. 6.2.3-1). 

3. Using this value of "*/ and the equation fro. Pig. 6.2.3-1. 
solve for the critical buckling stress, 

fc. If " T "Is abov * tne proportional limit, use the swthod of 




b/a 

Plat Plates in Shear 
Fig. 6.2.5-1 
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Comblned Shear and Uniaxial Compression or Tension 

Interaction curves for simply supported rectangular flat plates under 
combined shear and uniaxial compression or tension are presented In 
Fig. 6.2.4.1(a). If the aspect ratio, a/b, is less than one, the plate is 
under a longitudinal direct stress and the curve for a/b -1.0 
should be used. . If a/b approaches zero, the curve for a/b - 1.0 
is valid for all edge restraints, 0<€"< CO • 

Interaction curves for Infinitely long rectangular flat plates with 
varying edge restraints are presented In Fig. 6.2.4.1(b). The parameter 
is defined as the coeffici*nt of edge restraint (see Section 6.1.3), and i 
equal to 



where 

D.-^g St^_ (2) 

U-jLT) 12U-/X) 

S - Rotational stiffness per inch of edge 

NOTE: When C - 0, the edges are simply supported. 
When € -CD * the edges are fixed. 
When 0< C< CD * the edges are elastlcally 
restrained. 

Procedure 

Use the procedure presented in article 6.1.5 (Two Loads Acting) 
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(b) Interaction Curves for Infinitely Long Plates 

Fig. 6.2.4.1 . 
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Biaxial Compression or Compression and Tension 

Interaction curves for siaply supported and rigidly supported rectangular 
flat plates under combined compression and compression or tension are presented 
in Pig. 6.2.5.1. When n (f x m la tension and b<a, uae the value or Q - b/a 
and reverse the co-ordinate axis by taking "R x " aa ordinate and "R " as 
abscissa. y 

Procedure 

Use the procedure presented in article 6.1. 5 (Two Loads Acting). 
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-J -.7 -« -3 ".3 ".2 M 

TENSION - x 
(b) Interaction Curvw for flat PlatM With Claapvd Ed««a 

flC. 6.2.5.1 
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Biaxial Compression and Shear 

Interaction curves for simply supported flat rectangular plates under 
biaxial compression and shear are presented In Pig. 6.2.6.1 through 
Pig. 6.2.6.3. Sheae Interaction curves were obtained from theoretical con- 
siderations. In general, there are two possible buckling modes j symmetrical 
and antlsymmetrlcal . The Interaction curves correspond to that mode which 
gives the lower combination of stress ratios. 

Procedure 

Use the procedure presented In article 6.1. 5 (Three Loads Acting). 

It should be noted that for the case of R s - 0, the result Is Identical 
with section 6.2.5, biaxial compression. If R x or are equal to zero, the 
results are Identical with section 6.2.4, combined shear and axial lead. 
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Interaction Curves for Simply Supported Flat Plates Under 
Biaxial Compression With Shear 



Pig. 6.2.6,3 
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G.Z.I 
Bending 

The buckling coefficients for reotangular flat plates under bending are 
presented in Fig. 6.2.7.1 through Pig. 6.2.7*3* The critical stress for 
flat plates In bending in the plane of the plate can be obtained from 



cr 



12(1-/1*) 



(1) 



where "k^" is the buckling coefficient. 

The plate stress distribution la shown below: 




Fig. 6.2.7-1 



(Stress distribution 
at loaded edge) 



a/b ■ aspect ratio 
OC- b/c 

c ■ the distance from the neutral 

axis (K.A.) to the outer compressive 
fiber. 

0* b - Max. compressive stress at the edge 
of the plate. 



When OC m 2, the plate Is under pure bending. 
When OC - 0, the plate is under pure compression. 

When 0< OC < 2, the plate is under combined bending and compression, 
Procedure to Determine ( b ) 



cr 



1. Calculate the a/b ratio from the dimensions of the plate. 

2. Select the curve for the fixity which most closely represents 
the problem, and determine "k^" using the "a/b" ratio obtained 
above. 

3* Using this value of "k^" and equation (l), solve for the critical 
buckling stress, ( ^b)^. 

NOTE: The fixed edges in Fig. 6.2.7-2 and 6.2.7.3 are not restrained 
In the plane of the plate. 
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Combined Bending and Shear 

?he interaction curve for simply sported flat rectangular plates 
under combined bending and shear Is given In Fig. 6.2.8-1. -mis curve 
is applicable for any plate aspect ratio, and is a plot of the equation 



R 0 2 + V - 1 



(1) 



Procedure 



Use the procedure presented In article 6.1.5 (Two Loads Acting). 



r 














Combined Bending and Shear 



Pig. 6.2.8-1 
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Combined Bending , Shear > and Transverse Compression 

The Interaction curves for Infinitely long flat plates subjected to 
combined bending shear, and transverse compression are presented in 
Fig. 6.2.9-1. The curves in Pig. 6.2.9-Ka) are for simply supported edges. 
The curves in ?ig. 6. 2. 9- Kb") are for plates whose tension edge la simply 
supported and whose compression edge is fixed. 

The flat portion of the interaction curve corresponding to H c - 1.0 
(Fig. 6.2.9.1(a)) Indicates that appreciable bending and shear stress can 
be applied to the plate without reducing the critical transverse compressive 
stress. In the region R c - 1.0, the plate buclcles essentially as a Euler 
column. 

Procedure 

Use the procedure presented in article 6.1.5 {Three Loads Acting). 

NOTE: The fixed edges In Fig. 6.2.9.1(b) are not restrained in the 
plane of the plate. 
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Combined Bending and Biaxial Compression 

Interaction curves for simply supported flat rectangular plates under 
combined and biaxial compression are presented In Pig. 6.2.10.1 through 
Pig. 6.2.10.4 for various aspect ratios from 0.8 to CO • 

When - 0, curves can be drawn for the various aspect ratios that 
will represent the interaction curves for a rectangular flat plate under 
critical combinations of longitudinal bending and transverse compression. 
This is accomplished in Fig. 6.2.11.1. 

Procedure 

Use the procedure presented in article 6.1.5 (three I*oa.ds Acting). 

Combined Bending and Transverse Compression 

Interaction curves for simply supported flat rectangular plates under 
combined longitudinal bending and transverse compression are presented In 
Pig. 6.2.11.1. 

Procedure 

Use the procedure presented in article 6.1.5 (Two Loads Acting). 




Interaction Curvea for Simply Supported Plat Flatae Under Combined 
Bending and Biaxial Compreaalon 

Pig. 6.2.10.2 
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Fig. 6.2.10.3 




Pig. 6.2.10.**. Interaction Curves for Combined Bending 
and Biaxial Compression of Simply 
Supported Flat Plates 
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Combined Pending, "hmr. and Comprcnnlon or Trnnlon 

Th(^ interaction ourvra for a.lmply nupportrd flat, plates 'inder combined 
lonp;1.tud inal bond 1 np Jf nhonr . 'ind cnmprens Ion or i;cnnlon are presented in 
Pl(5 . 6.2.12.1. Thene ciirver. «r-c pj ot.trrt from the roll nw 1 np; I ntrrac tl on 
^qtiatJon 

R fi 2 + R b 2 + B c - 1 (1) 

Procedure 

Mac the procedure presented In article 6.1.5 (Three Loads Acting). 
The marR.ln r>C nafety nhould be calculated from the following 
equa 1 1 on 



M.S. » 2 - 1 ... . (2) 




0 .2 .4 .6 .8 10 12 



Combined Bending, Shear, and Compression or Tension 
Pig. 6 .L* .12-1 
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Data Source, Section 1 .3 Reference i 



Buckling of Parallelogram Shaped Platen 

Plat Parallelogram Shaped Plates 

This section contains the buckling coefficients for a few or the commonly 
uocd parallelogram shaped plates (Skewed Plates). This typo of plate often 
occurs in swept-wing plan forms and offers some advantages over rectangular 
plates . 

A. One Load Acting - Simply Supported 

Duckling coefficients for simply supported parallelogram shaped 
panels are presented in Pig. 6.3.1.1. The data for thcoc curves are 
baaed on the assumption- £hat- the..supporting members arc rir.td enough 
to prevent deflection of the edges normal to the plane of the sheet but 
offer no restraint to rotation. The curves show that the stability of 
a flat continuous shoet is definitely increased if the she^t In divided 
by supporting members into skewed panels . 

Procedure 

1. Calculate the a/b ratio from the plate dimensions and the 
sketches on the appropriate figure. 

2. Select the curve for the skew angle involved, and 
determine the buckling coefficient, k x or k y . 

3. Solve for the critical buckling stress, 0* cr * uainis the 
buckling coefficient obtained above and the following 
equation 

O'er- * f\* <!>' <*J 

cr 12(1-/1 ) 

4. If the critical buckling stress is above the proportional 
limit, use the method of article 6.1.2. 

B. One Load Acting - Clamped Edges 

Pig. 6.3.1.2(a) gives the buckling coefficients for ckrwci pi*tes 
with clamped edges under uniform compressive loading acting parallel 
to a set of sides, for various aspect ratios and skew angles " 

Procedure 

Use the procedure presented above for simply supported edges ■ 

C. Two Loads Acting - Simply Supported 

The Interaction curves for simply supported skewed panel n uwier 
combined compression in the "x" and H y" directions are presented in 
Pig. 6.3.1.2(b). This Interaction curve in Tor an array of cqnal-slded 
panels with various skew angles. This implies that "b" must tnuul to 
the quantity (a cosp). 

Procedure 

Use the procedure presented in article 6.1.5 (Two Loads Arfcinj*). 
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(a) Buckling Coefficients for Parallelogram Shaped Panels With Clamped Edges 
Load Acting Parallel to a Set of Sides 
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(b) Interaction Curve for Simply Supported Equal-Sided Parallelogram Shaped Panels 
Under Uniform Biaxial Compression. 



Pig. 6.3.1.2 
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2.2 CURVED PLATES. 

Design information is presented in this section for the prediction 
of buckling in plates of single curvature which are both stiffened and unstiffened. 
2. Z 1 UNSTUTENED CURVED PLATES, 
2. 2. 1. 1 Compression Buckling. 

The benavior of curved plates uniformly compressed along their 
curved edges is similar in many respects to that of a circular cylinder under 
axial compression (e. g. , both buckle at stresses considerably below the 
predictions of small deflection theory, and it is necessary to resort to 
semi-empirical methods to show agreement with the available test results) . 

It is recommended that the methods for predicting buckling of 
axially compressed monocoque cylinders (Section \o. i J be used to predict 
buckling of curved plates. 
2. Z 1. 2 Shear Buckling. 

Critical shear buckling stresses for curved plates are calculated 

by the following formula: 

k tj ir*E 



» cr " 12(1 Vb ' 



(39) 



where k la determined from Fig. C2-68, and tj - JeZ/T. 
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2.2.2 STIFFENED CURVED PLATES IN COMPRESSION. 

Information la presented In the following paragraphs for stiffened 
plates of single curvature In compression where the stiffening members are 
either axial or circumferential. In these considerations, both the local and 
general modes of instability must be considered. 
2. Z 2. 1 Curved Plates With Axial Stiffeners. 

A method for predicting buckling of simply supported curved plates 
with a single central axial stlffener has been developed in Reference 29. This 
method is similar to that presented In Paragraph 2. 1. 2. 1 for stiffened flat 
plates in compression, In that the same basic equation is used in conjunction 
with specified buckling coefficients. However, in the present case, the 
buckling coefficients for the local and the general modes of instability are 
shown on the same chart.. Figures C2-69a through C2-69d present these 
coefficients, which may be used with the following equation to predict buckling 
when * 0. 25: 

F = 2 _ (JL) (40) 

c cr 12(1 " v e * 

This equation may also be written as 

k ir 2 E 

F - — ^ 71f"\" W» 
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where la the plate curvature parameter, -gj- J 1 - ; R la the plate 

radius of curvature; and b la the half-width of the loaded (curved) edge of 
plate. 

Figures C2-69a through C2-69d yield buckling coefficients aa a 

function of Z^, A/bt, and EL^/bD for values of the ratio a/b equal to 

4/3, 2, 3, and 4, respectively, where terms are defined aa follows: 

I bending moment of Inertia of the stiffener cross section taken 

about the stiffener centroidal axis 

D flexural stiffneaa of the plate per Inch of width, Et 5 /12( 1 - v^) 
a length of plate 

The sloping portions of the curves to the left in each of the charts 
of Figs, C2-69a through C2-69d represent deaigna wherein the general mode 
of instability la critical. Local instability ia represented by the horizontal 
lines to the right In each chart The Intersection of theae curvea repreaenta 
efficient design, since less moment-of-inertia in the stiff ener induces general 
Instability and a lowering of the buckling stress , while more moment-of- 
inertia In the ~atif£ ener has no effect on the buckling stress of the stiffened 
plate. 

Although not specifically shown in Fig. C2-69a through C2-69d, 
the Increase in the curved -plate buckling stress, due to the addition of a 
central axial atiffener, la negligible when 2, > 2. 5. Thus, piatea with a 
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large degree of curvature are not benefited by stiffening with a central axial 
member. In tola case, buckling stress should be determined by the techniques 
in Section C3. 1. 1. 

Also, the methods cited above should not be applied with two or more 
axial stiff eners, since the stlffener geometrical requirements needed to 
satisfy the general mode of instability are sensitive to the number of stiff eners 
when the number is small. With multiple stiffeners, the methods described 
for orthotropic cylinders in Section C3. 1. 2 should be used. 
2.2.2.2 Curved Plates With Circumferential Stiffeners. 

Curved plates stiffened with a single central circumferential 
stiffener have been considered by Batdorf and Schildcrout [ 30] . They deter- 
mined analytically that the addition of a single central circumferential stiffener 
increases the buckling stress of a curved plate but only within a rather restricted 
range of plate geometries. This range is a function of both the ratio a/b 
(where a is the half-length of the plate, b is the width of the curved, loaded 
edge) and the geometric parameter Z^. For the buckling stress of Che 
curved plate to increase with the addition of a single central circumferential 
stiffener, a/b must be 0. 6 or less. The parameter imposes further 
restrictions as a function of a/b which are shown in Fig. C2-70. For a 
given value of a/b, Z^ for the design must be equal to or smaller than that 
value read from the chart. If Z^ for the design is larger than the value read 
from the chart, no gain In the buckling stress results from the addition of the 
stiffener to the curved plate. 
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Small deflection theory was used in Reference 30 to predict the 
buckling stress of curved plates with circumferential stiffener*. Consequently, 
the results are presented in terms of a gain factor which indicates the gain 
in buckling stress for a stiffened curved plate over an unstiffened curved plate, 
where the gain is based on theoretical predictions of the buckling stress for 
both configurations. The information presented here, therefore, may be 
applied by multiplying the gain factor by the buckling stress for an unstiffened 
curved plate of the same overall dimensions by methods given in Paragraph 
2. 2. 1. 1. 

M^Tnnm gain factors are presented as a function of a/b and 
in Fig. C2-71. The term "maximum" implies that the stifiener has sufficient 
bending rigidity to enforce a buckle node at the stiffener line. 

The required stiffener bending rigidity needed to enforce a buckle 
node at the stiffener line Is defined in Fig. C2-72 when the figure is entered 
with a maximum gain factor obtained from Fig, C2-71. 

Figure C2-72 may also be used to determine gain factors when an 
existing stiffener has either more or less bending rigidity than that required 
to enforce a node along the stiffener line. In this case, the same geometrical 
limitations stipulated in Fig. C2-70 apply and must be observed. (Note that 
the gain factors obtained here may not be maximum; therefore, the ordinate 
of Fig. C2-72 is Labeled to take this possibility into account. ) 
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After first referring to Fig. C2-70 to ascertain whether or not a 
gain is indeed possible, find the gain factor (from Fig. C2-72J based on the 
properties of the existing stiffener. Now plot this gain factor on Fig. C2-71. 
If the point is below and to the left of the a/b curve to which it relates, then 
the gain factor is less than the maximum permissible and the bending rigidity 
of the stiffener is less than the minimum required. In this case , general 
instability of the curved plate represents the critical mode, and buckling 
may be predicted using the gain factor obtained from Fig. C2-70. When the 
point is above and to the right of the a/b curve in Fig. C2-71 to which it 
relates, the contrary is true, and local Instability. of the curved plate repre- 
sents the critical mode. In this case, buckling may be predicted using the 
maximum gain factor obtained from the a/b, intersection in Fig. C2-71. 

The methods of this section should not be applied to curved plates 
with two or more circumferential stiffener*. The general instability stresses 
predicted by the design charts are sensitive to the number of stiffeners when 
their total number is smalL In this case , recourse should be had to 
Section C3. 1. 2. 

2. 2. 3 STIFFENED CURVED PLATES IN SHEAR. 

Methods are presented in the following paragraphs for predicting 
the buckling stress of plates of single curvature in shear having a single 
stiffener in either the axial or circumferential direction. The methods 
account for both the local and general modes of instability, and charts are 
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given that present the buckling coefficient k^ versus EI/bD, where at low 

values of EI/bD the general mode of Instability is critical. As £I/bD 

increases, the local mode of instability becomes critical and is signified by 

a constant value of k . Thus, to enforce a node at the stiff ener, the design 

s 

must have an EI/bD which falls on the horizontal portion of the design curve. 
Note that the EI/bD value representing the extreme left point of the horizontal 
line yields the most efficient design; Local and general instability are both 
critical here. 

2. 2. 3, i Curved Plates With Axial Stlffeners. 

The buckling stress for curved plates with a single, central 
stiffener may be determined from the equation: 



where k is taken from Fig. C2-73, b is the overall dimension of the 
s 

curved plate, and t is the thickness of the curved plate. Figure C2-73(a) 

applies when axial Length is greater than circumferential width, and 

Fig. C2-73(b) applies when axial length is less man circumferential width. 

Note that in both cases, b is denoted the short overall dimension of the plate. 

Curves are presented as a function of the aspect ratio of the plate, a/b, 

as well as of the plate curvature parameter, Z^. Note also that the data of 

Fig. C2-73 are based on small deflection theory and agree satisfactorily 
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with experimental results except in the case of cylinders for which a 16 percent 
reduction is recommended. 

The preceding: method should not be extended to apply to curved 
plates with multiple axial stiffeners. The bending rigidity required of each 
stiffener to support general Instability is sensitive to the total number of 
stiffeners when this number is small. 
2. 2. 3. 2 Curved Plates With Circumferential Stiffeners. 

The buckling stress for curved plates stiffened circumferentially 
with a single central stiffener may be determined from equation ( 42} with the 
buckling coefficients, k , taken from Fig. C2-74. As in Fig. C2-73 for a 
cylinder, a 16 percent reduction of the horizontal portions of the curves (the 
portion signifying local Instability) is recommended. 

Hie data above should not be applied to curved plates with mult.ple 
circumferential stiffeners for the reasons noted previously in 
Paragraph 2. 2. 3. 1. 

2. 2. 4 CURVED PLATES UNDER COMBINED LOADING. 

Interaction relations for longitudinal compression combined with 
normal pressure, shear combined with normal pressure, and longitudinal 
compression combined with shear are presented in the following paragraphs 
for unstlffened, curved plates. Interaction relations for stiffened, curved 
plates are presently unavailable; however, techniques discussed in 
Section C3. 1. 2 may be used. The normal pressure in the first two cases is 
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applied *> the concave face of the curved plate. The Interaction relations 
apply only to elastic stress conditions, since verification of their application 
to plastic stress conditions is lacking at present. 
2. 2. 4. 1 Longitudinal Compression Plus Normal Pressure, 

The interact! on equation for longitudinal compression plus normal 
pressure applied to the concave face of an unstiffened curved plate is 



R * - R - X 
c P 



(43) 



where R * F /F and R - p/p , where the following definitions apply: 



c c 



cr 



cr 



cr 



cr 



applied longitudinal compression stress 

buckling stress of the curved plate where subjected to simple 
axial compression, determined by the methods of Section 2. 2. 1. i 

absolute value of the applied normal pressure 

absolute value of the external pressure which would buckle 
the cylinder of which the plate is a section, determined by the 
methods of Section C3. 1. l. 5 

Note that absolute values of the quantities p and p^ r are sub- 
stituted into the interaction equation since their difference in sign is already 
accounted for in the equation. It can be seen that normal pressure applied to 
the concave face of the unstiffened, curved plate increases the axial compres- 
sion load which may be carried by the plate prior to buckling. 
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2. 2. 4. 2 Shear Plus Normal Pressure. 

When an unstiffened curved plate is subjected to shear combined 
with normal pressure acting on the concave face of the plate, the following 
interaction equation applies: 

R 2 - R * 1 (44) 
s P 

where R * F /F (F is applied shear stress and F is buckling stress 

s s s s 

cr cr 

of the curved plate when subjected to simple in-plane shear, determined by 

the methods of Section 2.2.1.2), and R is as previously defined. 

P 

2. 2. 4. 3 Longitudinal Compression Plus Shear. 

The interaction equation for an una tiff ened curved plate subjected 
to longitudinal compression and shear is 

R + R 2 * 1 (45) 
c s 

where R and R are as defined in previous paragraphs. This relationship 
c s 

represents approximately an average curve through the available experimental 
results while the lower bound of the test results may be represented by a 
linear relation between R and R . 
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(b) LONG CLAMPED PLATES 
FIGURE C2-68. (Coatinued) 
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(d) WIDE CLAMPED PLATES 
FIGURE C2-68. (Concluded) 
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(a) a/b-V3 



FIGURE C2-69. COMPRESSIVE-BUCKLING COEFFICIENTS FOR SIMPLY 
SUPPORTED CURVED PLATES WITH CENTER AXIAL STIFFENER 
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FIGURED C2-69. (Continued) 



page 6.3>,IQ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




A/bt- 


3.2 






—\ \ r 


1.25 1 






9 / 







































0 16 32 46 64 







-0.4 








- A/bl 
-Z50 

r 0 y 














































0 16 32 46 64 





A/bt- 

• 2.50 
.1.29 


0.6 






























// 






















0 16 32 46 64 



0 16 32 48 64 
El/bO 

(c) a/b-3 
FIGUHE C2-69. (Coatinued) 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 






1 1 

— A/bt - 0.2 








- 2.50— r 












^ — 1 

^-1.25 








r 


0 






f 

























0 16 32 48 64 80 96 0 16 32 48 64 80 96 






- A/b 


t - 0.6 

2.S0 - 


1 








2 b" 




























K 1.25 
*0 





























0 16 32 48 64 80 96 0 16 32 48 64 80 96 

El/bD 

(d) a/b -4 
FIGURE C2-69. (Concluded) 



fiTRUCTURAl ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



at 































— 1 • 


-I 


















IN IN SUCXUN 


a STRESS 






NO GAIN 


IN SUCXUNO 


miss — 

























0.1 



FIGURE C2-70. DEFINITION OF a/b VS ^ RELATIONSHIP FOR GAIN IN 

BUCKLING STRESS OF AXIALLY COMPRESSED CURVED PLATES DUE TO 
ADDITION OF SINGLE CENTRAL CIRCUMFERENTIAL STIFFENER 
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FIGURE C2-71. MAXIMUM GAIN 
FACTORS FOR SIMPLY SUP- 
l>ORTED CURVED PLATES 
WITH A SINGLE, CENTRAL, 
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STIFFEN Eli 



FIGURE C2-72. STIFFNESS REQUIREMENTS AS A FUNCTION 
OF GAIN FACTOR FOR SIMPLY SUPPORTED CURVED 
PLATES WITH A SINGLE CENTRAL 
CIRCUMFERENTIAL STIFFENER 
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FIGURE C2-73a. SHEAR BUCKLING COEFFICIENTS FOR SIMPLY SUPPORTED CURVED PLATES WITH 
CENTER AXIAL STIFFENEH, AXIAL LENGTH GREATER THAN CIRCUMFERENTIAL WIDTH 
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FIG U HE C?-73b. SHEAR DUCKLING COEFFICIENTS FOB SIMPLY SUPPORTED CURVED PLATES WITH 
CENTER AXIAL STIFFENER, AXIAL LENGTH LESS THAN CIRCUMFERENTIAL WIDTH 
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FIGURE C2-74B SHEAR BUCKLING COEFFICIENTS FOR SIMPLY SUPPORTED CURVED PLATES WITH 
CENTER CIRCUMFERENTIAL STIFFENER, AXIAL LENGTH GREATER THAN CIRCUMFERENTIAL WIDTH 
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FIGURE q2-74b. SHEAR MUCK LING COEFFICIENTS KOH SIMPLY SUPPORTED CURVED PLATES WITH 
CENTER CIRCUMFERENTIAL STIFFENER, AXIAL LENGTH LESS THAN CIRCUMFERENTIAL WIDTH 
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B9 PLATES 

B9. 1 INTRODUCTION 

Plate analysis is important in aerospace applications for both lateral 
applied loads and also for sheet buckling problems. The plate can be considered 
as- a two-dimensional counterpart of the beam except that the plate bends in all 
planes normal to the plate, whereas the beam bends in one plane only. 

Because of the varied behavior of plates, they have been classified into 

four types, as follows: 

Thick Plates - Thick plate theory considers the stress analysis of 
plates as a three-dimensional elasticity problem. The analysis becomes, con- 
sequently, quite involved and the problem is completely solved only for a few 
particular cases. In thick plates, shearing stresses become important, similar 

to short, deep beams- 

Mo^um-Thick Plates - In medium-thick plates, the lateral load is 
supported entirely by bending stresses. Also, the deflections, w, of the plate 
are small compared to its thickness, t, (w < t/3; . Theory is developed by 

making the following assumptions: 

1. There is no in-plane deformation in the middle plane of the plate. 

2. Points of the plate lying initially on a normal-to-the-middle plane 
of the plate remain on the normal-to-the-middle surface of the 

plate after sending. 

3. The normal stresses in the direction transverse to the plate can be 

disregarded. 
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THn Plates — The thin plate supports the applied load by both bending 
and direct tension accompanying the stretching of the middle plane. The deflec- 
tions of the plate are not small compared to the thickness (l/3t < w < lOt) and 
bending of the plate is accompanied by strain in the middle surface . These 
supplementary tensile stresses act in opposition to the given lateral load and the 
given load is now transmitted partly by the flexural rigidity and partly by a 
membrane action of the plate. Thus, nonlinear equations can be obtained and 
the solution of the problem becomes much more complicated. In the case of 
large deflections, one must distinguish between immovable edges and edges 
free to move in the plane of the plate, which may have a considerable bearing 
upon the magnitude of deflections and stresses in the plate. 

Membranes — For membranes, the resistance to lateral load depends 
exclusively on the stretching of the middle plane and, hence, bending action is 
not present. Very large deflections would occur in a membrane (w > lOt) . 

In the literature on plates, the greatest amount of information is avail- 
able on medium-thick plates. Many solutions have been obtained for plates of 
various shapes with different loading and boundary conditions [1, 2]. However, 
in the aerospace industry, tMw plates are the type most frequently encountered. 
Some approximate methods of analysis are available for thin plates for common 
shapes and loads. 
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Figure B9-1 shows the differential element of an initially flat plate acted 

upon by bending moments (per unit length) M and M about axes parallel to the 

y and x directions, respectively. Sets of twisting couples M (=» -M ) also 

• xy yx 

act on the element* 




FIGURE B9-1. DIFFERENTIAL PLATE ELEMENT 
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Figure B9-2 shows the same plate elements as the one in Fig. B9-1, 

but with the addition of internal shear forces Q and Q (corresponding to the 

x y 

"v" of beam theory) and a distributed transverse pressure load q(psi). With 
the presence of these shears, the bending and twisting moments now vary along 
the plate as indicated in Fig. B9-2a. 




FIGURE B9-2. DIFFERENTIAL PLATE ELEMENT WITH LATERAL LOAD 
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Table 69-1. Tabulation of Plate Equations 



Class 


Item 


Plate Theorv 


Beam Theory 




Coordinates 


x y 


x 


Geometry 


Deflections 


w 


y 




Distortions 


3^ dht dhr 

ax 2 ay 2 axay 


dV 
dx^ 


Structural 
Characteristic 


Bending 
Stiffness 


Et 3 

D 12(1 - M 2 ) 


e 




Couples 


M , M t M 
x y xy 


M 


Loadings 


Shears 




V 




Lateral 


q 


q or w 




Moment 






UuuKC S 

Law 


Distortion 
Relation 


y \ar ax 2 / 


d*v 

M " U dx' 






dM dM 
_ X ^ XV 




Equilibrium 


Moments 


Q ■ ^— - 4* 1 

x ax ay 
aM aM 

Q - — 1 + 

y dy ax 


v = sSM. 

dx 




Forces 


q * ax * ay 


dV 
q * "37 
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B9.3 MEDIUM-THICK PLATES (SMALL DEFLECTION THEORY) 

This section Includes solutions for stress and deflections for plates of 
various shapes for different loading and boundary conditions. All solutions In 
this section are based on small deflection theory, 

B9. 3. 1 Circular Plates 

For a circular plate It is naturally convenient to express the governing 
differential equations in polar coordinate form. The deflection surface of a 
laterally loaded plate In polar coordinate form is 

W * r * + 7 af*A*T 7 3r ? 30V D ' (23) 
If the load is symmetrically distributed with respect to the center of the plate, 
w is independent of 9 and the equation becomes 

I -±i r <L[l -i/r^ll - ± (24) 
r dr \ r dr [r dr \ dr/Jj .D v 

The bending and twisting moments are 

**- <*"°0 & - i if) (27) 

B9. 3. 1. 1 Solid, Uniform- Thickness Plates 

Solutions for solid circular plates have been tabulated for many loadings 
and boundary conditions. Hie results are presented in Table B9-3. 
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Table B9-3. Solutions for Circular Solid Plates 



kJOT£' 




Cue 



Formulas For Deflection And Momenta 



Supported Edges, 
Uniform Load 



TT 



Clamped Edges, 
Uniform Load 



I 1 1 ' ' ' 1 



qa' 



16D(1+m> 



(a'-r) 



M 



(M ) 

x r max 



t'max 



3+U 5 

— qa s 

16 



At Edge 



16 



8ir(l*ti) Ij 



64D 



.sal 

64D 



M - -^(a J (l*M) - r(3+nH 
r lb 



(M ) at r=a 
v r max • 



-2i 



M - -^{aHl^) - ^(1+3**)] 

t 16 



Supported Edges, Uniform 

Load Over Concentric 
Circular Area of Radius, c 

.. m » 



W 



r*) 16rD 
At Center 

P 

M - — 

max 4* 

Ac Edge 

9 " JTU^)*£ 



(l+n) log 



♦ 1 - ^ 



4a- 
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Table B9-3. (Continued) 



Case 


Formulas For Deflection And Moments 


Simply Supported, 
Uniform Load On Concentric 
Circular Ring Of Radius, b 


• AH 1 * * 2bM< ** 




' r*b Bn 2 4w 


Fixed Edges, Uniform 
Load On Concentric 
areolar Ring Of Radius, b 

« 

j 1 1 I 
W 


* r-0 8*D L * 2 J 

p a l_b* 
M ■ — ^ 
r»a 4» a* 


Simply Supported, 
Concentrated Load 
At Center 

r 


max 16r(l-nt) 0 


Pixsd Edges. 
Concentrated Load Ac 
Center 

! ^ — 1 


• • £ l -r ♦ 

max 46* D 
M r - £[<l*ta,f - l] 

t 4» 1 tl ^* lCf r w 1 


Hamper! Edges, 
Uniform Load Ovar 
Concantrlc Circular 
Area Of Radius, c 

*-¥«*S 


At iwa 

M . -^(l - -4) M - uM 
r 4r\ 2a-/ t ^ r 

At r»0 

r t 4r \ c 4a- J 
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Table B9-3. (Continued) 



formula* Tot DsOscooa And Mommi 



By Uniform 
PrtMurt Ow Emm 
L0*tr Surfaca, Ualiorra 
Load Ow Canoaatrtc 
Circular Am Ot Radius, e 



M - — 
t 4# 



ffl 



«4*D 



No Support. 
Uniform Ed ft Momai 



2D(ln) 



r-4 



Ml' 



£d«a 



Cdf«> 5upportad. 
Caatrsi Cotajla 
tTniaalM Loading;) 

HP- 



At r»c 



M - 5 s - 



1 * (In) loc* 1 ^ 



0.4t I 1 
(e-o. 7a) 1 



Edfta CUmpad, 
Caotrat Coiajia 
CTruamoa Loading) 

. -J J-* f 



u 



2m. 

2*e 



(e-O.M»)' 



Edfaa Supports*. 
Uniterm Load Oar Small 
Ceeomrle Circular Araa 
Of Radius, r 



At Pmat ot Loadx ( 

M r - M ( • * <!*»•) lot 7 



4<«-p) 



Ax Point q: 



it* 1 




- t^r l -a r &r J *c r ft : r) coaa 



2(x«m)p(p j - 



2f3-u)Pfp t -ti.ap*»c.a 3 p) 
3<t-ul Kx«' 



(t-u) (9*nJk>a* 



2(3 -u) 
4*w 



12 a vi 

3(2 -wl 
2(1 

3(4-«) 
2(3 



2U-4 
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Table B9-3. (Concluded) 



Case 



Formulaj For Deflection and Mo menu 



Edges Fixed. Uniform 
Load Over Small Eccentric 
Circular Area of Radius, r„ 



At Point of Load 

M - f 

r 4* 



lot 



m max M wben r a <0. 6(a-p] 




W " 4 w*tV 



At Point q: 



3P(l-u') 



At Edge: 



M - * 
r 4» 



■ max M woven r v > O.S(a-o) 



Supported At Several 
Polata Along The Boundary 



Supported At Two Points t (y x ■ 0. 
Load P at Cancan 



P* J 

r - 0. 116 — 
r-0 D 




0.118 



Pa* 



Uniformly Loaded Plate: 
oa* 

w A - 0.289 

w .„ - 0.371 3^ 

r-a, * - t/2 D 

Supported At Three Points 120 Peg Apart; 



Load P at Center 



0. 0670 



r-0 

Uniformly Loaded 



r-0 



0. 1137 



Pa 1 



ail 



Edge Supported, Linearly 
Distributed Load 
Symmetrical About 
Diameter 



max M 



oa a ft*uKl*3u) 
72(3**) 



at r ■ 0. 673 a 



max edge reaction per linear Inch - - qa 
max w ■ 0.042 « r « 0.503 a (** • 0.3) 
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B9-3. 1-2 Annular, Uniform-Thickness Plates 

Solutions for annular circular plates with a central hole are tabulated in 
Table B9-4. 

B9. 3-1.3 Solid, Nonuniform-Thickness Plates 

For the plates treated here, the thickness is a function of the radial dis- 
tance, and the acting load is symmetrical with respect to the center of the plate. 

I. Linearlv Varving Thickness : 

The plate of this type is shown in Fig- B9-6. 




(bl 

FIGURE B9-6. CIRCULAR PLATE WITH LINEARLY VARYING THICKNESS 
Tables B&-5 and B9-6 give the deflection w and values of bending 
moments of the plate in two cases of loading. To calculate the bending moment 
at the center In the case of a central load P, one may assume a uniform distri- 
bution of that load over a small circular area of a radius c. The moment 



M ■ M at r ■ 0 can be expressed in the form 
r t 



M 



max 



4?r \ c W J 



(28) 
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Table B9-4. Solutions For Annular, Uniform- Thickness Plates 




Cut 


Formulaj For Daflacnon And Momcau 


Oitar Edfa Supporwd. 
Uoiform Load Ovar 
Enara Actual Surtaoa 


Ac lanar Edfa: 

"™ M B M t " aU^-b'lf*'* 3 * "* * b*(i -**) - 4aV - 4( l * d)*V lot |j 
Wbaa b la Vary Small 

max M - M { - 321(3 * H) 

mlIT - q[»*f5*M , b*|7*3u) »Vf3*u) *V(3*u) l 
80[^9<1*m) 3(1**) 2(1**i) 2(1.(*) 

2aVf 1 /. a\ : 
- fa'-bW--")( 1( *bV 


Oiur Edfa ClimMd, 
Uniform Load Otr 
Enttra Actual Surfaca 

pn — crq. 


At Outar Edga: 

_ f b*(l -u) . *o*(l *u) loc i - 
max M - i a J - Jb* ♦ 0 


r 8 [ a'U -i*) * b*(i*n) J 
max w - jJsj** * Sb 4 - *aV ♦ Bb* loff ~ 

I9b'(l*i.) - *aV(3*«) . ttV(i*ii]j loc ~ - l«aV(i * uiflof r)' 
a'(i -it) * b-(i 

4aV - 2aVfl* u ) - 2b*f 1 -ui) 
a'(l -m) * b»(l *m> | 


Outar Edfa Supported, 
Uniform Load Aloof 
lunar Edfa 

p 

I 1 


At Inaar Edfa: 

lifef 81 *^ - r^HrfW-?)"] 







page t>.**% 12. 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Table B9-4. (Continued) 



Formula* For Daflacuoa And Homaou 



Qatar Edfa Clara pad, 
Uniform Load Aloag 
Edfa 



^ 1 1 
3 



At Ousar Edfai 



r 4» 



At Inoar Edfa: 



M . 2! 

t 4r 



1 - 



1 * 



2b 1 - 2b* (1 * *J lot * 

b 



a*d - b*n *«J - 2(1 - *i l /a 2 loc i 

b 

(!*'(! -I*) * *U *M) 



M vnaa j > 2. 4 



S u ppo na d Aloof 
Coacaamc Clrcia 
Nnr Oucar Edfa, 
Ualform Load Aloof 
Coneeatrlc Circle 

Nnr laaar Edfa 

_!===!_ 

I i I i T 



At laaar Edfai 
max at ■ 



Laaar Edfa Supportad, 
ITatterm Load Ormr 
Eattra Actual Surtaco 



At laaar Edfai 



Ax Our Edfat 



f 



4aV(3 - u)(l *u! 



(1 



n - ^ 10 * b) J 



Ouaar Edfa Find 



laaar Edfa Ftacod. 
Uatform Load Ovar 
Eaura Actual ftirtaca 



At Oucar Edfai 



At Laaar Edfa: 



[a-^-^^V^i.^lo,!) 1 ] 



-3_ 

•40 
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Table B9-4. (Continued) 



Cut 



Formulae For Deflection Add Monetae 



Outar Edge Fixed Aod 
Supported, Inner Edge 
Fixed. Uniform Load 
Along Inner Edge 



At Outer Edge: 



At Inner Edge: 



Inner Edge Fixed And 
Supported. Uniform 
Load Ovtr Enure 
Actuai Surface 



At Inner Edge: 



M - | 

r S 



At Outar Edget 



'*n,'(l*fO lOf j - a*(l+3*) * b*(l-n) * **Vu 



MDj ■Ml***) * o*< I - it) 

4«Vfft s (a -«) * b*( L * u>| lot | * uVoVl + w^iog 



lunar Edge Fixed And 
Supportad, Uniform 
Load Along Outer Edge 



At Inner Edge: 

p 

max M - — 
r *» 

At Outer Edfa: 



P 



2a*( I * n) lot r * *H \ - ») - b*f 1 - .*) 



*«(3 -n> - b 4 ( 1 - ** ) . 2aV(i*M) - aaV lot r 



ai(l ♦ u) * o*( 1 - a) 

4nVffM)(Lot J)' 

a*f l*tO ♦ b*( 1 -u) 



Outer Edge Fixed. 
Uniform Moment 
Aloof Inner Edge 



At Inner Edget 



aV - b« - laV log r 



At Outer Edge: 



H - M 

r 



2b* 1 



Inner Edge Fixed. 
Uniform Moment 
Along Outer Edge 



At Inner Edge: 

max M - M 

r 

At Outer Edgei 

M 
2D 



2a* 



{l-ata 1 * (l -wjb* 



a* - aV - 2aV Lot • 

**{ I * ft) *• &*{ 1 - -> 
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Table B9-4. (Continued) 



Case 



Outer Edge Supported . 

Unequal Uniform 
Momenta Along Edges 



Formal* a For Deflection and Momenta 



M 



1 



M a - b'M^ . i£(M a - M b ) 



(1-M) 



Outer Edge Supported, 
loner Edge Fixed, 
Uniform Load Over 
Entire Actual Surface 



At Inner Edge: 



max M 



r 6 



4aVfl*M) log g - a 4 (3 + M> * a : b 2 <S - m) 



ja* - 3b 4 



r(i * m) * b'( 1 - **) 



♦ 2aV - SaV Log - 



i6( I * d)aV log 2 | * [4(7 * 3m) a V - 4(5 * 3m)] tog | 
a*(l + M> * b*(l -M) " 

4f4*M)aV - 2(3 -u)a' - 2(5*tf)a 2 b 4 J 
a J (l + M) - b*(l - ^ * 



Both Edges Fixed, 
Balanced Loading 

( Piston) 



••eata 2 -* 2 ! 



At Inner Edge: 
max M 




max w ■ 



S4D 



3a 4 - 4a 2 b 2 + b 4 * 4a V log - - ^Tp( log ?. 



nrn rrm 



Outer Edge Supported, 
Inner Edge Free, 
Uniform Load On 
Concentric Circular 
Ring of Radius, r 0 



At Inner Edge: 



max M * — — 

t 4* 



j(l -m) * (l*u) log i - (1 -**)^T 



efa 1 <• b*) 
(a' - tr) 



P fa 2 -b J )(3*M: 



ffrD 2(1 + U) 



(b 2 *r 0 2 ) log - - 2a : (1 J M) 



c 

20 



2a z b l 



( l + m) (a* - °-)( 1 - u) 



Log 



where 



i j(l -m) «■ 2(1* Mi log i - (1 -m) j£ 
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Table B9-4. (Concluded) 



Formula* For Deflection tad Momenta 



Outer £dn Fixed, 
Inner Edge Free, 
Uniform Load Of 
Concentric Circular 
Ring Of Radlua, r, 



i 1 ' 1 t 



Ac lunar Edfei 



At Outer Edffe: 



P f u'-r^ya' ... , a 



'b* * 21'b 1 tof i - aV 

b 

&{ 1 * u) * i l ( 1 - a) 



Central Couple 
Balanced By Linearly 
Olatnbuted Presaure 



At loner Edget 



max M ■ 3— wtwre 
r &a 



en/el 3 



a 

b 


L 29 


L50 


2 


3 


4 


9 


0 


0. 1629 


0.4M 


L 106 


2.23 


3.3S9 


4.470 



(** - 0.3) 



Concentrated Load 
Applied At Outar £dfe 



At Inner Edfei 



a 

b 


1.29 


1.30 


2 


3 


4 


S 


a 


3.7 


4.2S 


S.2 


9.7 


7. » 


9.9 



lor ii * 0.3 
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Table B9-5. Deflections and Beading Moments of Clamped Circular 
Plates Loaded Uniformly (Fig- B9-6a)(fi - 0.25) 



b 
a 


qa 4 

a 


M r -0qa 2 


M t -0 t qa 2 


r-0 

J3 


r-b 

0 


r»a 


r-0 

ft 


r-b 
fix 


r*a 


0. 2 


0. 008 


0. 0122 


0. 0040 


.0. 161 


0. 0122 


0. 0078 


-0. 040 


0.4 


0. 042 


0- 0332 


0. 0007 


-0. 156 


0. 0332 


0. 0157 


-0. 039 


0. 6 


0.094 


0. 0543 


-0. 0188 


-0. 149 


0. 0543 


0. 0149 


-0. 037 


0. 8 


0. 148 


0. 0709 


-0. 0591 


-0. 140 


0. 0709 


0. 0009 


-0. 035 


1.0 


0. 176 


0. 0781 


-0. 125 


-0. 125 


0. 0781 


-0. 031 


-0. 031 



Table B9-6. Deflections and Bending Moments of Clamped Circular 
Plates Under a Central Load (Fig. B9-6b) « 0.25) 





Pa 2 

w ■ or — n 

max Eh* 


M - M 

r t 


M 

r 


-0P 


M - 

t 


ft* 




r-0 


r-b 


r - a 


r-b 


r - a 


b 














a 


a 


n 




0 


fix 


0i 


0.2 


0. 031 


-0. 114 


-0. 034 


-0. 129 


-0. 028 


.0. 032 


0.4 


0. 093 


-0. 051 


-0. 040 


-0. 112 


-0. 034 


-0. 028 


0.6 


0. 155 


-0. 021 


•0.050 


-0. 096 


-0.044 


-0. 024 


0.8 


0. 203 


-0. 005 


-0. 063 


-0. 084 


-0. 057 


-0. 021 


1.0 


0.224 


0 


-0. 080 


-0. 080 


-0. 020 


-0. 020 



<s o C d _ x ~y 
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The last term is due to the nonuniformity of the thickness of the plate and the 
coefficient y x is given in Table B9-6. 

Symmetrical deformation of plates such as those shown in Fig. B9-7 have 
been investigated and some results are given in Tables B9-7, B9-8, and B9-9. 




(b> 




FIGURE B9-7. TAPERED CIRCULAR PLATE 
For bending moments under central load P (Fig- B9-7b) the following equation 
is true (y 2 is given in Table B9-8) : 



M 



max 4t 



(29) 
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Table B9-7. Deflections and Bending Moments of Simply Supported 
Plates Under Uniform Load (Fig. B9-7a)(M " 0.25) 





oa* 

w • a ±m 

max Eno 


M ■ 

r 


0qa 2 






r « 0 


a 

r " 2 


r * 0 


a 

™2 


r « a 




Of 


0 




fix 


01 


0i 


1. 00 


0.738 


0. 203 


0.152 


0.203 


0. 176 


0. 094 


1.50 


1.26 


0. 257 


0. 176 


0.257 


0. 173 


0. 054 


2.33 


2. 04 


0.304 


0. 195 


0.304 


0. 167 


0. 029 



Table B9-8. Deflections and Bending Moments of Simply Supported 
Circular Plates Under Central Load (Fig. B9-7b)(M - 0.25) 







Pa 2 
Eh? 


M r -M t 


M r » 0P 


M t 


-0 t P 




w » a 

max 


r »0 


a 

r " 2 


a 

r * 2 


r * a 




a 




yi 


0 


0i 


0i 


L00 


0.582 




0 


0. 069 


0. 129 


0. 060 


1.50 


0. 93 




0.029 


0. 088 


0. 123 


0. 033 


2.33 


1.39 




0. 059 


0. 102 


0. 116 


0. 016 



Table B9-9. Bending Moments of a Circular Plate With Central Load 
And Uniformly Distributed Reacting Pressure (Fig. B9-7cJ Cm ' 0.25J 





M « M 
r t 


M - 0P 

r 




M t ■ 


■ 0lP 




r- 0 


a 

f ■ 2 


a 

r " 2 




r ■ a 


hi 


y% 


0 


01 




0i 


1. 00 


-0. 065 


0. 021 


0. 073 




0. 030 


1.50 


-0. 053 


0.032 


0. 068 




0. 016 


2. 33 


-0. 038 


0. 040 


0. 063 




0. 007 



oaoe <o-^9 
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Of practical interest is a combination of loadings shown in Figs. B9-7a 
and b. For this case the y 2 to be used in equation (29) is given in Table B9-9. 
n. Nonlinear Varying Thickness: 

In many cases the variation of the plate thickness can be represented 
with sufficient accuracy by the equation 

y « e^ /6 (30) 
in which 0 is a constant that must be chosen in each particular case so that it 
approximates as closely as possible the actual proportions of the plate. The 
variation of thickness along a diameter of a plate corresponding to various 
values of the constant 0 is shown in Fig. B9-8. 




FIGURE B9-8. VARIATION OF PLATE THICKNESS FOR CIRCULAR PLATES 
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Solutions for this type of variation for uniformly loaded plates with both 
clamped edges and simply supported edges are given in Reference 1, pages 
301-302- 

B9. 3. 1-4 Annular Plates with Linearly Varying Thickness 

Consider the case of a circular plate with a concentric hole and a thick- 
ness varying as shown in Fig. B9-9. 



i 




FIGURE B9-9. ANNULAR PLATE WITH LINEARLY VARYING THICKNESS 
The plate carries a uniformly distributed surface load q and a line load 
p « P/2rb uniformly distributed along the edge of the hole- 
Table B9-10 gives values of coefficients k and kj, to be used in the fol- 
lowing expressions for the numerically largest stress and the largest deflection 
■ 

of the plate: 



qa' 



max 



qa 4 
k, Eh. 



or 



or 



max 



Pa 2 



(31) 
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Table B9-10. Values of Coefficients in Equations (31) for Various Values 

of the Ratio | (Fig. B9-9)(y - j) 





b 




Cut 


Co«f- 
Qclam 


L 23 


1.5 


2 


3 


4 


5 


Boundary 


t 


k 


0.249 


0. 638 


3. 96 


13. 64 


26. 0 


40.6 


P - »q{a : - bM 

M » 0 
a 


is 


0. 00372 


0.0453 


0.401 


2. 12 


4.25 


6. 28 


^^^^ ™» ^^^i 

\ " t 


k 


0. 149 


o. m 


2.23 


5.57 


7. 78 


9. 18 


P - 0 

•»■• 

M - 0 
a 




0.00551 


0.0554 


0.412 


1.873 


2.79 


3.37 




k 


0. 1275 


0.315 


2.03 


7.97 


17.35 


30. 0 


P - »q(a ! - b l ) 
o ■ 0 

0 

• - 0 
a 




0.00105 


0.0113 


0.0934 


0.537 


1.281 


2. 16 


D=OCJ 


k 


0. 13 1 


0.3M 


l. o»i 


3.31 


6. 55 


10.76 


q • 0 

• - 0 

a 




0. 00174 


0.0112 


0.0408 


0.281 


0. 346 


0. 376 


D=C« 

t ! 


k 


0.333 


0.533 


2.83 


6.88 


11.47 


18.51 


q m o 
• b *° 

M • 0 
a 




0. 00818 


0. 0313 


0. 343 


1.358 


2. 39 


3.27 




k 


0. 0783 


0.208 


0.52 


L27 


L94 


2.52 


P - 0 

•b-° 

• - 0 

a 




0. 000*2 


0.008 


0.0486 


0. 193 




0.348 


0.482 



Daoe (o.^.ll 
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B9. 3. 1.5 Sector of a Circular Plate 

The general solution developed for circular plates can also be adapted 
for a plate in the form of a sector (Fig. B9-10), the straight edges of which are 
simply supported. For a uniformly loaded plate simply supported along the 
straight and circular edges the expressions for the deflections and bending 
moments at a given point can be represented in each particular case by the fol- 
lowing formulas: 

w - a^ t M r - 0 qa 2 , M fc « ft qa 2 , (32) 

in which a, 0 , and ft are numerical factors. Several values of these factors for 
points taken on the axis of symmetry of a sector are given in Table B9-11. 

The coefficients for the case of a 
sector clamped along the circular boun- 
dary simply supported along the 
straight edges are given in Table B9-12. 

FIGURE B9-10. SECTOR OF A It can be seen that in this case the maxi- 
CIRCLTAR PLATE 

mum bending stress occurs at the mid- 
point of the unsupported circular edge. The following equation is used for the 
case when ir/k » ir/2 

qa* 

w - 0.0633 *— 
max D 

The bending moment at the same point is 

M fc - 0. 1331 qa 2 
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Table B9-U. Values of the Factors a , 0, and Bj for Various Angles - 
of a Sector Simply Supported at the Boundary (m = 0.3; 



If 


r 1 
■ *~ 
a 4 


r 1 
I * 2 




r_ 
% 


3 
4 






r 
a 


- 1 


k 




































a 


3 




*\ . 


a 


0 




a 




3 




a 


3 




w 
4 


0. 


00006 


-0. 00 IS 


0. 


0093 


0. 00033 


0. 0069 


0.0183 


0. 00049 


0. 


0161 


0. 0169 


0 


0 


0. 0025 


T 

3 


0. 


00019 


.0. 0023 


0. 


OITT 


0. 00080 


0. 0149 


0. 0255 


0. 00092 


0. 


0243 


0.0213 


0 


0 


0.0044 


IT 

2 


0. 


00092 


0. 0036 


0. 


0319 


0. 00225 


0. 0353 


0.0352 


0. 00203 


0. 


0381 


0. 0286 


0 


0 


0. 0O88 


T 


o. 


00589 


0. 0692 


0. 


0357 


0.00811 


0. 0868 


0.0515 


0. 00360 


0. 


0617 


0. 0468 


0 


0 


0. 0221 



Table B9-12. Values of the Coefficients a and £ for Various Angles r 

k 

of a Sector Clamped Along the Circular Boundary and Simply 
Supported Along the Straight Edges (u » 0.3) 





r 


1 

m —> 


r 


1 
— 




3 




1F 


a 


4 


a 


2 


a 


4 


- - i 

a 


k 


a 




a 


0 


O! 


(3 


a 




IF 

4 


0. 00005 


-0. 0008 


0. 00026 


0. 0087 


0. 00028 


0. 0107 


0 


-0. 025 


IT 

3 


0. 00017 


-0. 0006 


0. 00057 


0. 0143 


0. 00047 


0. 0123 


0 


-0. 034 


IF 

o 


0. 00063 


0. 0068 


0- 00132 


0. 0272 


0. 00082 


0-0113 


0 


-0. 0488 


T 


0. 00293 


0. 0472 


0. 00337 


0. 0446 


0. 00153 


0. 0016 


0 


-0. 0756 
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In the general case of a plate having the form of a circular sector with radial 
edges clamped or free, one must apply approximate methods. Another problem 
which allows an exact solution is that of bending of a plate clamped along two cir- 
cular arcs. Data regarding the clamped semicircular plate are given in Table 
B9-13. 

Table B9-13. Values of the Factors a, /3, and & x for a 
Semicircular Plate Clamped Along the Boundary (m ■ 0.3 ) 



Load 
Distribution 


£-0 

a 


- - 0.483 
a 

^ max 


- ■ 0. 486 

a 

a 

max 


- - 0.525 
a 

a 

lmax 


^-1 
a 


Uniform Load q 

V 

Hydrostatic Load q "~ 
a 


-Q. 0731 
-0. 0276 


0. 0355 


0. 00202 


0.0194 


-0. 0584 
-0. 0355 




I. Annular Sectored Plate: .SlMPUY SUPPORTED 

For a semicircular annular 
sectored plate with outer edge sup- 
ported and the other edges free, with 
uniform load over the entire actual 
surface as shown in Fig. B9-11, the equations for maximum moment and deflec- 

tion are: 

At A 

M t .,c^-i)[c,(l.v ? f).c ! ( 1 -v ! 'f). f]K , 



FREE 

FIGURE B9-11. ANNULAR 
SECTORED PLATE 
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At B 



where 




fa , I, 0.625t \G / bV 
t 0.625t \ G /. b V 



K is a function of rr^ and has the following values: 



b-c _ 
b+c " 


0. 05 


0. 10 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 


1.0 


K* 


2-33 


2.20 


1.95 


1. 75 


1.58 


1. 44 


1. 32 


1. 22 


1. 13 


1. 06 


1. 0 



B9. 3. 2 Rectangular Plates 



Solutions for many rectangular plate problems with various loadings and 
boundary conditions are given in Tables B9-14 through 18. For loads and 
boundary conditions not covered here, solutions can be found by applying the 
various theoretical, approximate, or complete solutions discussed in 
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Table B9-14. Solutions for Rectangular PLates 



b/a ■ a 



■Ail Ufw Swpporua. 
U alarm Laad 0*«r 
Iimra Surlse* 



Ai Cttar: 

m • (8. can * a.ot37« : 



J. 



b (l*l.«la*) 



0. UC 
( 1 - 2.21*') 



Cmmkim Clmkr 
Of Itaaxaa. r, 



0. 203 rV 



13XH 1 • 0.442a*) 





1 4 la taaaal la ta* MlnU| (* • 0,3)i 









■ « 


> a 






X 


0 


0.2 


0.4 


0.0 


0.0 


LO 


0 




L03 


LU 


LU 


o.aa 


0.74 


0.2 


L«2 


L30 


LM 


0. N 


0.70 


0.43 


4.4 


L 20 


LOT 


0.04 


0.73 


0.«2 


0.S2 


0.0 


L L2 


0.M 


0.71 


0.4* 


0.32 


0.43 


0.1 


o.tt 


0.70 


0.12 


0.S1 


0. 42 


0.34 


L0 


0.70 


0.03 


0.02 


0.42 


0.21 


0.34 








a • 


L4* 






*\ 


0 


0.2 


0.4 


0.0 


L2 


L4 


0 




2.0 


LU 


L 12 


0.04 


0.TS 


0.2 


1.71 


L43 


L.23 


0.H 


0.74 


0.44 


0.4 


1.2* 


LU 


LN 


0.00 


0.02 


0.U 


0.1 


1. 10 


0.11 


0.43 


Q.C4 


0.33 


0.47 


0.1 


0.M 


a. to 


0.4* 


0.27 


o.a 


0.40 


L0 


4. 71 


0.4* 


0.ST 


0.47 


0.31 


0.33 








a " 


2ft 






X 




0.4 


0.0 


1.2 


1.0 


2.0 


o - 




L44 


L10 


o. r 


0.71 


0.44 


0.2 


ura 


LJ1 


LOS 


0.44 


0.40 


0.27 


0.4 


1.02 


L« 


0. M 


0,74 


0.00 


0.S0 


0.0 


1.0* 


0. M 


0. Tl 


0.04 


0.24 


0.44 


0.1 


0. IT 


0.71 


0.03 


0.M 


0.44 


0.30 


LO 


0.71 


0.41 


0.U 


0.42 


0.50 


0.30 
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Table B9-14. (Continued) 



All EdffM Supported, 
Distributed Load Virrtoc 
Lioeaxly Aloof Laofth 



9 * i 



* - a 



I? 



vbtrt 3 ud 3 »n fouad id Cba foUowioc: 



a 

b 


1 


1.3 


2.0 


2.S 


3.0 


3.5 


4. 0 


0 


0. It 


0.23 


0.34 


0.38 0.43 


0. 47 


0.4» 


a 


0.022 


0. 043 


0. M0 


0. 070 


0.078 


0. ose 


0. 051 



All Edf** Supportad, 
Dtatrlbuiad Load Varyiof 
Unaarty Aloof Brandts 



- * V 



■ 6 tMn J and d in found in toilowai 



a 

b 


1 


1.5 


2.0 


2.5 


3. 0 


3.3 


4. 0 


a 


0. 11 


0.2ft 


0. 32 


0.35 


0.37 


0. 38 


0.38 


6 


0.022 


0.042 | 0.04* 


0. 0*3 


0. 0«7 1 0. 069 


0. 070 



Ail Edfaa runad. 
Uniform Load Ovar 
Eoara Surfaea 



At Cancan o( Loaf CdfMi 

M - ^ 

Ut 1 - 0, 823a-) 



AC Cantors of Soon Edfaai 

» 24 
At Casta r - 



0. QSaa ab* 

■n « - .. , * . u formula* for Si. u • 0.3; otban u - 0 

(1 * LOSIo 7 ) ET b 



Oaa Loa« Edaa Fixed. 
Othar Free, Soon Edfaa 
Supported. Uniform Load 
Ov«r EaUre Surface 



At Conner of Fixed Edfe- 

* - M b " 2(1* Liar 1 ) 
At Canatr of Fraa Edaai 

(#* • 0.3J 



I. TTqfl 4 
Er( 1 - 10a*) 



CM Loaf Edf« Clamped, 
Otter ToToo Edfaa 

S up port a d. Uatform Load 
Ovar Eattra Surface 



9 • s 2jl "om » - 23§jl 

waara 0 aad o? oaay ba found from too (ollowia-p 



1 

b 


1.0 


1.5 


a.o 


2.5 


3. 0 1 3. 5 


4. 0 


J 


0. 30 


o.rr 


0.73 


0. 74 


0. 74 


0.75 


0. T3 


a 


0. 0*1 


0. 044 


0. 054 


0.038 | 0. 057 


0. 038 


0. OSS 



(» • 0.31 
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Table B9-14. (Continued) 



Omr Eattra Sunm 



Om Snort Edff* Fraa, 
OOwr Tbraa U|« 
Siajoortad. Uailonm Load 
Oar Enor* Startaca 



Qh Short Ed«* rraa. 
Oabar Thraa CdfW 



iMd Virrui Uanrty 



Om Load £o*a rraa. 
Otter Tkrmm Eocaa 

mini —1 Uallorm Lead 
Ow Eaura Suriaca 



I T 



# - a *r *■* w ■ "Sr 

aay ba louod Irem taa follower- 



a 

b 


1.0 


1.5 


1.0 


2.4 


3.0 


3.S 


4.0 


J 


0. AO 


0. 1? 


0,73 


0.74 


0.T5 1 0.TS 


0.T5 


a 


0. 03 1 0. 071 | 0- 101 


0. 1ZZ 


a. L32 


0. 137 


0. 139 



I* . D.J) 



r 



nut 9 

tttn d sad a ara (oand (rom Oa followiof 



aob' 
Er 



b 


L0 


LS 


2.0 


4.0 


4 | O.iT 


0. 77 | 0. 7t 


0. so 


i 


0. 14 | t\. U 


0. 145 


o. irr 



{* • 1.3) 



3qo- 
r 



waara J aad •> ara found from dM following: 



a 1 

b l.o 


i.i 


2.0 


2.4 


3. 0 


3.3 


4.0 


i 


0.2 


0.U 


0.32 


0.38 


0. 3« 


0.37 


0.37 


a 


0.O4 


o. oa 


0.05* 


0. 0M 


0. i)67 


0. 0M 1 0- 970 



(» - 0.3) 



Jqtr 
1 r 

a ara f< 



£r 



from 



a 








b 


L.0 


1.3 


2.0 




CL*7 


0.45 


0.3f 


a 


0. 14 


0. 1 OS 


0. J80 



U * 0.3) 



Oaa Lobs, Edf* Traa. 

Otk#r Thraa Edgae 
SuBpenad. OUcrtboMd 
Load Varying LUnarty 
AUmvj Langtn 



IDOIa^aaaMBi 



ago* 

Er 



w««r« J and * ara (oand Iram tba following: 



a 








b 


UO 


L4 


2.0 


J 


0.2 


0. IS 


0. u 


a 


0.04 


0.033 


0. OSS 




U - 0.3) 



r A ^ 
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Table B9-14. (Continued) 



All Edges Fixed. Uniform 
Load Over Small 
Coocentrlc Circular 
Area Of Radius, r, 




At Center: 



1***) Loff — * 5(1 



o)J- 



Pb' 
12 



wtiere 8 haa values aa follows: 



a 

b 


4 


2 


1 


J 


0.072 


0. 0816 


0. 0624 



Loaf Edges Fixed. Short 
Edges Supported * 
Uniform Load Over 
EaOre Surface 



en 



TT 



Ai Centers of Long Edgeei 



*b 12(1- 0.2a*) 
Ac Center: 



M 



b 24( 



^—1 

1 ♦ 0. te' 



B qb'fl* 0.3a 3 ) 
80 



( a- o) 



Short Edges Fixed, 
Lone Edges S up porte d . 
Uniform Load Over 
Entire Surface 



{ I II II II \ 
I 2 1 



At Centers of Short Edges: 

max M • M • ■ ^ 

a 8(1* 0-Sa 1 

At Ceastri 



*b * 3(1 *0.8a- 4 * Sa*) 



0. 0l3qb : (l * 2a 1 ) 

TTT*} 



U - o) 



All Edges Supported, 
Distributed Load la Form 
of Triangular Prism 



max M • £qb* ma 
0 tad a found from the following: 



ago* 
D 



a 

b 


L0 


US 


2.0 


3.0 


• 


0 


0.034 


0.0548 


0. 0707 


0. 0922 


0. 1230 


a 


0.00263 


0. 00308 


0. 00898 


0. 0OS88 


0. 01302 








0.3) 







oaae £.4-. So 



All fc>bj«a Hu|>porlnl, 
UnllurPily IllalrlbufcJ 




4>M fcdga l lHod, 0|l|MMk« 

Fr*a, (Hkar tdgo* 
Bufiporlud, CoMcatraluJ 
lAtiMl Ua t^nlar 
Ot I r*« fcibja 




Al Cwalari 



Ml 



•MJb 1 



jl,, aitl (■ ara loumJ (row l»* lollowlagi 



b 
■ 


« 






• 


• . lift* 




l.ftftO 


• ft 


•. INI 


• Ml 


•. Tift 


#. 74 


•. MM 


•.III 


«7a 


t.M 




ft. Ml 




l.i« 


•. KIM 


ft. Ml 


r m« 


t.M 


•-•174 


ft. 14 J 


-t.il* 



Ob t'raa KJgn 



.It.' 

n 



H 
•> 

cr 



W 
i 



a 


■ 


b 

I 


b 

i 


b 








• 


t. Mil 


ft. I&ft 


•. in 


• MM 


•m« 






Al CaaJar ol I'latal bkjai M ■ 


• *P wbcra 








b 
■ 


1 


a 


I.I 


1 


2 

a 


• s 


•. 21 


0 


-•. •oeoil 


.•.•in 


-a. Nil 


-a. i«i 




-0.131 


-•. 1*7 



5 

r- 

O „ 
-< |c/» 

O 

Q 
to 

m 
-< 

g 

01 

6 



c 



r 



n 



Table 139-15. Coefficients For Maximum Momenta For Various Ix>ada, 
Mate With Three Sides Fixed, One Free (u <= 0, 2) 



FREE f , 



/TTTfTTTTTTTTfTTTTf 




1/4 

1/2 

a/4 
1 

3/2 



0. 0062 lib 1 
0. 02U9 qb 2 
0. 0476 qb 1 
0. 0852 qb* 
0. 1788 qb 2 
0. 26 13 qb 2 
0. U:i04 qb 1 



2/3 k 



0. 005 1 qb* 
0. 01 84 qb 1 
0. 0330 qb 1 
0. 0433 qb 1 
0. 00 17 qb 1 
0. 0757 qb 1 
0. 1036 qb 1 



0. 0044 qb 1 
0.0105 qb 1 
0.0140 qb 1 
0.0131 qb 2 
0. 0140 qb 1 
0.0136 qb 2 
0.0146 qb 2 



0. 0030 qb 2 
0.0114 qb 2 
0. 0208 qb 2 
0. 0277 qb 1 
0. 0433 qb 2 
0. 0044 qb 1 
0. 0857 qb 2 



A 



2/3 b 



0. 0032 qb 1 
0. 0084 qb 1 
0.0131 qb 2 
0.0165 qb 1 
0. 0190 qb 2 
0. 0208 qb 2 
0. 0270 qb 1 



4} n 



0. 0017 qb 1 
0. 0040 qb 2 
0. 005 1 qb 2 
0. 0050 qb 2 
0. 0042 qb 1 
0. 0039 qb 2 
0. 003B qb 1 



A 



b/8 



0. 0004 qb 
0. 0009 qb 
0.0013 qb 
0. 0012 qb 
0. 0010 qb 
0. 0008 qb 
0. 0006 qb 



1. 000 M 
1.000 M 
1. 1461 M 
1.3043 M 
1.0292 M 
1.7779 M 
1.7980 M 



0.0471 Pb 
0. 1522 Pb 
0. 2723 Pb 
0. 3938 Pb 
0.6266 Pb 
0.8094 Pb 
0. 9388 Pb 



Tabic 1)9-16. Coefficients For Maximum Momenta For Various Loads, 
Plate With Three Sides Fixed, One Hinged (p - 0.2) 



HINGEO 



\ 



1/4 
1/2 
3/4 
1 

a/2 

2 

a 



7*7/ 



0.0052 qb 2 
0.0201 qb 2 
0.0403 qb* 
0. 0572 tilt 1 
0.0695 qb 1 
0.0004 qb 1 
-0.0704 qb 2 



2/3 b 



0.0051 qb* 
0.0185 qb 1 
0.0329 qb 1 
0.0425 qb 1 
0. 0472 qb 1 
0.0451 qb 2 
-0. 0477 qb 2 



^b/3 



0.0044 qb 2 
0.0105 qb 1 
0.0132qb s 
0.0131 qb 2 
0.0132 qb 2 
0.0120 qb 2 
-0.0111 qb 2 



0. 0038 qb 2 
0.0114 qb 1 
0. 0207 qb 1 
0. 0269 qb 2 
0.0302 qb 2 
0. 0289 qb 1 
0.0297 qb* 



A 



2/3b 



0.0032 qb 2 
0.0084 qb 2 
0.0131 qb 2 
0.0163 qb 2 
0.0176 qb 1 
0.0161 qb 2 
■0.0154 qb 2 



0.0017 qb 7 
0.0040 qlJ 
0.0051 qb 2 
0. 0050 qb 2 
0.0041 qb 1 
0.0035 q\f 
-0.0029 qb 2 



b/ft 



0.0014 qb 1 
0. 0025 qb 2 
0.0027 qb 2 
0.0032 qb 2 
0.0036 qb 2 
0. 0038 qb 2 
0.0039 qb 2 



1.00 M 
1.00 M 
1.00 M 
1.00 M 
1.00 M 
1.00 M 
1.00 M 



c 



r 



D 

O 
© 

f 



Table U9-17. Coefficients For Maximum Momenta For Various Loads, Plate Fixed Along One Edge, 
Free On Opposite Edge And Hinged On Other Two Edges (fi = 0. 2) - 




1/4 

1/2 
3/4 
1 

3/2 
2 

3 



FREE 



SS 



ss 



rmrrmrmTTrm 



.0. 0080 qb 2 
.0. 0:il7 qb 1 
■0.0044 qb 1 
0. 1 108 qb 1 
0.2136 qb 1 
0. 3007 qb* 
0. 4084 qb 1 



2/1 fc 



0. 0073 qb 1 
0. 0200 qb 1 
0.0497 qb* 
0. 0757 qb 1 
0. 1216 qb s 
0. 1552 qb 1 
0. 1929 qb' 



0. 0006 qb x 
0.0177 qb 1 
0. 0250 qb 1 
0. 0317 qb 1 
0. 0406 qb 2 
0. 046 1 qb 1 
0. 0516 qb 2 



0. 006 1 qb 2 
0. 0199 qb 2 
0. 0353 qb 1 
0. 0535 qb 2 
0. 087 1 qb 2 
0. 1128 qb 1 
0. 1426 qb 2 



A 



1/3 b 



0. 0055 qb 1 
0.0150 qb 1 
0. 0243 qb 2 
0. 0333 qb 2 
0. 047 1 qb 1 
0. 0505 qb 1 
0. 0660 qb 2 



4> 



0. 0038 qb 2 
0. 0080 qb 2 
0.0101 qb 1 
0. 0122 qb 2 
0. 0147 qb 1 
0.0161 qb 1 
0. 0175 qb 2 



b/6 



T 



0. 0020 qb 2 
0. 0030 qb 2 
0. 0032 qb 2 
0. 0038 qb* 
0.0040qb 2 
0. 0043 ((b 2 
0. 0045 qb 2 



1.0 M 
1.0 M 
1.0 M 
1.0 M 
1.0 M 
1.0 M 
1.0 M 



.0.0534 Pb 
■0. 1300 Pb 
-0.2007 Pb 
-0. 2590 Pb 
-0.3114 Pb 
0.4831 Pb 
0.7513 Pb 



o 
m 

s 

r- 



? 

O 
O 

2 

O 

rn 

(/) 
-< 

i 

in 

6 



H 
31 

C 

o 

— I 

c 

31 



> 

z 
> 
I— 
< 

CO 

> 

c 
> 



Table 09-18. Coefficients For Maximum Moments For Various Loads, 
Plate Fixed On Two Adjacent Sides, Free On Oilier Sides (u = 0. 2) 



i FREE 

/ FREE 

L_ 



\ L 

\" d 

*'\ 


q 

b 

mi 


q 

— 2/3 b 


q 

a> 




k 


M- 


i 

^ b/6 
q^'T 


1/8 

1/4 
3/8 
1/2 
3/4 
1 


0. 00811 qb 2 
0. 0313 qb 2 
0. 0064 qb 2 
0. 1074 qb 2 
0. 2076 qb 1 
0.2949qb 2 


0. 0083 qb 1 
0. 0289 qb* 
0. 0495 qb 1 
0. 0775 qb 1 
0. 1262 qb 1 
0. 1605 qb 1 


0. 0057 qb 1 
0.0165 qb* 
0. 0238 qb 1 
0. 0310 qb 2 
0.0402 qb 2 
0. 0456 qb 2 


0. 0072 qb 1 
0. 0221 qb 2 
0. 0354 qb 2 
0. 0546 qb 2 
0. 0890 qb 2 
0.1157 qb 2 


0. 0066 qb 2 
0.0181 qb 2 
0. 0257 qb 2 
0. 0358 qb 2 
0. 0507 qb 2 
0. 0603 qb 2 


0. 004 1 qb 1 
0. 0087 qb* 
0.0118 qb 2 
O.OHOqb 2 
0.0167 qb 2 
0.0181 qb 2 


0. 0027 qb 2 
0. 0030 qb 2 
0. 0038 qb 2 
0. 0043 qb 2 
0. 0048 qb 2 
0. 0050 qb 2 



c 



r 
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B9.3.3 Elliptical Plates 

For plates whose boundary is the shape of an ellipse, solutions have 
been found for some common loadings. Table B9-19 presents the available 
solutions for elliptical plates. For additional information as to method of solu- 
tion to the plate differential equations see Reference 1. 
B9.3.4 Triangular Plates 

Solutions for several loadings on triangular shaped plates are presented 

in Table B9-20. 

B9. 3.5 Skew Plates 

Solutions have been obtained for skew plates in References 1 and 5. The 
significant results from these references are presented in Table B9-21. 



page 
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Table B9-19. Solutions For Elliptical, Solid Plates 



Edge Supported. 
Uniform Load Ov«r 
Entire Surface 


At Center: 

-0.3125(2 - 0)00* 
(0.146 - 0. lalqb* .. _ 1* 


Edge Supported, 
Uniform Load Owr 
Small Concentric 
Circular Area 
of Radius. r t 


At Center: 

max M - ■ £ [(l * m) log jjj- * 6.57* - 2.57ouj 

_ _ _ _ _ 55L/rt 14 ft fuSn \ (u. m ») 
nUUC W ■ pZT' u*a«; f* ^ ' 


Edge Fixed. Uniform 
Load Over Entire 
Surface 


At Edge: 

u qb2aJ m - qbI r 

a 4(3 * 2a : «• 3a 1 ) ' ^ 4(3 + 2a* * 3a 1 ) 
At Center: 

M a " 8(3^*3^ ' *b 8(3 - 2a< * 3a 1 ) 
m « w * 84D(6+t*^6a') 


Edge FUad. Uniform 

Load Over Small 
Concentric Circular 
Area of Radius, r« 


At Center: 

yi^ . P f* ^log i - 0.317a - 0.37«j 
PbVo.OfllS - 0. 026a),. _ A 




^7 
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Table B9-20. Solutions For Triangular Plates 



2/3 a 




Equllatanl Triaafla, 

Edava Supported, 
Dlwrllw rt Load Owr 
Culr* Surfam 



a m o. um SI u r - o, x - -o. oau 



SUM - 0. 

y 



■jT u y ■ 0. * • 0. 121 



(n - a. 3) 

(ji - 0.3) 



34 ZD 



CdfM Staiponad. Load P 

CoBcvDtrmtad At 0 
Ob Small Circular Am 
Of Radlua. r. 



. - 3(1 -n)P T 0. 378a 

r y 3Jf [ ^l.«r, . i- - 0. 



673t 



max v - 0.MSS2 



Pa 1 (1 - u 1 ) 



as point 0 



Rlfbt-Aogia laaacalaa 
Triasfla. Edfaa Supported, 
OUtrtbutad Load Ov«r 
Eoar* Surface 




ff -0.131 
I 



^ . max <r y • 0. 1123 *r 
oa 1 

00*9 «r (m • 0. 3) 



Equilateral Triaasla 
Wltb Two Or Tfcroe Edge* 
Clamped, L'mforra Or 
Hvdraataae Load 






Edf* v ■ 0 Supported 




Edfe y - 


0 Clampec 


1 


Load 
Dlambuaon 


it 


M 


M 


M 


M 


M 


M 


M 






*i 


a* 


>'J 


-V 


Xi 


a. 


yi 


I'aiforra J 


o. oua 


0. 0U7 


-0. 028S 


0 


0.0113 


0. 0110 


.0. 0238 


-0. 0238 


Hydrosade J t 


0. 0053 


0. 003S 


.0.0100 


0 


o. on i 


0. 0054 


-0. 0091 


-0. 0060 



(*• • 0.2) 



oaae &.*h SB 
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Table B9-21. Solutions for Skew Plates 




AU £df« Suoponad. 
Dumbtuo UMd Ovr 
Emir* Surlac* 







30 d*t 


45 a*t 




T5 


< 


0. SOI 


0. so 


0.4ft 


0.40 


0. ift 






> 0.2) 




Mtn u 








• 






4ft d«f 


tO 4«f 






0.7€J 


a.<u 


0. «37 


0.30 





a Fr«a. Catform 
Duma—a Lad Ow 



Uari Ovir Esara 9urtea» 



M • »oV 



m w 0 aaa i*i in 



Aacla « 

«•«) 


a 
b 


- 1 


i. 

b 


L.2S 


a 

b 


US 


a 

b 


2.0 


0 




3 


*l 


5 


if 


3 


* 


15 


0.084 


0. 001123 


O.Olt 


0.0OOM 


0.013 


0.00033 


0. 0007 


0.0O014 


M 


0.030 


0.00077 


0. Oil 


0.000*8 


0.0123 


0. OOQU 


0. 0073 


0. OOOOO 


4ft 


0. ou 


0. 00031 


0. Oil 


0.00033 


0.014 


0.00012 


0. 00ft 


0. 00004 


•0 


0.0033 


4.00011 


0.0032 


ft. 00000 


0. OOM 


0. 00003 


0. 0039 


0.00001 


TS 


0* 0023 


0. 000000 


0.0037 


0. ooooos 


0. 00123 


0.000009 


0.00123 





Alone rtaatf 

Ta« caafflcum i. for ibhtiwhi bndUf mmm aioaf tba 
•Of* as a itiniww (a (rv* (fea acuta «n»r is 



(M - 3,m 2 (or i • I) 



Saw Aasts 






(«*CJ 


J| 


f 


IS 


-0.0*73 


0.0 


30 


-0. 0400 


Q,*t 


4ft 


-0. 0390 


0.10 



Daoe 
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Data Source, Section 1 .3 Reference o 
7 ii Tngroducgion to M embranes 

7.U N^^laciare f°r Membranes 



5 



- Length dimension of membrane 

■ width dimension of membrane 

- diameter 

■ modulus of elasticity 

- calculated stress 

a calculated ffirriimnn stress 

- coefficients given in Figure 7.40 

• pressure 

- outside radius of circular membrane 

- cylindrical coordinate 

• chictaess of membrane 

• rectangular coordinates 

I c^ter^ef lection of circular membrane 
m Poisson's ratio 



7*12 Circular Membranes 

— «f m. circular membrane with the edge clamped unde- 
Figure 7.35 shows two views of a circular memo 

a uniform pressure, p. 

tt. d.fLcrion^i* U at *. cn»r and is g ivn * 



6V- 0.662 K 




ji.,,.-. » from the center is 
The deflection of the membrane at a distance, r, rrom * 

6 m 6^.11 



^[i- .0.(1 ) 2 - o.i(f) 3 



(7-32) 



(7-33) 
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3 


^ r 

6 





FIGURE 7.35. CIRCULAR MEMBRANE WITH CAMPED EDGE 
The streas at the cancer of this membrane is 

3, 



£ - 0.423 V 



■V 



while that at the edge is 

3 



£ - 0.32A V 



2 



(7-34) 



(7-33) 
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7.14 Long Rectangular Membranes 

Figur. 7.36 show, . long rectwgulir membra. > 5) ciamp.d *long ch. two 

long sides. 




FIGOTLE 7.36. LONG EECIANCULAB. KEHBfiANS CLAMPED ON TWO LONG SIDES 

The deflection and stress at the center of a long membrane clamped on all four 
sides are ao proximately the same aa thoee in ^ long membrane clamped along tfte 
two long sides. The maximum * tress and center deflection of the membrane in 
Figure 7.36 under uniform pressure p are given by Equations (7-36) and (7-37J. 



24(1 - u 2 )t 2 



6 1 

b " a 



24(1 - u*)pb 
EC 



1/3 



(7-36) 



(7-37) 



These equations are presented graphically in Figures 7.37 and 7.38 for M - 0-3 



A long rectangular plate may be considered to be a membrane if P/E(b/t) 
greater than 100. 



is 




P1CUHE 7,37 HAX1HUN STRESS IN LONG RECTANGULAR MEHURANES (a/b > 5) HELD ALONG LONG SIDES ( H « 0.3) 
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7.13 ShoTt Rectangular Membranes 

Figure 7.39 shows a short rectangular membrane (a/b < 5) clamped on four sides 
under a uniform pressure p. 





f 










inn 


in 




thicim«»« * t 






ZZ J 
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i. 




Mill 


in 







FIGURE 7.39. SHORT RECTANGULAR MEMBRANE dAMPED ON FOUR SIDES 

The deflection at the center of such a membrane is 

3 

6 - n^ a 

where a. is given in Figure 7,40. 




(7-38) 



The stresses at various locations on short rectangular membranes are given by 
the following equations for which the values of the coefficients through n^ 
are given in Figure 7.40, 



Center of place (x ■ b/Z, / - a/2) 
3 



(7-39) 



f - a. 

r 3 



(7-40) 
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Center of short side (x • b/"2, y ■ 0) 
Canter of long side (x - 0, y - a/2) 




It should be noted that the mudam membrane stress occurs at the canter of the 
long side of the piata. 



(7-41) 
(7-42) 
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FIGURE 7.40 COEFFICIENTS FOR EQUATIONS (7-38) THROUCH (7-44) 
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SECTION 7.0 

STIFFFNFD PLATES 

DATA IS PRESENTED FOR BUCKLING OF PLATES WITH VARIOUS 
STIFFENER CONFIGURATIONS. 

PAGE 

7.1 BUCKLING IN AXIAL COMPRESSION 7.1.1 

7.2 ANALYTICAL METHODS 7.2.1 

EFFECTIVE SKIN WIDTHS 7.2.4 

7.3 ISOGRID STRUCTURES 7.3.1 
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Data Source, Section 1 .3 Reference 3 



7.3.2 Buckling of Stiffened Flat Plates la Axial Compression 

The treataent of stiffen ad flat plataa la the same as that of unstiffened plataa 
except that the buckling coefficient, it, la now alao a function of the stiffener 
geometry. Equation (7-1) ia the basic analysia tool for the critical buckling 
atrasa* 

Aj taa stiffener design ia a part of taa total desiga, Figures 7-11 and 7-12 
present buckliag coefficients for various types of stiffener*. Taa applicable 
critical buckling aquation La Indicated on each figure* 

A plasticity reduction factory applicable to rharmai and Z- section stiff enara 
ia given by Equation (7-3) 




(7-3) 



For other structural elamanta such aa hat and rectangular sections, no specific 
plasticity correction factor haa been established* 



Valuesfor the buckling coefficient, k« , for axial ly stiffened, infinitely 
vide plates are given in Figure 7-13. 

Figure 7-14 presents curves for finding a value for k for plates with transverse 
stiffaners. It ia aotad that ia these plots, the torsional rigidity, GJ, of the 
stiff en er Itself is used, whereas in most data for longitudinal stiffaners, no 
torsional properties of the stiffaners are Included. 

Ia this brief section on buckling, an attaspt has been made to present data 
that is most often used for routine analysis. Should the user require a eort 
comprehensive tree men £ of buckling ^"References 3^ , 3~7 and 33 are excellent 
sources of additional data. 



Data Source, Section 1 .3 Reference 3 
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0 .2 .4 .6 .8 1.0 1.2 



(a) Channel and 2 Section Stiffeners 
FIGURE 7.11 8UCJCL 1 NG COEFFICIENTS FOR ST I F F EM ERS 
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(b) H Section Stiffeners 
7.11 (CONT'D) BUCKLING COEFFICIENTS FOR STlFFENERS 
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FIGURE 7.12 BUCKLIM3 STHSSS FOR HAT SECTION ST 1 FFEME RS < t-t f «t v -t t ) 



page 7-1.5 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMJCS/CONVAiR AND SPACE SYSTEMS DIVISION 



Buckling of Skin 
Restrained by Stiff ener 



Stiff ener 
by Skin 




FIGURE 7.13 COMPRESSIVE LOCAL BUCKLING COEFFICIENTS FOR INFINITELY 
WIDE IDEALIZED STIFFENED FLAT PLATES 
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b) Z-3«ction Scifftntrs. t /t, - 0.50 and 0,39 



FlttURE 7.13 (CONT'O) COMPRESSIVE LOCAL BUCKLIMff COEFFICIENTS FOR 
I NF I N ! TELY WIDE I 0 EAL I ZZD STIFFENED FLAT PLATES 



e 
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FIGURE 7.13 (CONT'D) COMPRESSIVE LOCAL BUCKLING COEFFICIENTS FOR. 

INFINITELY .WIDE IDEALIZED STIFFENED FLAT PLATES 
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Buckling 
S«« trained 

Stiff 



k V t 



y2 E /V 
1 -v.*> \ V 



,2 



.4 



1.3 



b /b 
v j 



1.2 



t b b 

d) T-5«ction Sei£f»n«r3. _w - 1.0; — f > LO; _v > 0,25 



IWRE 7.13 (COMT'O) COMPRESS I V E LOCAL BUCKLINS C0E=F!C!EN 
I NF ! N I TELY wrOS IDEALIZED ST!P==NE0 FLAT »LA7ES 



N/\CA TM. 2T7ZZ 
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(a) */b * 0.20 



FIGURE 7.11* LONGITUDINAL COMPRESSIVE BUCKLING COEFFICIENTS FOR 
SIMPLY SUPPORTED PLATES WITH TRANSVERSE S7IFFSMERS 
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(b) */b * 0*35 



FIGURE 7.1U (CONT'D) LONG I TUO I NAL COMPRESSIVE SUCKLING COEFFICIENTS 
FOR SIMPLY SUPPORT ED PLATES WITH TRANSVERSE ST 1 F«E NERS 
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7.3.3 Crisoliae Failure of Flat Stiffened Plates in Compression 

For stiffened pUtis having slenderness ratios V/p S 20, considered to be short 
plates, the failure mode is crippling rather than buckling when loaded in compres- 
sion. The crippling strength of individual stiffening elements is considered in 
Section 5.0 The crippling strength of panels stiffened by angla-cype elements 
is given by Equation (7-9). 



C i - "S»o>4 T*toiu«SE. . ? cy 



F cy 



(7-9) 



"or more complex stiffeners such as Y sections,- the relation of Equation ( 7- 10) 
is used to find a weighted value of tv 

— - Z * iH 

< 7 - L0 > 

where a« and tj, are the Length and thickness of the cross-aectional elements of 
the stiffener. Figure 7-13 shows the method of determining the value of g used 
in Equation (7-9) based on the number of cuts and flanges of the stiffened panels^ 
Figure 7-16 gives the coefficient $ % for various stiffening elements. 

If the skin material is different from the stiffener material* a weighted value 

of F c , given by Equation (7-11) should be used. Here t is the effective thiacness 

of the stiffened panel. 

The above relations assume the stiff ener- skin unit to be formed monolithicaliy; 
that is, the stiffener is an integral part of the skin. For riveted construction-, 
the failure between the rivets must be considered. The interrivet buckling stress 
is determined as to plate buckling stress, and is given by Equation (7-12). 

Values of C , the edge fixity, are given in Table 7-2. 

After the interrivet buckling occurs, the resultant failure stress of the panel is 
given by Equation (7-13). 



F, 



(2b ql t s ) + A, g (7-13) 

(2b tl t, ) + A sc 



cage *2 
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-A : ■ .A, 




A, ■ ,A 



g= 1 9 



19 I g=I9 i g=19 



g=]B 



5 cues 
14 flanges 
19 « g 



Average g = 16.85 



(a) Y -stiff ened panel 



V"' 



2 cuts 
6 flanges 
8 » g 



r F I g«8 | g*8 ' | g=ff i 
C 

Average g * 7.83 
(b) 2 -stiffened panel 



g-8 I g*7 



C 
T if 



C= 
Fj 



372 



1 t* p t " 





, 1 . 








i 




^ 1 ^ 




' i * g»17 4 j ' g=!7 ' , ' g=i7 





c c 



5 cuts 
12 flanges 
17 * g 



Average g = 16.83 
(c) Hat-stiffened panel 



FIGURE 7.15 METHOD OP CUTTING STIFFENED PANELS TO DETRMINE g 
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FIGURE 7. IS CRIPPLING COEFFICIENTS FOR ANGLE-TYPE ELEMENTS 
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Taftener Type 


(Fixity - Coeu'iC ient J 
c 


Flathead rivet 


4 


Spotwelds 


3.5 


B raxier-head rivet 


3 


Countersunk rivet 


1 



TABLE 7.2 END FIXITY COEFFICIENTS FOR ANGLE-TYPE ELEMENTS 



Stringer Stability 


Panel Strength 


w > -m 

* r — -r w - stable 




^f gt K ^ w - unstable 





TABLE 7.3 RIVETED PANEL STRENGTH DETERMINATION 
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Here Che value b ei is the effective width of skin corresponding to the in tt Trivet 
buckling stress F^ , Tat failure stress of short riveted panels by wrinkling car 
b« detarained. The following quantities art used: 

T* 3Z crippling strength of stringer alone (see Section 11, 
Column Analysis) 

T v wrinkling strength of the skin 

T* ■ crippling strength of a similar monolithic panel 

F# T strength of the riveted panel 

The wrinkling strength of the skin can be determined from Equation (7-L4) and 
Figure 7-17. Here i is the effective rivet offset distance given in Figure 7-LS, 
This was obtained for aluminum rivets having a diameter greater than 9 OX of the 
skin thickness. 



2 _ 2 

/ k tf * 7) If £ x i t \ 

'■•( — «-)(—) 



Nov, based on the stringer stability, the strength of the panel can be calculated. 
Table 7-3 shows the various possibilities and solutions. 

It is noted that in no case should 7f X > 7 f . Thus, the Lower of these two values 
should be used. 



The use of the coefficient k v is based upon aluminum alloy data for other 
oaterials. The procedure is to use Equation (7-12) for the panel crippling 
strength. 



(7-15) 
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FIGURE 7.17 EXPERI MEMTALLY DETERMINED C0FFF1CIEMTS FOR FAILURE 

IN WRINKLING MOOE 
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SECTION 7.2 



STIFFENED PLATES-ANALYTICAL METHODS 

THE " GERARD METHOD " (REFERENCE NACA TN 3784 " HANDBOOK OF 
STRUCTURAL STABILITY PART IV - FAILURE OF PLATES AND COMPOSITE 
ELEMENTS " AND NACA TN 3785 " HANDBOOK OF STRUCTURAL STABILITY 
PART V - COMPRESSIVE STRENGTH OF FLAT STIFFENED PANELS M ) FOR 
PLATE STRINGER ANALYSIS HAS BEEN USED EXTENSIVELY AT GD/CONVAIR 
FOR INTEGRALLY STIFFENED PANELS (E.G. C-5A EMPENNAGE AND OR- 
BITER MID - FUSELAGE ), AND HAS BEEN FOUND TO GIVE EXCELLENT 
CORRELATION WITH PANEL TEST RESULTS. THIS METHOD IS PRESENTED 
IN SECTION C7.18 THRU C7.26 OF " ANALYSIS AND DESIGN OF FLIGHT 
VEHICLE STRUCTURES - BY E. F. BRUHN, AND EXPANDED UPON IN SPACE 
SHUTTLE ORBITER MID-FUSELAGE REPORTS NUMBER CASD-SSO-76-007, 
AND CASD-SSO-76-021 BY W.S. BUSSEY JR. ( A SYNOPSIS OF THE 
CONTENTS OF THESE TWO REPORTS IS INCLUDED IN THIS SECTION OF THE 
MANUAL). WHEN USING THIS METHOD, STRESS RATIOS ARE USED TO 
ACCOUNT FOR BEAM COLUMN AND COMBINED LOAD EFFECTS. THE METHOD 
FOR DETERMINING EFFECTIVE SKIN WIDTH IS SHOWN ON PAGE?.i*THIS 
METHOD IS APPROPRIATE FOR PLATE STRINGERS UTILIZING DIFFERENT SKIN 
AND STRINGER MATERIALS AND WHEN SUBJECTED TO THERMAL EFFECTS. 
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SYNOPSIS 

ANALYSIS OF T -STIFFENED INTEGRA LLY MA C HTNE D PANELS 

Strength analysis methods ire presented for T-stiffened integrally' machined panels 
subjected to various combinations of in-plane and lateral pressure loading. The 
most common design loading for this type of panel is uniaxial compression in the 
direction of the stringers with possibly the simultaneous application of in-plane 
shear and/or lateral pressure. Usually, the in-plane compression normal to the 
stringers is small or nonexistent and is generally ignored in the panel stability 
analysis. However, it Is conceivable that situations may arise where the in- plane 
transverse compression load becomes significant and, therefore, may affect the 
overall panel strength and deflection behavior. This situation was encountered In 
■the design of the Space Shuttle's mid-fuselage skin panels. The transverse com- 
pression was caused primarily by panel thermal gradients, differential tempera- 
tures between the frames and skin panels, and overall fuselage shell distortion due 
to thermal effects. Of course, transverse in-plane compression loads due to 
mechanical effects (aircraft inertia or dynamic loads) also contributed to the total 
panel loading. 

Convair conducted biaxial compression tests on T -stiffened panels which were 
representative of typical side and bottom surface panels on the Space Shuttle mid- 
fuselage. Generally, these tests revealed that even if the transverse in-plane com- 
pression Load is large enough to cause buckling, the longitudinal (stringer direction) 
compression strength is only moderately affected. 

In the Space Shuttle mid-ftaselage structure, the transverse compression imposed on 
the skin panels was frequently Large enough to cause: (a) buckling with consequent 
out-of-plane deflection of the skin and stringers or ibi skin buckling between 
stringers. In the former mode, each buckle half-wave length encompasses one or 
more stringers. This is characterized by the stringers in adjacent half-waves 
deflecting in opposite directions, this process continuing in an alternate wave pattern 
across the width of panel. In the latter mode, the skin buckles Locally between 
stringers, the stringers having sufficient flexural stiffness to force longitudinal nodes 
along their axes; hence, the stringers remain straight. 

It was necessary in the Space Shuttle design to be able to evaluate the effects of in- - 
plane transverse compression on both the ultimate panel strength and the buckled or 
deflected shapes that occur. The deflected panel definition was important because 
the thermal protection system tiles must withstand the ston surface movement without 
cricking or breaking off. 

The analytical approach presented below is a composite of several well known and 
accepted theoretical and semi-empirical techniques. The methods selected produce 
analytical results which appear to be in good agreement with panel tests conducted 
at Convair in conjunction with the Space Shuttle program and the Lockheed C-aA 
Transport airplane. Certain empirical adjustments or factors have been incorporated 
in 3ome instances. Also, other innovations are employed in order to account for the 
post-buckling characteristics of a panel subjected to biaxial compression loading. 

The overall problem of analyzing a panel subjected to biaxial compression, shear 
and lateral pressure with possible Joint or mid-bay initial eccentricities becomes 
formidable. However, the analytical procedure can be formulated so that the com- 
putations are performed by means of a digital computer. Iteration techniques may 
be employed for plasticity corrections. Optimum cross sections tor given applied 
load combinations may also be achieved by computer utilization. 

Data Source, Section 1.3 Reference 33 
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SYNOPSIS 



Integrally machined blade stiffened panels are frequently used because of 
their relative structural efficiency in carrying complex loading. Since the 
blades are normally machined by means of end -mill type cutters, it is 
oossible to achieve almost any reasonable stiffener grid size. Thus, the 
minimum stiffener spacing is not limited due to manufacturing considerations 
as it is with some other types of integrally machined panel designs. 

Methods are presented here for the strength analysis of blade stiffened in- 
tegrally machined panels subjected to normal pressure and in-plane biaxial 
compression and shear loading. These methods are applicable to both panels 
stiffened uniaxially by blades as well as to panels stiffened by blades in an 
orthogonal "waffle" grid pattern. 

The original analysis methods given in the October 15, 1976, release of this 
report were predicated on the panel cross sections remaining stable until 
overall failure occurs. Since the associated computer program, BIMOF. was 
intsnded for "optimum sizing" usage, this restriction was considered satisfactory. 
Subsequently, however, it became necessary to analyze existing panel configura- 
tions for revised complex loading. In order to avoid any over -conservatism 
which might result by disallowing local skin buckling in the analysis, it became 
necessary to account for the post-buckled panel strength. This has been 
accomplished by the analytical methods presented in the F ebruary 1, 1980, 
revision to the report. A new version ox the computer optimization program 
has been developed and identified as BIMOP2. An analysis progTaxxi,SIMAP2. 
has also been developed. 

BIMOP2 provides the capability of suppressing, limiting or unlimiting local skin 
buckling due to complex in-plane loading. Also included in both BIMOF2 and 
3IMAP2 is a torsional instability analysis which accounts for skin buckling and 
biaxial compression effects. Further, provisions for initial out-of-plane 
eccentricities and edge loading eccentricities have been added, as well as the 
capability of computing the panel edge pad thicknesses required. 



Data Source, Section 1.3 Reference 3A- 
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Data Source, Section 1 .3 Reference 3 

10. 8 EFFECTIVE SKIN WIDTH 

The affective skin widen is used co calculate the amount of skin chac contribute* 
Co the stiffness of the attached flange. Figure 10.46 shows several cypes of 
akin-flange attachments ana the corresponding effective skin widths. The akin 
width equations arc based on the buckling compressive stress equation for sheet 
panels: . 

"c T ^ t 2 

•£ ■ , \t-)* t where b Is the stiffener spacing. 

CT 12(1 - ti m ) 0 



If the stiffener provides a boundary restraint equal to a simple support, then. 

k - 4.0. 
c 

Assuming u ■ .3, 

F cr • 3.6 EC-£) 2 . 

When F CT is equal or less than the yield stress of the material, the ultimate strength 
of a simply supported sheet is independent of the width of the sheet. The term 
b may then be replaced with an effective width term, w. 

F s - 3.6 E(|) 2 



Solving for w 

w - I 



w 



F 
c 



The constant l.° in the preceeding equation is valid for heavy stiff eners. For 
reJacively light stiffeners a constant of 1.7 Is suggested. The radius of 
gyration of the stiffener should include the effective skin area. 

For skin-stiff ener attachments that develop a fixed or clamped condition - 

w - 2.52 t(£/F c ) 5 10.3 

Note A - (Fig. 10.46-b) Staggered Rivet Rows 

In calculating the crippling stress of the stiffener, use a stiffener 
flange thickness of threes fourths Che sum of che flange thickness plus 
Che sheet thickness. 

Note B - (Fig. 10.46-c) t a < t, < 2t 

Find che crippling stress for the tee section, assuming the vertical 
member of the tee has both ends simply supported. For t (equ. 10.-) 
use 



(t 3 + t,)/ 



2. 



Note C - 



c f a 2t 9 - Find the crippling stress for the I section. The column 
properties snould include the I section plus effective skin. 

(Fig. 10.46-d) For a sheet with one edge free, che buckling coeffi- 
cient is 0.43. The effective width w, is: 

w, - 0.62 c<£/r ) * 5 
I cy 
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t. j 2t - Find the crippling a cress for the I section. The column 
properties should include Che I section plus effective skin. 

Note -C - (Fig. 10.46-d) For a sheet with one edge free, the buckling coeffi- 
cient is 0.43. The effective width w, is: 

w t - 0.62 tC£/? cy )* 3 
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• b. Staggered 
&ivet Rows 




c. Integral Sheet 
£ t f < 2t s & Stiffeners t f £ 2t s 




FIGURE 10.^6 - iStfcC II VE SKIN WIDTHS 
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SECTION 7.3 



ISOGRID STRUCTURE 
REFERENCE: 



NASACR-124075 " ISOGRID DESIGN HANDBOOK - MCDONNELL DOUGLAS 
ASTRONAUTICS COMPANY. FEB. 1973 
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SECTION 8.0 



SANDWICH CONSTRUCTION 

ANALYSIS OF HONEYCOMB CORE SANDWICH CONSTRUCTION IS PRESENTED 
IN THIS SECTION. 
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SECTION 13 
SANSWICH ANALYSIS 

13,0 GENERAL 

Structural sandwich is a layered composite, formed by bonding two thin facings to a 
thick core. It is a type of stressed-skin construction in which the facings resist 
nearly ail of the applied edgewise (in- plane) loads and flatwise bending momenta. 
The thin spaced facings provide nearly *ll of the bending rigidity to the construc- 
tion. The core spaces the facings and transmits shear between them so that they are 
effective about a common~neutral- axis.— The-. core also -provides most of tne shear 
rigidity of the sandwich construction. By proper choice of materials for facings 
and core, constructions with high ratios of stiffness to weight can be achieved. 

A basic design concept is to space strong, thin facings far enough apart to achieve 
a high ratio of stiffness to weight; the lightweight core that docs this also pro- 
vides the required resistance to shear and is strong enough to stabilize the facings 
to their desired configuration through a banding media such as an adhesive Layer, 
braze or weld. The sandwich is analogous to an I-beam in which the flanges carry- 
direct compression and tension loads, as do the sandwich facings, and the web car* 
ries shear loads, as does the sandwich core. 

In order that sandwich cores be lightweight, they are usually made of low density 
material, some type of cellular construction (honeycomb- like core formed of thin 
sheet material) or of corrugated sheet material. As a consequence of employing a 
lightweight core, design methods account for core shear deformation because of the 
low effective shear modulus of the core. The main difference in design procedures 
for sandwich structural -elements as compared to design procedures for homogeneous 
material is the Inclusion of the effects of core shear properties on deflection, 
buckling and stress for the sandwich. 

Because thin facings can be used to carry loads in a sandwich, prevention of local 
failure under edgewise direct or flatwise bending loads is necessary just 'as preven- 
tion of local crippling of stringers is necessary in the design of sheet stringer 
construction. Modes of failure that may occur in sandwich under edge load are shown 
in Figure 13.1. 

Shear crimping failure, as shown in Figure 13.1, appears to be a local mode of fail- 
ure, but is actually a form of general overall buckling in which the wavelength of 
the buckles is very small because of low core shear modulus. The crimping of the 
sandwich occurs suddenly and usually causes the core to fail in shear at the criap; 
it may also cause shear failure in the bond between the facing and core. 

Crimping may also occur in cases where the overall buckle begins to appear and then 
the crimp occurs suddenly because of severe local shear stresses at the ends of the 
overall buckle.' As soon as the crimp appears, the overall buckle may disappear. 
Therefore, although examination of the failed sandwich indicates crimping or shear 
instability, failure may have begun by overall buckling that finally caused crimp- 
ing. 

If the core is of cellular (honeycomb) or corrugated material, it is possible for 
the facings to buckle or dimple into the spaces between core walls or corrugations 
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as shown in Figure 13.1. Dimpling may be severe enough so that permanent dimples 
remain after removal of load and the amplitude of the dimples may be laruc enough 
lo cau.se ihw dimples lu $rov across the ccLL walls and rcsul ; in a wrinkling of Lhc 
facings. 

Wrinkling, as shown in figure 13. 1, may occur if a sandwich facing subjected to 
edgewise compression buckles as a place on an elastic foundacion. The facing may 
buckle inward or oucvard depending on the flatwise compressive strength of the core 
relative to the flatwise tensile strength of the band between the facing and core. 
If the bond between facing and core is strong, facings can wrinkle and cause tension 
failure in the core. Thus, the wrinkling load depends upon the elasticity and 
strength of the foundation system; namely , the core and the bond between facing and 
core. Since the facing is never perfectly- flat,- the wrinkling load will also depend 
upon the initial eccentricity of the facing or original waviness. 

The Local modes of failure may occur in sandwich panels under edgewise loads or 
normal loads. In addition to overall buckling and local modes of failure, sandwich 
is designed so that facings do not fail in tension, compression, shear or combined 
stresses due to edgewise loads or normal loads and cores and bonds do not fail in 
shear, flatwise tension or flatwise compression due to normal loads. 

The basic design principles can be summarized into four conditions aa follows: 

(1) Sandwich facings shall be at least thick enough to withstand chosen design 
sirassas under design loads. 

(2) The core shall be thick enough and have sufficient shear rigidity and 
strength so that overall sandwich buckling, excessive deflection and shear 
failure will not occur under design loads. 

(3) The core shall have high enough modulus of elasticity and the sandwich shall 
have great enough flatwise tensile and compressive strength so that wrinKiing 
of cither facing will not occur under design loads. 

(4) If the core is cellular (honeycomb) or of corrugated material and dimpling of 
the faces is not permissible, the cell size or corrugation spacing shall be 
small enough so that dimpling of either facing into the core spaces will not 
occur under design loads. 

The facing to core bond shall have sufficient flatwise tensile and shear strength to 
develop the core strength in the expected environment. The environment includes 
effects of temperature, water or moisture, corrosive atmosphere and fluids, fatigue, 
creep and any other condition that affects material properties. 

13.1 Materials 

Facing Materials 

The facings of a sandwich part serve many purposes, depending upon the application, 
but in all cases they carry the major applied loads. The stiffness, stability* con- 
figuration and, to a large extant, the strength of the part are determined by the 
characteristics of the facings as stabilized by the core. To perform these func- 
tions the facings must be adequately bonded to a core of acceptable quality. 
Facings sometimes have additional functions, such as providing a profile of proper 
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aerodynamic smoothness, a rough nonskid surface, or a tough wear-resistant floor 
covering. To better fulfill these special functions, one facing of a sandwich is 
sometimes made thicker or of slightly different construction than the other. 

Any thin sheet material tan serve .as a sandwich facing. A fev of the materials 
usually used are shown in Table 13.1. 



13.1.2 Core Materials 



To permit an airframe sandwich construction to perform satisfactorily, the core of 
the sandwich must have certain mechanical properties, thermal characteristics and 
dielectric properties under conditions of ( use and still conform to weight limita- 
tions. Cores of densities ranging from l'.6 to 23 pounds per cubic foot have found 
use in airframe sandwich, but the usual density ranges from 3 to 10 pounds per cubic 
foot. 

A wide variety of core materials can be constructed of thin sheet materials or rib- 
bons formed to honeycomb- like configurations. By varying the sheet material, sheet 
thickness, cell si2e and cell shape cores of a wide range in density and properties 
can be produced. Most honeycomb cores can be formed to moderate amounts of single 
curvature, but some can easily be formed to fairly severe single curvature and to 
moderate compound curvature. 

Honeycomb core cell size is determined by the diameteT of a circle which can be 
inscribed in a cell. Two types of honeycomb core showing" the cell size "s" are 
shown in Figure 13.2. Honeycomb core cell sizes used in airframes vary from about 
1/16 to 7/16 inch, usually in multiples of 1/16 inch. Not all sheet materials are 
formed to all of these cell sizes because some sheet materials are so thick and 
stiff that they cannot be formed to core of cells less than 3/16 inch in size;. For 
special use, such as an insert, honeycomb cores can be densified locally by under- 
expanding, crushing the core locally or by inserting a higher density core locally. 
Cores for airframe sandwich construction are presently being made of thin sheets of 
aluminum alloys, resin- treated glass fabric, resin- treated asbestos, resin- treated 
paper, stainless steel alloys, titanium alloys and refractory metals. 

Honeycomb cores fabricated from nooaetallic materials have better thermal insulating 
characteristics than metallic honeycomb cores, even though both allow transmission 
of heat by radiation in the open cells. In considering thermal effects on sandwich 
structure, it should be understood that the sandwich can act as a reflective thermal 
insulator. The effective thermal conductivity of a honeycomb core depends upon con- 
duction of the material of which the core is made, radiation between facings and 
connection within the core coll and can be computed approximately as 

K e - KoAc + (1 " Af? V + tc (1 - Ac>T, 13.1 

*1 € 2 12 



where ^ • effective conductivity 

Ko ■ conductivity of core ribbon material 

A c - core solidity • W c /W 0 

U c ■ core density 

W 0 ■ core ribbon material density 

C ■ Stef an-Boltzmasn constant 



oane ^ r> "> 
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.040 
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80,000 


13x10* 
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.94 
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EPQXY F133 
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.98 


EPOXY F161 
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3.3x10* 


. a S 
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PHENOLIC F120 


48,000 
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.98 
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POLYESTER F141 
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3.5x10 


.98 
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300 
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TABLE 13.1 - TYPICAL SANDWICH FACING MATERIALS 
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FIGURE 13.2 - HONEYCOMB CORE NOTATION 
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FIGURE L3-2a - SHEAR STRENCTTH CORRECTION FACTORS 
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■ core thickness 

• mean absolute- c vmpe ra cure of Che rwo facing* 

• amiss tv i iy oL Inside of facing 1 

■ emissivity of inside of facing 1 
m geometric view factor between facings 
« connective heat transfer coefficient ini'ide core ceil 

Sheets of corrugated metal foil are usually assembled with the corrugations parallel 
to form honeycomb cores. The foil may be perforated for use in core where solvents 
or passes must- be vented. Perforated foil in sandwich panels that are not sealed or 
are poorly sealed will allow penetration of moisture, etc., which may cause severe 
deterioration of the core. If the sheets are assembled with the corrugations in 
adjacent sheets perpendicular to each other, a well vented crossbanded core is pro- 
duced. Crossbanded cores may be cut so that the corrugation flutes are at an angle 
of <*5° 10 the sandwich facings, giving the core a trussed appearance. 

Crossbanded cores are not as strong in compressions in the T direction or in shear 
in the TL or TW planes as honeycomb cores of the same density. Honeycomb cores, 
however, have negligible compressive strength in the W and L directions and shear 
strength in the WL plane, whereas crossbanded cores have considerable strength in 
chtye directions. Crossbanded core is not readily formed to curved surfaces because 
of Lis relatively high stiffness in all directions. 

Many core materials and core configurations are available, but the aluminum honeycomb 
with a hexagonal cell is the most commonly used. Table 13.2 shows 

the mechanical and physical properties for many of the available core materials. 



tc 
Tm 




Figure 13.2a shows 
correction factors for core shear strength at various core thiclcnesses . 

13.1.3 Adhesive* 

In the fabrication of sandwich, adhesives are used for bonding faces to core and 
bonding facings and fittings, reinforcing plates, edge strips and other inserts. 
The adhesives used are resin formulations especially developed to give 'high strength 
bonds over a wide range of exposure and stressing conditions. Adhesives can be used 
to bond many types of metal in highly stressed applications. They can also be for- 
mulated to have resistance to moderately elevated temperatures. 

The intrinsic elastic properties and strength of adhesives have not been evaluated 
to any large extent. Instead, adhesive bonded lap joints are used to evaluate the 
strength of an adhesive. The standard test is .063 aluminum sheets bonded with an 
overlap of 1/2 inch. The lap joint strength is the load required to shear the bond 
divided by the bonded area. Table 13.3 shows typical lap joint strengths of several 
adhesives. 

Lap joint strength is not considered of prime use for determining adequacy of adhe- 
sives cor bonding sandwich racings to honeycomb cores. The need of an adhesive to 
form strong fillets at the ends of the core cells to produce satisfactory sandwich 
has prompted the evaluation of peel strength and sandwich flatwise tensile strength. 
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TABLE 13.2 - PROPERTIES OF TYPICAL SANDWICH CORES 
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825 


1223 


980 


300 


640 


760 


600 


118 


470 


373 


45.0 


1/8- 2024-. 0025 


8.0 


1480 


1100 


1650 


1320 


380 


840 


960 


770 


146 


590 


470 


54.0 


1/8-2024-.003 


9.5 


1970 


1473 


2300 


1725 


480 


1120 


1130 


950 


170 


630 


583 


64.0 


3/16- 2024- . 
.0013 


3.3 


330 


250 


370 


290 


86 


200 


290 


230 


55.0 


180 


143 


23.0 


1/4- 2024-. 0015 


2.8 


220 


165 


250 


165 


40 


110 


200 


140 


42.0 


120 


38 


19.0 
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3C52 ALCKTHOK PLEX-CORE - AEROSPACE GRADE 



: 

HONEYCOMB 
DESIGNATION 

C*gt Count 


»j COMPRESSIVE 


Crush 

Strength pcf 


PLATE SHEAR 


!1 I 1 _. 




m J 

- « Strength 
| I P*i 


Scrcng th 
P»i 


Modu- 
lus 

DSi 


Strength 
psi 




Strength 
psi 


Modu- 
lus 
osi 


3C52/F4O-.0012 
5052/P4O-.0019 
5052/F4O-.0025 
5Q52/F40-.0037 
5052/F8O-.0013 
5C52/FB0-.0019 
5052/F80-.0025 


2.1 
3.1 
4.1 
5.7 
4.3 
6.0 
6.0 


cyp ain 
180 126 
340 238 
540 378 
900 630 
575 

1000 

L570 


cyp min 
225 157 
400 280 
600 420 

1000 700 
650 

1050 

1600 


typ 
65 
125 
185 
290 
195 
310 
400 


cyp 
80 
165 
250 
380 
• 

* 


cyp Bin 
90 63 
180 126 
260 ' 182 
400 280 
280 
440 
620 


cyp 
16 
32 
45 
68 
45 
72 
96 


cyp min 
50 37 
100 7"5 
150 115 
230 170 
160 
240 
345 


typ 
10 
13 
17 
23 
15 
24 
31 














5036/F4O-.0014 
SC36/F4O-.0020 
5056 /T40-. 0026 
5S36/FBO-. 001-4 
>O56/F8O-.002O 
\ 055 /1 80-. 0026 


2.1 
3.1 
4.1 
4.3 
6.0 
8.0 


cyp sin 

215 

405 

645 

680 
1150 
1730 


cyp sin 

260 

470 

690 

740 
1300 

1800 ' - 


trp 

65 
125 
185 
195 
310 
410 


• 

• 


cyp sin 
105 
215 
310 
335 
520 
740 


typ 
18 
32 
45 
47 
73 

100 


cyp min 

55 
120 
175 
185 
285 
410 


cyp 
10 
13 
17 
16 
24 
32 










ecc 1/4-.003 

ACC 3/8-. 003 
#£G 3/4.. 003 


5.2 
3.6 
l.fi 


typical 
595 
325 
95 


typical 
610 
340 

no 


cyp 
148 
92 
24 


cyp 
245 
175 
50 


rypical 
345 
210 
95 


cyp 
63 
40 
16 


cypicsvl 
215 
130 
55 


cyp 
31 
20 
6 
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HRP CLASS REINFORCED PHENOLIC HONEYCOMB 



I 

HONEYCOMB 


COMPRESSIVE 


PLATE SHEAR 


DESIGNATION 




St- 




• M 1 * -m 


A 


1 **T '* 








Mat'l-Cell- 


St 


rength 






Modu- 






Modu- 






[Ma cuius 


Denai cy 


Strength 


lus 


Strength 


lus 


Strength 


















si 


if * ■< 








Hexagonal 


typ 


inia 


typ 


axis 


typ 


cyp 


min 


cyp 


typ 


mis 


typ 


HRP-3/16-4.C 


300 


350 


600 


480 


57 


260 


210 


11.5 


140 


110 


5.0 


HRP-3/L6-5.5 


800 


600 


940 


750 


95 


423 


370 


19.5 


220 


190 


8.5 


HRP- 3/16-7 , 0 


1150 


900 


1230 


m 


136 


500 




28.0 


290 




12.5 


HRP-3/16-8.0 


L400 


1100 


1600 


1280 


164 


660 


600 


34.0 


400 


370 


15.0 


HRP-3/16-L2.0 


22S0 


1600 


2300 


* 


260 


940 




55.0 


570 




25. 0 


HRP- 1/4-3 5 


350 


260 


500 


400 


46 


230 


170 


9.0 


120 


100 


3. '5 


HHP- 1 / L-L. 1 

***** i / —— *• • J 


630 


450 






70 


300 


Z30 


14.0 


♦ — ft 

170 


140 


6.0 


HHP- I / * fl 


700 


510 


820 


660 


84 


340 




17.0 


200 




7.5 


C*RT— W **— v • J 


1023 


850 


1130 


900 


120 


450 


- 


25.0 


260 


• 


11.0 


HRP-3/8-2.2 


130 


105 


200 


145 


13 


105 


75 


5 0 


60 


45 


2.0 


HRP-3/8-3.2 


320 


245 


440 


350 


38 


200 


160 


8.0 


105 


85 


3.0 


HRP-3/8-4.5 


610 


450 


690 


550 


65 


300 


260 


14.0 


170 


130 


6.0 


HRP- 3/8-6.0 


900 


750 


1000 


750 


1 no 


400 


340 




260 


210 


10.0 


HRP-3/8-8.0 


1060 


7 * W 


1200 


• 




520 




Jl. u 


320 




13.0 


























HRF/OX-1/4-4.3 


520 


350 


623 




43 


210 


m 


8.0 


230 




t s ? 
ij . ^ 


HRP/OT-1/4-5.5 


310 


600 


950 




63 


270 


m 


10.5 


330 




18.0 


HRP/OX- 1/4-7.0 


1150 


m 


1230 


m 


84 


395 




14.0 


450"" 


m 


20.0 


HRP/OX-3/8-3.2 


340 


260 


• 423 




32 


140 




4.5 


130 




9.0 




700 


580 


820 


m 


60 


240 


m 


10.0 


300 




17.0 


FL23-C0RE 
























HRP/F35-2.3 


ISO 




240 


m 


.23 


123 


m 


12,3 


70 


• 


7.0 


HRP/F35-3.5 


320 




400 


300 


37 


200 


140 


13.0 


105 


73 


10.0 


HRP/F33-4.3 


440 




600 


* 


49 


280 




22.0 


140 




12.0 


KRP/F30-3.5 


300 




423 


300 


37 


195 


140 


20.0 


100 


75 


10.0 


HRP/F50-4.3 


400 




600 


500 


49 


263 


200 


23.0 


140 


100 


13.0 


BRP/F30-5.3 


600 




880 




61 


390 




31.3 


205 


• 


16.0 
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NP CLASS reinforced polyester HONEYCOMB 



HONEYCOMB 
DESIGNATION 

Mat'l-C*ll- 
P*bric-D«nsity 



COMPRESSIVE 



Btre 



Strength 

D3i 



Stabilized 



Strength 
psi 



Modu- 
lus 



PLATE SKEAB. 



Strength 



rtodu- 
lus 



Strength 



Modulus 



Hexagonal 



UP 
NP 
NP 
NP 
NP 
NP 
NP 



3/16-4.5 

3/16-6.0 

3/16-9.0 

1/4-4.0 • 

1/4-6.0 

1/4-6.0 

3/6-2.3 



NP 3/6-4.5 



cyp 
520 
860 

1700 
420 
860 

1400 
200 
320 



sin 


cyp 


Bin 


t/p 


typ 


min 


typ 


typ 


min 


470 


670 


470 


60 


260 


195 


13.5 


130 


90 


615 


1050 


735 


116 


330 


230 


15.0 


155 


110 


1200 


1800 


1260 


180 


460 


320 


20.0 


230 


160 


295 


560 


390 


66 


260 


160 


13.0 


120 


85 


' 615 


1050 " 


- 736 


116 


330 


230 


15.0 


155 


110 


960 


1540 


1060 


160 


410 


290 


18.0 


205 


145 


140 


'280 


195 


34 


170 


120 


10.0 


100 


70 


365 


670 


470 


80 


280 


195 


13.5 


13.5 


90 


m 




m 




160 




5.0 


100 




m 




• 


m 


275 


• 


7.5 


375 












190 


• 


5.5 


285 





typ 
5.2 
3.S 
7.5 
5.0 
5.c 
7.0 
4.0 
5.2 



ox-core 

NP/fflC 1/4-4.0 
NP/OX 1/4-6.0 
NP/OX 3/6-4.5 



330 
700 
420 



12.0 
19.5 
15.0 



HRH- 327 CLASS REINFORCED POLYIMIDE HONEYCOMB 



HONEYCOMB 
DESIGNATION 

Mmt'l-Cell- 
Density 



COMPRESSIVE 



Strength 
psi 



Modulus 



PLATE SHEAR 



"T." Direction 



Strength 
psi 



Modulus 
ksi 



*V Direction 



S treng th 
psi 



'Modulus 
ksi 



HRH 
HRH 
HRH 
HUH 
HRH 
HEH 
HRH 
HRH 
HRH 
HRH 



327- 
327- 
327- 
327- 
327- 
327- 
327. 
327. 
327. 
327. 



3/16-4.0 
3/16-4.5 
■3/16-5.0 
•3/16-6.0 
.3/16-6.0 

• 1/4-4.0 

• 1/4-3.0 
•3/5-4.0 
.3/5-5.5 

• 3/5-7.0 



typ 

440 
520 
600 
780 

1300 
440 
600 
440 
680 

1000 



min 
400 

625 
1000 



323 
540 



50 
58 
66 
87 

126 
50 
68 
50 
78 

106 



typ 

280 
320 
370 
460 
650 
280 
370 
260 
420 
550 



mis 
220 

345 
500 



195 
300 



typ 

29 
33 
37 
45 
62 
29 
37 
29 
41 

53 



typ 

130 
150 
180 
230 
410 
130 
180 
150 
210 
310 



min 

110 

m 

170 
330 



100 
160 



typ 

10 

n 

25.5 
15 
22 
10 

12.5 
12 

13.5 
18.5 
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ADHESIVE TYPE 


AVERAGE ALUMINUM TO ALUMINUM LAP 
SHEAR 30ND STRENGTH AT ROOM 
TEMPERATURE - (PSI) 


(A) NITRILE PHENOLIC 


3500 


m VTTH PH^NOT T r 


4200 


(C) EPOXY PHENOLIC 


3400 


'JNMODTFTED EPOXY 


3100 


(E) MODIFIED EPOXY - 250 CURE 


4500 


(?) MODIFIED EPOXY - 350 CUKE 


3300 


(0) EPOXY POLY AMIDE 


5500 


<H) POLYAMIDE 


3300 


STRUCTURAL ADHESIVES 
USEFUL TEMPERATURE RANGE, STRENGTH PROPERTIES 
192 HR. EXPOSURE 


ADHESIVE TYPE 


USEFUL 
TSIP. RANGE 


TYPICAL VALUES 
LAP SHEAR 


PEEL STRENGTH 


<A) NITRILE PHENOLIC 


-67 
350 


3500-4500 
300-1700 


GOOD TO EXCELLENT 


(B) VINYL PHENOLIC 


-67 
225 


2000-3000 
100-1SOO 


FAIR TO GOOD 


(C) EPOXY PHENOLIC 


-70 
500 


1300-5000 
200-1900 


POOR TO "MEDIUM " 


(D) UNMODIFIED EPOXY 


-67 

300 


1300-3000 
800-3000 


POOR TO MEDIUM 


(E) MODIFIED EPOXY- 
250 CURE 


-250 
180 


1500-2500 
1000-1900 


GOOD 


(F) MODIFIED EPOXY- 
350 CURE 


-67 
250 


3000-3500 
1500-2500 


GOOD 


(C) EPOXY POLYAMIDE 


-300 
250 


4000-3000 
2300-3300 


GOOD 


[H) POLYAMIDE 


UP TO 600 


3300 


POOR 



TABLE 13.3 - ADHESIVE PROPERTIES 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Peel strength is determined as the torque necessary to peel a facing from a sandwich 
core. Table 13.4 shows values of peel strength and filler strength for several adhe- 
sive*. 

Adhesives are available in the fori of liquid, paste, powders and supported or unsup- 
ported films and can be applied by spray, roller, spatula or hand lay-up. The fots 
of the adhesive (liquid, paste or film) is chosen to suit the lay-up operation and 
glue line thickness requirement. 

Structural adhesives have good shear and ..tensile strength, . but resistance to peel 
stresses is relatively poor. Bonded joints should be designed to take advantage of 
the high -shear and tensile strengths of the adhesive and avoid peel stresses in the 
bond where possible. 



ADHESIVE 


FILLET STRENGTH 


PEEL STRENGTH 


73°F 

lb/iB 


180°F 
lb/ in 


-67°F 
lb /in 


73°F 
in- lb/in 


180°F 
io-lb/ir 


-67°F 
in-lb/ix 


KTTRTU ELASTOMER-PHENOLIC 
PLUS MODIFIED EPOXY FILM 


73 


51 


54 


66 


32 


21 


POLYVINYL- PHENOLIC 


42 


33 


49 


25 


22 


14 


EPOXY- POLY AMIDE 


71 


39 


66 


18 


24 


15 


MODIFIED EPOXY- 
250OF CURE 


62-86 


27-65 


61-67 


16-97 


13-82 


12-49 


MODIFIED EPOXY - 
25C°F CURE 


46-76 


34-36 


47-91 


15-40 


18-23 


19-26 


KTTRILE EPOXIDE 


61 


33 


89 


27 


18 


28 



TABLE 13.4 - STRENGTH OF ADHESIVES IN SANDWICH 
WITH HONEYCOMB CORE 
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Data Source, Section 1 .3 Reference 3 



13.2 Methods of Analysis 

The analysis procedures described in this section apply to sandwich structures having 
isotropic facings and either orthotropic or isotropic cores. The isotropic materials 
are those having essentially constant properties in ail directions. The orthotopic 
material* are those whose strength properties are not constant in all directions, 
such as honeycomb cores . 

The assumption is made that adhesive failure does not occur, a reasonable assumption 
if proper care is taken in the selection of the adhesive system. This requires that 
the adhesive shear and- flatwise tensile strength be greater than the respective core 
strength. 



If the sandwich has thin facings on a core of negligible bending stiffness, as 
is usually the case, and after assuming X, ■ X- ■ X, the bending stiffness 



Figure 13.3 shows the notation used for the analysis of sandwich panels in this sec 



is given by the formula: 




(for equal facings) 



(for unequal facings) 



tion. 




facing I 



FIGURE 13.3 NOTATION FOR SANDWICH COMPOSITE 



The notation used throughout this section is shown below: 



1 
2 



- subscript denoting facing 1 

- subscript denoting facing 2 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Data Source, Section 1 .3 Reference J 



a, b 


• length of panel edge; subscripts denoting parallel 


to a or b 


c 


■ subscnp t deno ting core or compression 




CT 


- subscript denoting critical 




U 


■ bending stiffness 




Q 


co bii sanavicii aeptn or cnicicness 




L 


■» ma flit in* a p a l J e**# 

• moauius oi elasticity 






• effective modulus 




F * 


* allowable stress 




t 

t 


* applies stress 




C 


■ modulus of rigidity 




h 


■ distance between facings centroids 




J " 


■ pciar nonieui oz inertia 




V 

N .* 


a constant 




t 

L • 


> length 




M 


• bending moment 




N « 


> load per unit length of edge 




P 


> load 




P 


• distributed load 




T 


■ radius; subscript denoting reduced 




R 


• ratio 




S 


• shear load normal to surface of panel 




s 


• core cell size; subscript denoting shear 




T " 


■ torque 




t 


• thickness; facing without subscript 




U 


• transverse shear stiffness ------ rj» 


c hVt - 


V 


• parameter relating shear and bending stiffness 




V 


• weight 




w 


• density 




X 


• axis 




y 


• axis perpendicular to x axis 




z 


• axis normal to surface of sandwich 




a 






5 






r 


shear strain; elastic property parameter ■ ^C'^ 


o 


deflection 1 




c 


' strain. 






(1 - M ) 




u 


Poisson's ratio 





13 . 2 . 1 Wrinkling of Facings Dnder Edgewise Load 

Wrinkling of sandwich facings, as shown in Figure 13.4, may occur if a sandwich 
facing buckles as a plate on an elastic foundation. It may buckle into the core or 



Adhesive Bond Failure 





















1 




_j Core Compression Failure . 


=i 1 







FlCUft£ 13.4 FAC£ WRINGING 



oaae / 
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Data Source, Section 1 .3 Reference J 



away from the core depending on Che relative strengths of core in compression and 
adhesive in flatwise tension. 

The facings of a sandwich shall not wrinkle under design load. The wrinkling stress 
formulas are given for two types of sandwich; sandwich with continuous cores and 
sandwich with honeycomb cores for. which elastic-moduli in the plane of the core are 
very small compared with the elastic modulus in a direction normal co the core plane 

13-. 2. 1.1 Continuous Cor* 

(1) Determine the parameter q: 



c c Cc 

q " T 



1/3 



E-E G 
sec 



13.2 



where E £ ■ core flatwise modulus of elasticity 

'c 

(2) Determine parameter ft; 



G C ■ core modulus of rigidity 



where *T- total amplitude of initial facing waviness usually 
between .0005 - ,005 inch 
Fc ■ flatwise strength of core or bond, whichever is less 

(3) Enter Figure 13.3 with q and K and determine value of parameter Q. 

(4) Find the stress F cr at which face wrinkling occurs: 

E-I G 
fc c 



^1/3 



- Q 



(3) Computed compressive streaa (f £ ) must not exceed F cr . 
13 . 2 . 1 . 2 Honevcomb Core 



13.4 



(1) Enter Figure 13.6 with values of V/t and F /E to obtain K. 

1 /? 

(2) Eater Figure 13.7 with value for K and (Ect/EjO to obtain F cr /E f . 

(3) Solve for F cr , 

(4) Computed compressive streaa (fj)'muat not exceed F cr . 
13,2.2 Dimpling of Facings Under Edgewise Load 

If the, core of a sandwich construction is of callular (honeycomb) material, it is 
possible for the facings to buckle or dimple into the spaces between core walls as 
shown in Figure 13. 8. Dimpling of the facings may not lead to failure unless the 
amplitude of the dimples becomes large and causes the dimples or buckles to grow 
across core cell walls and result in wrinkling of the faces. Dimpling that does not 
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o.oo to 

0.OQO5 



0.007 



FIGURE 13.6 - RELATIONSHIP OF K TO CORE PROPERTIES 
CF /E ) AND FACING WAVINESS ( d/tc) 
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Data Source, Section 1 .3 Reference J> 



cause total structural failure nay, of course, be severe enough so that permanent 
dimples remain after removal of load. 





Facts Buckle Into Core 


— I 


Calls 








— I 





FIGURE 13. S INTRACELL BUCKLING (FACE DIMPLING ) 



If dimpling of the facings is not permissible, the core cell size shall be small 
enough so that dimpling vill not occur under design loads. It is assumed that fail- 
ure in the facing* to-core bond cannot occur prior to dimpling. 

Figure 13.9 can be used to determine the critical facing stress (stress at which 
dimpling will occur). The curves in Figure 13.9 represent a plot of equation 13.5 
which can be used instead of Figure 13.9. 




13.5 



13.2.3 Flat Rectangular Panels with Edgewise Compression 

"The method presented here is used in design of a flat, rectangular sandwich panel 
subjected to edge compression. The panel is simply supported at the four edges and 
the Load is applied equally and uniformly to the facings at two opposite edges as 
shown in Figure 13.10. 




N-Edge Load, lb/ in 
a- Loaded Edge 
b- On loaded Edge 



FIGURE 13.10 COMPRESSION PANELS 

Overall buckling of the sandwich or dimpling or wrinkling of the facings cannot 
occur without possible total collapse of the panel. Detailed procedures fellow 
giving theoretical formulas and graphs for determining dimensions of the facings and 
core, as well as necessary core properties. Facing modulus of elasticity, E, and 
stress values, F, shall be compression values at the conditions of use; that is, if 



nana <R /£. f 
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2.00 r 






0.40 








0.30 










* 


0.20 






N 










O./O 


s 


O.OB 



FIGURE 13.9 - CHART FOR DETERMINING CELLULAR CORE CELL 

■ SIZE. SUCH THAT DIMPLING (INTRACELL BUCKLING) 
OF SANDWICH FACING WILL NOT OCCUR 
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application is at elevated temperature, Chen facing properties at elevated tempera- 
ture shall be used in design. The facing modulus of elasticity is the effective 
value at the Cacinit stress. If this stress is beyond the proportional limii value, 
an appropriate tangent, reduced or modified compression modulus shall be used. 

(1) Choose an allowable design compressive stress (r^) and determine the required 
facing thickness from 

t l F f + Z 2'f2 " N; unct * uai ^ ace3 3-3- & 

t • N/2P f ; equal faces 13.7 

-hen the elastic modulus of one face is different from the elastic modulus oi 
the other face, equation 13.6 must be satisfied, but also the stresses F f , 
and Fp must be chosen so that 

h h 

The lower of the ratios in equation 13. S must be used for design, otherwise 
the face with the lover ratio will be overs tressed. 

(2) The critical facing stress (For) At which buckling of the panel will occur 
is 




where E f and X are values for the facing with least F./E, ratio as determined 
from equation 13.3. 

If the facings are of equal thickness and of the same material , equation 
13.9 becomes 



4 



13.10 



In equations 13.9 and 13.10 

K ■ + Kp. 13.11 

K is determined first by going through the following steps 3 to 3. 
(3) Determine the value of parameters: 

a/b or b/a, whichever is < 1 13.12 
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( 



fc f2h 13.13 
E fl L l 

T t X 13.14 



.. mi 11 17 15 13 or 13. 1*0 with equatior. 

( ° 5"J I: e v" Pr or^o S :w-f^«-"iut-;"v° t = start wicn Sine. V - 0 

n as a « ln£i»i«). ProJ.et lateraUyto parameter 

lS*" th" vertically down to parameter 13.1- and horizontally to h/a. 



Evaluate h. 
(5) Determine core thickness from 

^ . h - ' 2 ' ; for unequal faces 

1 3 16 

^ - h - t; for equal faces 
• (6) Determine constant K* in the equation V - K* /Cg from 

Rf _ '^flh^ . for un . qu4l faces 13.17 
Xa 2 (E £ltl + t f2 t 2 ) 

T^t^E, t 13 IB 

K» . * ; for equal f *ces 

steps C^), (5) and (6). 
(.) From the appropriate Figure (13 16 find the value of V From 

Figure 13.26 obtain the value of K^. Find ^ 

Ih ^ + hlh** 11 *!*!* 1 ^ . 13.19 
^ 12I„t,E„t,h 



So 



r . ; for equal faces 13 " 20 

~ 3h 2 



For values of b/a greater than those in figure 13.23 assume 



0. 
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X 



&1l 



x Nc^r^ ^ 

7<cn6SS SJMPLY supported , r ^ 



SIMPLY SUPPOPJED_ 




'^—BQTH FACINGS tSOTPQPfC 

'-dOTH FACWGS OPTHOTPOPtC 
For dissimilar faces set 

13, 



2.3. 

















0.09 

am 



FIGURE 12. li - CHART FOR DETERMINING h/b RATIO (V-0) SUCH THAT 
A SANDWICH PANEL WILL NOT BUCKLE UNDER EDGEWISE 
COMPRESSION LOAD 
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LEGEND: . _ # 

— BOTH FACINGS ISOTROPIC -\O.OS 



•For 



- — fAQN6S OPTMQTROPX 

T dissimilar faces set 13.2.2- 



FaCTSE 13.12 - CHART TOR DETERMINING h/b RATIO SUCH THAT A SIMPLY SUPPORTED 
SANDWICH PANEL WITH ISOTROPIC (C cb - C ca ) WILL NOT BUCKLE 
UNDER EDGEWISE COMPRESSION LOAD 
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LEGEND : 

QOTH FACINGS iSQTRQPtC JcD8 

30TH FACINGS ORTHOTRQPtC 

For dissimilar facings s«* 13»2.3 U gJ 

— \qjO 



FIGURE 13,13 - CHART FOR DETERMINING h/b RATIO SUCH THAT A SIMPLY SUPPORTED 
SANDWICH PANEL WITH ORTHOTROPIC CORE (G cb - 0.4 G ca ) WILL 
NOT- BUCKLE UNDER EDGEWISE COMPRESSION LOAD, 
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FIGURE 13.14 - CHART FOR DETERMINING h/b RATIO SUCH THAT A SIMPLY SUPPORTED 
SANDWICH PANEL WITH ORTHOTROPIC CORE (G cb ■ 2.3 C u ) WILL 
NOT BUCKLE UNDER EDGEWISE COMPRESSION LOAD. 
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'0 




LEGEND: 

— BOTH FACINGS ISOTROPIC 

— — BOTH FACINGS ORTHOTROPtC 
Far dissimilar faces see 12.2.3 
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TZGUIZ 13.16 - Kg FOB. SANDVICH PANEL WITH ENDS AND SIDES SIMPLY SUPPORTED 
AND ISOTROPIC CORE. (C cb - C M ). 
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O 0.2 0.4 0.6 0.8 UO 0.8 0.6 0.4 0.2 O 

a b 
F * 



FIGURE 13.17 - ^ FOR SANDWICH PANEL WITH ENDS AND SIDES SIMPLY SUPPORTED 

AND ORTHOTROPIC CORE, (C - 0.4 C ). 

cb ca 



page 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




FIGURE 13.18 - Km FOR SANDWICH PANEL VITH ENDS AND SIDES SIMPLY 
SUPPORTED AND ORTHOTROPIC CORE (6 h • 2.5 C„). 
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V*0.4 



LESS NO: 

— BOTH FACINGS ISOTROPIC 

QQTH FACINGS OfiTHOTftOPfC 

For dissimilar facts s*« 13.2.3 
I I ! ■ ! I I 



0.2 0.4 0.6 0.8 1.0 0.8 0.6 0.4 0.2 0 
a b 



FIGURE 13.19 - Km FOR SANDWICH PANEL WITH ENDS SIMPLY SUPPORTED 
AND SIDES CLAMPED AND ISOTROPIC CORE, (C cb -C ca ). 
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F1CURE 13.20 - Km FOR SANDWICH PANEL VTTH ENDS SIMPLY SUPPORTED 

AND SIDES CLAMPED AND ORTHOTROPIC CORE (C tb «0.^ C ca ). 
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LEGEND : 



BOTH FACINGS ISOTROPIC 

L BOTH FACINGS OR THO TROPIC 

For dissimilar facta a«« 13. 2. 3 

J 1 i I I I I ! I 

o 02 04 as 0* ia oa as 0.4 0.2 0 
b <* 

FIGURE 13.21 - FOR SANDWICH PANEL WITH ENDS SIMPLY SUPPORTED 

AND SIDES CLAMPED AND ORTHOTOPIC CORE (G cb -2.5 G ca ). 
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FIGURE 13.22 



Kjj FOR SANDWICH PANE- WITH ENDS CLAMPED AND SIDES 
SIMPLY SUPPORTED AND ISOTROPIC CORE (C^"^). 
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FICORE 12.13 - FOR SANDWICH PANEL WITH ENDS CLAMPED 

AND SIDES SIMPLY SUPPORTED AND ORTHOTROPIC 
CORE (C cb - 0.4 C M ) 
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ICTTRlf L3.2A - FOR SANDWICH PANEL VITH ENDS O-^MPED AND SIDES 

SIMPLY SUPPORTED AND ORTHOTOPIC CORE (C cb -2.5 C ca ) 
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FIGURE 13.23 - FOR SANDWICH PANEL WITH ENDS AND SIDES 
CLAMPED AND ISOTROPIC CORE (G cb -G ca ). 
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FIGURE 13,26 - FOR SANDWICH PANEL WITH ENDS AND SIDES 

CLAMPED AND ORTHOTROPIC CORE <G c fc- c ca) 
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LE6EN0: 
— — BOTH FACINGS ISOTROPIC 
BOTH FACINGS ORTHOTROP/C 

For dissimilar facas saa 13.2.3 

i i ! ■ _J ! 



0.2 



0.4 0.6 

a 
b 



0.8 1.0 0.8 



0.6 0.4 
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FIGURE 13.27 - FOR SANDWICH PANEL WITH ENDS AND SIDES CLAMPED 
AND ORTHOTROPIC CORE (G b - 2.5 C^) 
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FICURI L3.2S - VALUES OF K« 0 FOR SANDWICH PANELS 
IN EDCF«ISE" COMPRESSION 
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Data Source, Section 1.3 Reference <5 



(9) Evaluate F c - bv using the relationships in step (2). If the applied stress 
exceeds F cr t repeat steps (3) through (9) for a stronger panel. 

(1U) Analyze Cor face wrinkling, Section 13.2.1. 
(11) Analyze for intracell buckling, Section 13.2.2. 
13.2.4 Flat Rectangular Panels Under Edgewise Shear 

The following method is used in the design of flat sandwich shear panels. It is ^ 
assumed that the shear Load is equally a"d uniformly distributed over the edges or 
•the panel as shown in Figure 13.29. 




FIGURE 13.29 SHEAR PANELS 

Overall buckling of the sandwich or dimpling or -wrinkling of the facings cannot 
occur wiihout possible total collapse of the panel. Detailed procedures follow, 
giving theoretical formulas and graphs for determining dimensions of the lacings and 
core, as well as necessary core properties. Facing modulus of elasticity, t, shear 
modulus, G, and stress values, F, shell be values at the conditions of use; for 
cxamolu, if application is at elevated temperature, then facing properties at ele- 
vated temperature shell be used in design. The facing shear modulus or modulus of 
elasticity is the effective value at the facing stress. If this stress is beyond 
the proportional limit value, an appropriate tangent, reduced or modified value 
shall be used. 

(1) Choose an allowable shear stress Determine the facing thrcteerr <c) 

using 



Vsfl + C 2 F sf2 



M/2T 



s£* 



N; unequal faces 



equal faces 



13.21 



13.22 



When the shear modulus of one face is different from the shear modulus of the 
other face, the face stresses are balanced by the ratio 



sfl 

'si 



sf2 
; s2 



13.23 



The lower of the ratios in equation 13.23 oust be used for design, otherwise 
the face with the lower ratio will be ovarstressed. 
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(2) The critical facing stress (F Scr ) at which panel buckling will occur is given 
bv 



< E fl C l * *ttV 



2 b 



*l 2 it 



13.24 



where E, and X are values for the facing with least F $f /G s ratio as deter- 
mined from equation 13*23. 

If the facings are of equal thickness and of the same material, equation 
13-24 becomes 



T *cr ""Tib 



In equations 13.24 and 13.25 
(3) Evaluate the following parameters 

b/a 

<E £2 t 2 )/<E fl t : ) 
(Xf sf )/E £ 



13.25 

13.26 

13.27 
13.26 

13.29 



where equation 13.29 uses the values of the facing with the minimum ratio 
from equation 13.23. 

(4) Enter the appropriate chart (Figure 13.30, 13.31 or 13.32) with parameter b/a 
(13.27) to V - .01. (Choose a low finite value to start since V - 0 gives n 
as a minimum and C c as infinite). Move laterally to parameter, equation 
13. 2S, and then downward to equation 13.29. Project laterally and read value 
of h/b. Determine fa. 



(3) Evaluate core thickness f 



c 2 



tg ■ h - t; equal facings 

(6) Determine the value of K 1 from 



13-30 
13.31 



r teEfit-Ej-t. 
K> . £J - 1 * . unequal facings 

Xb 2 (E £ltl + E f2 t 2 ) ' 



13.32 
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Set, 




Q 02 CL4 0£ OlS UO 




■FIGURE 13.30 - CHART FOR DETERMINING h/b RATIO SUCH THAT 
A SIMPLY SUPPORTED SANDWICH PANEL WITH 
ISOTROPIC CORE VILL SOT BCGOE UNDER EDGE- 
VISE SHEAR LOAD 
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^ % S> 




02 M OS OM 




FIGURE 13.31 - CHART FOR DETERKIHING h/b RATIO SUCH THAT A SIMPLY 
SUPPORTED SAKDW1CH PANEL VTTH ORTHOTROPIC CORE WILL 
NOT EUCOI UNDER EDGEWISE SHEAR LOAD (C c fc - 0.4 C C4 ). 
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FIGURE 13.32 - CHART FOR DETERMINING h/b RATIO SUCH THAT A SIMPLY SUPPORTED 
SANDWICH PANEL VTTH ORTKOTROPIC CORE WILL NOT 3UGCLS UNDER 
EDGEWISE SHEAR LOAD (C cb ■ 2.3 G ca ). 
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"t.: 



; equal facings 



(7) Determine tentative core modulus of rigidity (C c ) from 13.34 for V 
this value 



.01 



13.33 
If 



.3.34 



of C e is not vithir. the range available is the desired core material and type, 
enter chart in Figure 13.33 along line V - K' /C c until a practical value is 
reached. For the new value of V repeat steps (4), (5) and (6). 

"(B) From appropriate charts in Figures 13.34 through 13.39, read directly the 
values of and For determining K^, assume V - 0. Evaluate ^ by 

using 



- -S-r K.\ equal facings 
3h* 

Determine the value for K from 



13.35 



13.36 



13.37 



(9) Substitute the value of K into (2) od solve for F Scr . This stress must b* 
greater than the allowable stresses F jfl and F jf2 determineo by step (1). 

(10) Check for face wrinkling as outlined in Section 13.2.1. 

(11) Check the panel £or intercell buckling. Section 13.2.2. 
13.2.5 Flat Panels Under Uniformly Distribute d Normal Load 

This section gives procedures for determining sandwich facing and core tM <;>"•" 
.no cor. shear modulus so that d.sign facing stresses and allowable panel flec- 
tions wiU not be exceeded. This procedure is used in the aesign of a fiat «nd- 
wi" panel with equal facings, simply supported at th. four edges and « 
uniform normal loading. Facings are iaotropic; cor. may be isotropic or °"*>"°F"- 
In the case of an orthotopic core, C M is the modulus of rigidity associated with 
tL^"ai.to"ion^bscrved in . cro" section parallel to side .. Correspondingly, 
C c k Is associated vith side b. 
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v 




LEGEND : 

FACINGS tSOTXOWC 
— —BOTH FACINGS OPTHOTPOPIC 

For dijsimilar f&cts *•« 13.2.4 



o a* os a* t-o 

L 

9 

FIGURE 13. 3* • K*i FOR SANDWICH PANEL WITH ALL EDGES SIMPLY 
SUPPORTED, AND ISOTROPIC CORE. 



* 
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*^—8QTH FACINGS ISOTROPIC 
— —BOTH FACJNCS OfiTHCTfiOPfC 
For dissimilar facts a«« 13.2.4 

ti'i 



CL2 



0L4 



as 



as 



UQ 



FIGURE 13.35 - FOR SANDWICH PANEL VITH ALL EDGES SIMPLY 



SUPPORTED, AND ORTHOTROPIC CORE. (G b - 0.4 G ca ) 
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FIGURE 13.36 - FOR SANDWICH PANEL VXTH ALL EDGES SIMPLY SUPPORTED, 
AND ORTHOTROPIC CORE. <C. h ■ 2.3 C M ). 
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FIGURE 13.37 - K H FOR SANDWICH PANEL WITH Al.l. 

EDGES CLAMPED, ISOTROPIC FACES 
AND ISOTROPIC CORE 



FIGURE 13.38 - K H FOR SANDWICH PANEL WITH ALL 

EDGES CLAMPED, ISOTROPIC FACES 

AND oilTIIOTKOPlC CORE (G^ - 0.4 G ) 
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Data Source, Section 1.3 Reference 3 



'ca 



— p ■ uniform normal 
J load. Lb/in 2 

b a ■ long side 

1 C c « core modulus of 



rigid! cy 



CD 



FIGURE 13.40 SIMPLY SUPPORTED FLAT PANEL WITH UNIFORMLY 
DISTRIBUTED NORMAL LOAD 

Evaluate the maximum bending moment per inch using the equation given in 
Figure 13.41. 



(2) Tentatively select panel material* and establish allowable stresses. 

(3) Determine facing thickness in the following weight minimizing expression, 



/SS 

V 2W f F 



13,38 



where F, ■ allowable facing stress, psi 
Wj - density of core, #/inr 
W f ■ facing density, #/in 3 

Increase t to nearest' standard gage. 

(4) Determine core thickness (t^) from 




13,39 



If practical considerations require unequal facings or different t c , make 
the necessary changes at this point. 

O) For a panel configuration thus determined, evaluate the parameter V 



MZ tlh + E f2h )b C< » 



; unequal faces 



2Ab 2 C ca 



; equal faces 



13.40 



13.41 
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Enter the Appropriate charts in Figures 23.42 through 12.46 with b/a and V cc 
determine the value for constants and C^. 

(6) The maviTTnTTTi bending moments occur at the panel center and are determined by 
the following expression 

. 1000 (C 3 + M*C 2 >; across width 13.42 
r 

16ob 2 

■ u (Cj + MC^); across length 12.43 

Moments obtained are per unit width and length of panel respectively. 

j (?) Calculate the resulting facing stress from 

2M 

£ f t(d + tc) "'^ 

at 

f, - t* * ^ 13.43 
f t(d * tc) 

The equations 13.44 and 12.45 are based on faces made of the same material 
and of -equal thickness. If materials or thicknesses arc different; the 
stresses must be calculated using Mc/I. If the facing stress is greater 
than the chosen allowable design stress or if considerably below, iterate 
the previous procedure to obtain a more nearly optimum design. 

(S) The minimum shear loads occur at the mid-length of the panel edges and are 
determined from 

S ■ C, ; shear on side a 12.46 

* T 

5 • *6ob p jheaT on side b 12.47 
b r 2 5 

Enter chart in Figures 12.47 through 12.50 to determine and Zy 
(9) Evaluate shear stresses 

f - . * 12.48 
sa d + tc 

"b 

f . • . ° 12.49 
sb d + tc 

Choose an available core to meet the stress requirement of 13.46* and 13.49. 

(10) If panel deflection is limited by the design criteria, it may be determined 
by 
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M • 3pb~ - moment <3 middle of panel 
"max 



a/ 



1.2 



££1 



1.6 I 1.3 



07 



.086 I .C Q 5 



.102 1 .119 



.12* ! . 125 



125 



FIGURE L3.4L - MOMENT AND DEFLECTION IN THE CENTER OF A RECTANGULAR 
PANEL WITH UNIFORMLY DISTRIBUTED NORMAL LOAD 




FIGURE I 3.^2 - MOMENT CONSTANTS FOR FLAT PANEL WITH 
ISOTROPIC CORE UNDER NORMAL LOAD 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DIVISION 





STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




0.6 1 1 , I 1 

0 .1 .2 .3 .4 .5 .6 .7 .6 .9 J.O 

b/a 

FIGURE 13,47 - SHEAR CONSTANTS, C* AND C5, FOR FLAT PANELS 
WITH ISOTROPIC CORE AND NORMAL LOAD 
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FIGURE 13.49 - SHEAR CONSTANT, Cj, FOR FLAT PANELS WITH 
ORTHOTROPIC CORE ONCER NORMAL LOAD 



L.O 



a. 1 ) 



and 

C 3 0.7 



0.6 





Gcaj 




a 


0.5 






t 











0.3 



ORTHOTROPIC CORE 
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FIGURE 13.30 - SHEAR CONSTANTS, C* AND C«, F3R FLAT PASELS 
WITH ORTHOTROPIC CCRE UNDER NORMAL LOADS 
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Data Source, Section 1 .3 Reference 3 



5 ■ 




13.50 



where 



D ■ 




; unequal i 



ACtS 



13-51 




- t c 



3 




; equal faces 



and C- is determined from cherts in figures 13.51 through 13.53, interpolat- 
ing between values when necessary. If £ exceeds the design Limit, increase 
the core thickness, and if necessary, the facing thickness until the deflec- 
tion is acceptable. Repeat steps (5) through (9) to determine new, lower 
s cresses. 

13.2.6 Sandwich Cylinders Under Torsion 

This section gives the procedure for determining core thickness and core shear modu- 
lus so that overall buckling of the sandwich walls of the cylinder will not occur. 
Buckling of the sandwich walls, dimpling or wrinkling of the fairings or sidewise 
bucklin* of the cylinder cannot occur without possible total collapse of the cylin- 
der. DetaiLcd procedures giving theoretical formulas and graphs for determining 
dimensions of the facings and core, as well as necessary core properties follow. 



(1) As a first approximation in determining the required facing thickness assume 
each face carries half of the shear load. Than 




r * radius of outer surface in 
inches 



FICURI 13.54 CYLINDERS IN TORSION 



1.25T 



13.53 



t ■ 




where T ■ torque 

t ■ thickness of either face 
r • radius of outside surface 
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0RTHCTR0P1C CORE 




0.1 .2 .3 .A .5 ,6 .7 .8 .<* 1.0 



b/a 

FIGURE 13.53 - DEFLECTION CONSTANT * C l( FOR FLAT PANELS 
WITH ORTHOTROPIC CORE UNDER NORMAL LOAD 
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(2) Choose a practical core depth and density. 

("!) For ihL- previous conf i *;u rat I on dcU-rminc the facing strc-sst-s by 



o 



outer facing 13. j** 



Tr 

< 

so - 7 

T_r t 

f , ■ ; inner facing 13. 

si J 



where r ■ radius to midline of outer facing 
r. ■ radius to midline of inner facing 
J" ■ polar aoment-of inertia of cylinder 
- 2spt(r. + r ) 

L O 

(4) Calculate the shear load on the cylinder by 




—Z- 13.56 
1LA 



:whc re 



r + r. 

o i 



13.57 



(5) Determine the critical buckling load from 



2KE ttg 

N - — 13.53 



where K is determined by entering the appropriate chart in Figures 13.55, 
13.56 or 13.57 with parameters 



J' • L 2 /dr c 13.59 



tt E- 

£ 13.60 



2Ar c dC c 



where G c is the circumferential core shear modulus. 

(6) If N cr is smaller than the shear load N s calculated in step (4), increase the 
sandwich strength and repeat steps (1) through (6). 

(7) Analyze the design foe intercell buckling per Section 13.2.2. 
13.2.7 Sandwich Cylinders Under Axial Compression 

This section gives the procedures for determining core thickness and core shear modu- 
lus so that overall buckling of the sandwich walls of the cylinder will not occur. 
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FICORI 13.SS - BUCKLING CONSTANT, K., FOR CYLINDERS WITH ISOTROPIC 
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FICURE 13.36 - BtlOCLINC CONSTANT, K, FOR CYLINDERS WITH 
ISOTROPIC FACINGS AND ORTHOTROPIC CORE 
AND TORSIONAL LOADING 
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FIGURE 13.57 - BUCKLING CONSTANT » K, FOR CYLINDERS -ITH ISOTROPIC 
FACINGS AND ORTHOGRAPHIC CORE AND TORSIONAL LOADING 
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Data Source, Section 1 .3 Reference 3 



Theoretical formulas are btscd on buckling loads for classical sine- wave buckling. 
Tht theory defines the parameters involved rather than determining exact coeffi- 
cient* for computing buckling loads. Large discrepancies exist between theory and 
tests and, unfortunately, the test values for buckling of thin vailed cylinders in 
axial compression are much lover than expected by theory. Design information based 
on large deflection .theory and diamond shaped buckles give results less than one- 
half the buckling loads given by classical theory* 

Until sufficient test data ere available, the two methods of analysis, large 
deflection, theory, and small deflection or classical theory must be used. The two 
methods are -presented in this section. The designer may take his choice, but this 
choice should be dictated somevhat by the application of the structure. 

A. Large Deflection Theory 



The following method is used in the design of e sandwich cylinder subjected to 
axial compression loading. Assume the load is applied uniformly to both fac- 
ings. Either the outside or the inside diameter is given. The sandwich has 
isotropic faces and isotropic or ortho tropic core. 




—I 



N » uniform axial load in 
lb/in of circumference 



FIGURE 12.58 - CYLINDERS UNDER, AXIAL COMPRESSION 



(1) Choose an allowable compressive stress (F«) for the facings and determine 
the approximate required thicknesses by 



t ■ N/2F^; equal faces 
For facings of different materials, maintain the ratio 



T £X n il ' T tl fZ il 



13.61 



13.62 



13.63 



(2) Determine the following parameters, assigning subscripts in such a manner 
that equation 13.64 is 2 1. 



F f s/X 



13.64 
13.65 
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<3) Enter chart in Figure 13.39 vita V ■ 0.1. Project vertically upward to 

parameter determined by equation 13.64, Proceed horizontally to appropriate 
cone shear modulus (C^) .curve, than downward to parameter of equation 13.64 
and across to equation 13.65. Project upward to h/r and read the value; uae 
it to determine a tentative sandwich configuration (r * r Q }• 



h ■ r (h/r) 
Determine core thickness (t c ) from 

t c ■ h - (t^ + tj)/2; unequal faces 



11.66 



13.67 



tg ■ h • t; equal facae 



13* 6a 



(4) Estimate the value of r f the radius to the eentroid of the cylinder vaJ.1, 
froa 



13*69 



This iJ true for equal facings only but is sufficiently accurate for wost 
practical caae* involving unequal facas. 

(5) Qeta-raine constant %l , relating to by 



3Xrd* 



13,7X3 



For unequal facings evaluate K ; for each facing; ua« lover vmlu*. 

(6) Z»t*r chart in Pigure 13.63 with v' ■ 0.1. Project horizontally to 

approximate V* • JC'/C^ diagonal tad raad the value for G c » If this velu*- 

of C fi is impractical, move diagonally to a deslnd value* K«*d th« n«w v', 

Pvr the new value of repeat Stape (3) through (6), iterating until a 
satisfactory solution is reached. 

SOTE 3 For values of ¥ * 1*0 uae charts in Figures 13.60, 13*61, aod 
13*62. 



{T) fat sandwich buckling analysis, evaluate the parameters 

2 lnh 1 f2 t 2 t « 



V - 



V ■ , J equal faces 



tc/d 



13*71 

10*72 
13*73 



n?no M /fV P 
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flCURI 12-59 - APPROXIMATE DESIGN CURVE PCS. CTUHDERS 
TTNPFP AXIAL COMPRESSION 
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FIGURE 13.60 -' DESIGN CURVE FOR CYLINDERS WITH ISOTROPIC 
CORE UNDR AXIAL COMPRESSION 
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FIGURE 13.61 - DESIGN C0RVE FOR CTLINDERS WITH ORTHOTROPIC 
CORE UNDER AXIAL COMPILES SI ON 
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FIGURE 13.63 - CHART FOR DETERMINING G c FOR CYLINDERS UNDO. AXIAL COMPRESSION 
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FIGURE 13.64 - CHART FOR 
DETERMINING K FOR CYLINDERS 
UNDER AXIAL COMPRESSION 
WITH ISOTROPIC CORE 
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Enter the appropriate chart in Figures 13.64, 13.65, or 13.66. Obtain the 
value of K.. 

3) Determine the ratio of the facing stiffness to the sandwich stiffness 

3 3 

^ " <Vl +V2 } (£ l C l* E 2 t 2 ) ; unequal faces 13.74 
12 E^E^h 2 



*M>* 2 • #mi*L faces 13.75 



a r - t /3h ; equal f 



(9) The value of facing stress (F ) at which bucicling of sandwich wall will 



OCCUT IS 



F CC r" - K tt ^1*1*2*2 P**? ; unequal faces 13.76 
5 r (E^-r E 2 t 2 ) / X 



F • 2 K Eh /1+a- ; equal faces 



13.77 



Unequal faces must both be checked to insure that > f f . 

(10) Check for overall colunm bucicling using 

N ccr - jrVjI^jfJ^) . unequ4l fac „ 13.78 
21 2 



N • T*r*It ; equal faces 13.79 

" ? IT" 

(111 deck the cylinder faces for intracell buckling per Section 13.2.2. 
B. Small Deflection or Classical Theory 

Proceed through step (6) in the previously described large deflection 
method. This will give a satisfactory first approximation. 

(7) For sandwich buckling analysis evaluate the parameters 

V ■ E-.E-.t- yt. t,' 

fl f2 c ✓ 12 13.30 



(£ fl + E f 2 } ^ hT C « 
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FIGURE 12.65 

CHART FOR DETERMINING 
K FOR CYLINDERS UNDER 
AXIAL COMPRESSION VXTH 
ORTHOTROPIC CORE 



FIGURE 13.66 

CHART FOR DETERMINING 
K FOR CYLINDERS UNDER 
AXIAL COMPRESSION WITH 
ORTHOTROPIC CORE 
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Data Source, Section 1 .3 Reference 3 



; equal faces 



(3) Enter chart in Figure 



13.67 and obtain ft value for K. 



(0) The 



value of F cr at which buckling of the sandwich will occur is 



cr 



r/X(t 1 t 2 ) 



i uneoual faces 



13.31 



13.32 



F cr -^TT ; ^ Ual :aC " 
(10) and (U) Same as steps (10) and (11) for large deflection. 
(U) Check for face wrinkling per section 13.2.1. 
L3 2.3 Cylinders tinder Unifo ra External Pressure 

given as part of the design criteria. 



ITllllI! 




uniform 

external 

pressure 

lb/ in 2 



FIGURE 13.63 - CYLINDER UNDER UNIFORM EXTERNAL PRESSURE 

(1) Select a tentative sandwich configuration given cylinder length U) , the 
outside diameter (Dq) and external pressure (p). 

Choose: 



a. racing materials and thicknesses. 

b. Core material: The flatwise compressive strength of the core, (? c ), 
must satisfy F I 1.5 fJ 



13.34 
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FIGURE 12.67 - CLASSICAL BUCKLING COEFFICIENT - 

ISOTROPIC FACES AND ORTHOTROPIC CORE 
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c. A tentative value for the centroidal distance between facings <h). 
(2) Calculate the total depth of the sandwich (d) and the mean radius (r c ) 



d - h + (t x + t 2 ) ; unequal faces 



13.35 



r - D - d 

c o 



12.36 



d • h +■ t; equal faces 
(3) Calculate the parameter (fO. 



R. - S^t^ ; unequal faces 



13.3" 



13.33 



R • 1; equal faces 
(4) Calculate the parameter (V). 



13.39 



3r c A(£ 1 t 1 +£ 2 t 2 )G ra 



; unequal faces 



13.90 



t t 



3r AG 
c n 



; equal faces 



wn 



ere G - Core modulus or rigidity in the radial and tangential 



direction. 



(5) Calculate the parameters ( a ) and (L/r c ) 



13.91 



L/r - the ratio of cylinder length to the 
c mean radius 

° 2 - { (Wr e ) 2 

h/r « the ratio of the centroidial distance 
c between faces to the mean radius, where 
the mean radius is the distance to the 
center of the core. 



13.92 
13.93 
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Data Source, Section 1 .3 Reference 3 



k. directly. 



(6) Ente- charts ir. Fibres 13.69 through 13.64 with the values of a*, l./r c 
and L. Determine If there is no exact cnart for the given values, 
interpolate between adjacent charts. 

A simpler but more conservative method baaed on the assumption of a very 
long cylinder (L/r p > 100) may also be used to determine the value for 

12R a 1 ; unequal faces 13.94 

(K + l) 2 (1 - 12 Va ) 

. 3 or^ ; equal faces 13.95 



1 - 12 Va 

(7) Calculate the critical buckling pressure (q cr ) 



<cr 



Vl + hH. "U; unequal faces 13.96 



r X 



- 2Etk : eoual faces 13.9? 



or 



(S) 1* o is less than the external pressure, p, select a new sandwich 
configuration and repeat steps CD through CO. 

13.2-9 Beams 

This section contains the procedure for the design of sandwich members usee as 

beams. The load is applied normal to the face of the sandwich and the member has 

reaction points at the ends. The edge of the beam is assumed to have no supper.. 

( i ) Determine the maximum bending moment (M) and maximum beam shear (S) for the 
* design loading and end support conditions. Figure 13.85 shows some commoniy 
used beams with maximum moments and shears. 

(2) Choose an allowable design facing stress (F f ) which does not exceed either 

the tensile or compressive yield stress of the face material. 
(2) Calculate the required section modulus per unit width (2) from 

2 - Jj_ L3 * 98 



where b " beam width. 
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FIGURE 13.69 - BUCKLING COEFFICIENT FOR CYLINDERS UNDER 
UNIFORM EXTERNAL PRESSURE 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




oaae S-/2. 5 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAIR AND SPACE SYSTEMS DIVISION 




FIGURE 13.71 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL FRESSUUF. 
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FIGURE 13.72 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.73 - BUO0.INC COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.74 - BUCKLING COEFF ICIEN T FOR CYLINDERS 
UNDER UNIFORM ECTERNAL PRESSURE 
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FIGURE 13.77 - EDOOINC COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FICTRI 13.76 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.79 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.30 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.81 - BUCKLING COEFFICIENT FOR CYLINDERS 
UNDER UNIFORW EXTERNAL PRESSURE 
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FIGURE 13-82 - BUOOINC COEFFICIENT FOR CYLINDERS 
UNDER UNIFORM EXTERNAL PRESSURE 
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FIGURE 13.85(a)- BEAM MOMENTS 
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FIGURE 13.85(b) - DEFLECTION CONSTANTS 
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(4) Calculate a starting value of d/t from the veight minimizing relation 

d/t • 14-2 w £ /w c 1.3.99 

where w, and w are the densities of chosen facing and core materials 
respectively. 

(5) From Figure 13.36 find the value of d associated with the value of Z 
determined in step (3), and move horizontally (2 ■ constant) to the 
nearest standard sheet gage. Read the corresponding panel thickness d. 

(6) With the values of d and t thus determined, check the facing stress, 

M 13.100 
*f " bt(d-t) 

This value of f, should equal F £ (step (2)). 

(7) Determine core thickness 

tc - d - 2t 13.101 

(S) Solve for core shear stress from 

f. ■ 2S 13.102 
b(d + tc) 

This value of f s should not exceed the allowable shear strength of the 
chosen core. 

(9) When stiffness is an important consideration, determine the two stiffness 
parameters t D and U 



D -1 



12X 



d 3 - 



13.103 



where E' c - Elastic modulus of the core in the spanwise direction 

If - Clastic modulus of face material 
X - 1 - M 2 

ii ■ Pois son's ratio for face material 

For beams with cellular cores, E' c is often very low in comparison to L f , 
and the ratio E' c /E; * 3 then assumed to be equal zero. 

Calculate shear stiffness 



u - h 2 c c b L3-102 



l c 
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Data Source, Section 1.3 Reference 3 



where h ■ d-t » t c + t 

G £ ■ core modulus of ridigity 

(10) Compute the deflection' ( <5 ) from 

o u 

where P ■ applied load 

L - length of beam 

The coefficients and K $ are given .in-.Figure.-13. £5 for various beam 

loadings and end support conditions. If the computed value of 6" is 
greater than that compatible with the 'design criteria or good design prac- 
tices, the beam's stiffness may be increased by increasing core thickness, 
or by using a core with a higher modulus of rigidity, or both. -Any of the 
above calculations affected by the change should be repeated. 



(11) Determine the flexure induced core compressive stress 

It 1 



f c - — r 13,104 

c I f (d/t - 1) 



(12) The core should also be analyzed for local crushing due to concentrated 
loadings, either applied or at reaction points. 

13.3 Attachment Details 

Ail sandwich parts must be attached to the framework of the airframe and often to 
other similar parts; therefore, means for transferring the concentrated loads 
imposed at these attachments must be provided. Occasionally, on very lightly 
loaded parts, unreinforced bolt holes or subsequently inserted reinforcement* 
will suffice, but in most structural applications, local reinforcements must be 
incorporated during fabrication. 



13.3.1 Edge Design 

Sanuvrrh parts are normally, joined over a framing member. The edge configuration 
is often dictated by the loads to be transferred, core, smoothness requirement, 
fasteners, facings, panel usage, etc. Figure 13.37 shows some commonly used edge 
configurations. Care should be used in selecting the edge design. If the methods 
of Section 13.2 are used in the design of the panel, both faces are capable of 
reacting load. Then, in order to fully utilize the sandwich concept, the edges 
must be designed to be compatible. 

Some of the edge configurations have beveled edges, such as a ^5° chamfer with 
fiberglass closure. This is a c omm only used configuration at Bell. The load that 
is introduced into the inner face at the edges is only what can be transferred 
through the fiberglass edging or shear lagged through the core. 
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FIGURE 13. 87 - SOME TYPICAL EDGE DESIGNS 
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Regardless of the type of configuration, the edge design should be such as to keep 
moisture out of the core. This can be accomplished by the use of potting compounds 
or fiberglass closures. 

The facings which have been si2ed for the type of failure modes discussed in 
Section 13.2 vill not necessarily be thick enough to develop the fasteners. An 
edge reinforcement must be installed with a thickness sufficient to develop the 
fasteners. The reinforcement is a doubler, either internally or externally. In 
some cases, it can be chem-etched integral with one of the faces. 

When the Loads on a sandwich panel are normal to the panel, the edging doubler 
may have to react these loads. In this case, it must be thick enough and wide 
enough to develop the bending moment in the edge. 

13-3.2 Doublers and 'Inserts 

The design of a sandwich structure may be such that loads must be transferred to 
or from individual parts at points other than at their edges. Inserts in the part 
are required at these attachment points if the loads are of appreciable magni tude. 
Typical methods of introducing high loads into a sandwich panel are shown in 
Figure 13.38. These may be in the form of strips (metal, wood, foam), inserted 
continuously across the panel or as local reinforcements under individual bolt 
patterns. Shear loads on attachment bolts may require additional reinforcement 
to provide adequate attachment bearing area. This can be in the form of a doubler 
which can be installed internally or externally. 

One method of densif ication (increasing the density of the core so that concen- 
trated loads can be introduced) is to cut out an area of the core and insert a 
piece of denser core. Another method of densif Ication is to compress the core 
in a local area so that the cell size is smaller than the main body of the core. 

13.3.3 Attachment Fittings 

Accessories, such as shelves, fittings, mounting brackets, are often fastened to 
the sandwich panels. Figure 13.89 shows some examples of how fittings can be 
attached to sandwich panels. 
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MIGHSTXENGTH INSERT 




R REINFORCEMENT FOR ADDITIONAL BOLT 
BEARING AREA 





FIGURE 13.88 - SOKE TYPICAL HIGH- STRENGTH 
INSERT DESIGNS 
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SECTION 8.14 



SANDWICH CONSTRUCTION-ANALYSIS METHODS 
REFERENCES: 

NASA CR - 1457 "MANUAL FOR STRUCTURAL STABILITY ANALYSIS 

OF SANDWICH PLATES AND SHELLS " BY R. T. SUUJNS, G . W SMITH, * 

E.E. SPIER. DEC. 1969. 

TBS 123 " DESIGN HANDBOOK FOR HONEYCOMB SANDWICH 
STRUCTURES" HEXEL OCTOBER 1967 

ANC-23 " SANDWICH CONSTRUCTION FOR AIRCRAFT " 

CASD - SSO-76-016 " HONEYCOMB SANDWICH PANEL 
ANALYSIS METHOD. SPACE SHUTTLE ORBITER MID-FUSELAGE " 
W. S. BUSSEY JR. 22 JULY 1976 (SYNOPSIS INCLUDED IN THIS 
SECTION OF THE MANUAL). 



page a./-/- / 



STRUCTURAL ANALYSTS MANUAL 
GENERAL DYNAMtCS/CONVAlR AND SPACE SYSTEMS DIVISION 



SYNOPSIS 

ANALYSIS OF STRUCTURAL HONEYCOMB SANDWICH PANELS 



The structural sandwich is analagous to an I-beam with the sandwich facings and core 
corresponding to the I-beam flanges and web, respectively. The facings carry axial 
compression and tension loads, and the core carries transverse shear loads. 

Low density cellular (honeycomb^ core mareriaris oftenused tn order to achieve 
light weight designs. As a consequence of employing a light weight core, the design 
or analysis criteria must allow for the core shearing deformations which result from 
the Low effective core shear modulus. The main difference in the analysis of sandwich 
structure as compared to analysis of homogenous sheet structure is the inclusion of 
the effects of core shear deformation on panel strength and deflections. 

A thin sandwich facing subjected to edge compression behaves similarly to a column 
supported on an elastic foundation. Thus, the buckling or wrinkling load depends upon 
the elasticity and strength of the core. In the design of a sandwich panel, the four 
conditions summarized below must be satisfied. 

1) The sandwich facings must be thick enough to withstand the stresses which result 
from the design loads. 

2) The core must have sufficient thickness, shear rigidity and strength so that general 
buckling, excessive deflection, or shear failure will not occur under the design 
loads. 

3) The core must have a sufficiently high flatwise modulus of elasticity, flatwise ten- 
sile and compressive strength so that wrinkling of either facing will not occur under 
the design loads. 

4) The cell size of a cellular (honeycomb) core mur.t be small enough so that dimpling 
of either facing Into the core cells will not occur under the design loads. 

In designing to meet the above conditions, it is assumed that the bond between the 
facings and core is strong enough to prevent the following under design loads. 

1) Face wrinkling caused by either facing pulling loose from the core. 

2) Excessive deflection or shear failure at the joint between the facing and core. 



Data Source, Section 1.3 Reference 34- 
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SECTION 9.0 

PRESSURE VESSELS AND PIPES 

DATA SOURCES FOR ANALYSIS OF PRESSURE VESSELS AND PIPES ARE 
GIVEN, TOGETHER WITH TANK GEOMETRY. 

PAGE 

9.1 STRESSES AND DEFLECTIONS 9.1.1 

9.2 TANK GEOMETRY 9.2.1 

9.3 PIPING SYSTEMS (ELBOWS, BELLOWS, DUCTS) 9.3.1 

9.4 DISCONTINUITY ANALYSIS OF SHELLS 9.4.1 
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SECTION 9.1 

STRESSES AND DEFORMATIONS 

THESE DATA ARE AVAILABLE IN " FORMULAS FOR STRESS AND STRAIN " 
R. J. ROARK. 

3RD EDITION, SEE CHAPTER 12. 

E. F. BRUHN, J. I. ORLANDO, J. F. MEYERS " ANALYSIS AND DESIGN OF 
MISSILE STRUCTURE " TRl-STATE OFFSET COMPANY, CINCINNATI, OHIO. 
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SECTION 9.2 



TANK GEOMETRY 



VOLUME AND SURFACE AREA EQUATIONS FOR VARIOUS TANK GEOMETRIES 
ARE SHOWN ON THE PAGES FOLLOWING. 



page 3.2.' 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DiVlStON 



TANK GEOMETRY Data Source, Section 1.3 Reference 14- 
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TANK GEOMETRY 
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TANK GEOMETRY 
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Tank geometry 
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TANK GEOMETRY 
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SECTION 9.3 



PIPING SYSTEMS 



ANALYTICAL METHODS FOR ANALYSIS OF PIPING SYSTEMS, INCLUDING 
ELBOWS, BELLOWS AND DUCTS, ARE PRESENTED IN THIS SECTION. 
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Data Source, Section 1 .3 Reference 4" 



PIPING SYSTEMS 



34.1 INTRODUCTION 

Aircraft presiunxed systems utilize tubinf or ducting to 
convey fluids or g ase*. Tubing Is thin walled conduit of 
circular cross— section with outside diameter to wail thick— 
neat ratio, 10<D/t<100. All types of tubing commonly 
uMd art relatively malleable and cms b« bent resulting 
In a reduced number of Joints. Thin walled metal tubing 
Is used extensively in the design of high pressure systems 
due to its high efficiency in resisting internal pressure 
loading. Ducting is thin walled conduit of large cross- 
section, usually circular or rectangular, which is gene- 
rally used to convey large volume, low pressure fluids 
or gases. 

The classification, piping, although usually associated 
with Large diameter, thick walled conduit Is used frequently 
is this section when referring to thin walled tubular sys- 
tems. This results from the fact that many of the analy- 
sis methods applied to aircraft pressurized systems were 
developed for complex Industrial and marine piping sys- 
tems* 

Examples of aircraft pressurised systems ares 
L Hydraulic system 
X Fuel system 
X Oxygen system 

4. Water system 

5. Pneumatic system (Includes de— Icing and alrcondi- 
aoning systems) 

The deflection and stress modification factors developed 
for piping analysis are based on theoretical studies modi- 
fled empirically by factors determined by test results. 

24J MATERIALS 

Ducting and tubing for aircraft pressurized systems util- 
ize a variety of materials dependent on operational re- 
quirements. Material selection Is usually governed by two 
basic considerations of operation which are: 

L System pressure 

2. System temperature 



Some typical material selections based on operational re- 
quirements are shown below: 



Applica- 
tion 


High 

Pressure 

Lines 


Low 

Pressure 

Lines 


High 
Tamp 
Ones 


Material 


Corrosion 


Aluminum 


Nickel 


Classifi- 


Has tstant 




Baaed 


cation 


Steel 


Plastics 


Alloy 




Titanium 




Typical 
Material 


21Cr-6Nl-9Mn 
3A1-2.5V 


6061-T6 
Nylon 


Inconsi 



34.3 PIPING SYSTEM ANALYSIS 

Due to the similarity between piping systems and rigid 
framed structures many of the methods developed for 
the analysis of framed structures can be applied to piping 
systems providing the Increased flexibility and stresses at 
the bends are taken Into account . 



24.3.1 DESIGN CONDITIONS 

The pressure lines of aircraft piping systems are sub- 
jected to transiaoonal and/or rotational displacements 
due to externally applied forces such as flight IndurrH 
Inertia loads. Stresses generated In the lines due to these 
external forces must be combined with those resulting 
from the critical pressure and temperature environment 
for the system. All systems when fully pressurized must 
sustain the application of total flight load factors due to 
maneuvers and gusts. 

34.3.2 DESIGN PRESSURES 

The design of a pressurized system Is based on three 
pressure conditions: 

L Operating pressure 

2. Proof Pressure 

3. Burst pressure 

The operating pressure is the nominal system pressure 
with transients such as surge usually limited to a given 
percentage over nominal Proof pressure Is the oper- 
ating pressure or in some cases the relief valve set- 
ting pressure multiplied by a proof factor. 

At proof pressure no yielding or per- 
manent deformation is permissible. Burst pressure is an 
ultimate pressure condition obtained by multiplying the 
operating pressure by an ultimate factor. No failure shall 
occur at this pressure. 

A burst pressure test is required to qualify a component. 
A proof pressure test is applied to each component pro- 
duced to ensure It satisfies strength requirements at that 
pressure. Functional test pressures are generally lower 
than component proof pressures and are usually applied 
to the entire system. Burst, proof and functional pres- 
sures are defined In the criteria for the system. 
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31 3 3 DETERMINATION OF PRESSURE 
STRESSES AND WALL THICKNESS 

The straiies due to Internal pramn and tha d**annina— 
ttoa oi the wail Ihli hi in an obtained aa follows: 

ForDft<100 

B aaed oa elastic theory the maximum etr aunfarana al 
enak» straw at tba maar suzfaot to given by: 

— ""'^ 

p « Internal preaeun (pal) 
0 outside dla (in) 
d ~ inside dU (la) 
Hm aaaociasad lonajtadlnsi «nu la obtained from: 

Required r**"' 1 *" 1 ** wall thidmsas is dartvad by setting 
t m m F„ and p — boat prawn, p^. 



ForD/talOO 

Tha drcumfaratlal tension atnu la assumed to ba uni- 
form and gtvan by tba expression: 

-8? 

Tha associated longitudinal strata la obtalnad from: 

Required minimum wall thlcknaia la baaad on th« Or— 
cumssrenaal tension stress with f„ m F M and p — p . 




313.4 CURVED TUBES UNDER EXTERNAL 
MOMENTS 



A curved tuba subjected to bandlnff (Saa Figures 34.3.4- X) 
la mora Ocadbla and baa higher atnaaaa than indicated by 
the elamentmry theory o/ binding. This results from ovalU 
zatton of tba tuba cross-section during handing modifying 
tha atreaa distribution aa shown in Figure 24.3.4-2. Tha 
increase m fler trail fry and stress la acoountad for by tha 
uaa of flexibility and stress intensification factors as shown 
la Sections 34.3.4. 1 and 34.3.4.2 raapacttveiy. 



(location for Curved Tubas Ondar External Mosaanca 




Flgun 34^3.4-1 
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CURVED TUBES UNDER EXTERNAL MO- 
MENTS (Continued) 



Ova liz scion and Modified S crass Distribution 
of Curved Tubes Under External Koaanca 




(1) ZB-PUU7E B CMS INC 

(tangejtts roaczD tocethee) 

(2) in-piane b ending 
(tangents forced apart) 

(3) out-of-plane bending 




MAX LONGITUDINAL STRESS OCCURS 
AT ANCLE a t 

(A) ELEMENT ART BENDING THEORT 

(B) THEORT OF CURVED PIPES 



Figure 24.3.4-2 



34.3.4.1 FLEXIBILITY FACTOR 

Tba flexibility factor, k. for an unpressurixed curvad tuba 
fubjact to in— plana or out-of-plan* bending li given by 
tba expression: 



where: 



h - 



tR 



(See Flgura 24.34-1 for symbol 
definition) 



NOTE: Thin wailad only 10<D/t< 100 

Tba incraaaad flrrthHtry U accounted for by dividing tba 
bib* rigidity, EL by k. to give a raduoad rigidity, El/k, 



24.3.4J2 STRESS INTENSIFICATION FACTOR 

The longitudinal stress Intensification factor, 0 , for an 
unpressurized curved tube tub) act to in-plane or out-of- 
piana bending ia given by the expression: 



See Section 24.3.4. 1 for definition of h. 



The Intensified longitudinal stress due to bending la given 

by: 



In addition to the above intensified longitudinal bending 
stress there is a peak extreme fiber circumferential stress 
acting at a - 0 - (See Figure 24.3.4-2). This peak circum- 
ferential stress Is approximately equal to twice tba longi- 
tudinal atreaa obtained by tba above formula. 

For static conditions the circumferential strata la usually 
neglected, as the peak streaa is vary localized and tba high 
gradient across the tuba wail enables a small amount of 
plastic flow to relieve tba high local value. In dynamic 
lo»*"ng_ tba assumption is no longer valid aa fatigue be- 
comes a consideration. 

24.3.4J EFFECT OF INTERNAL PRESSURE ON 
FLEXIBILITY AND STRESS INTENSIFI- 
CATION FACTORS 

Tba formulas for tba flexibility factor and stress lntenai- 
flcatlon factors in Sections 23.3.4.1 and 23.3.4.2 are 
based on theory and teals without internal pressure. The 
effect of Internal pressure on relatively thick walled curved 
tubes at low stress levels is neglibible but for thin walled 
curved tubes tba effect of internal pressure la lignlflcant 
Tba following formulas modify tba flexibility factor, k, 
and streaa Intensity factor, fi , for the effects of internal 
P" 



Flexibility factor with Internal pressure, k, la gtven by: 



k, - 



1* JfXa 
where; 

f v — hoop streaa in straight tuba 
- pr/t 

E — modulus of elasticity of tuba material 
X k — function of r/t and R/r 

Obtain k from Section 24.34. L 



Additional Flexibility factor and Stress Intensification factor data is 
shown on page 9.3.10 
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34.3.4.3 EFFECT OF INTERNAL PRESSURE ON 
FLEXIBILITY AND STRESS INTENSIFI- 
CATION FACTORS (Continued) 

jn ^ if t ftr*fl fni ft*^ftr wtth lataraal 



2 i-o 



The longitadmal 
pressure, 4, , la given by: 



I + 



X, - roneaonof r/tmlB/f 

-. — H-ACf)*' 



2l3.fi STRESSES IN CURVED TUBES SUBJECT 
TO INTERNAL PRESSURE 

la addition to the externally applied force* on curved 
tubea aa dlmnaad la the foregoing section* tba tuba wall 
fc» nearly aiwaym, loadad by system Internal pressure. 
For a curvad tuba, D/t>10 subject to as lntaroai pres- 
aura, p, tba longitudinal and dzrum/ereaaal prcHura 
stresses ara aa follows: Longitudinal pressure stress, 
f L* • *■ Identical to thai for a straight tuba aa shown la 
Secnon 34JL3 0. 



Qrcunrfcrenual pi 



fn, . la flvan by: 



Obtain £ from Section 34.3.4.2. 

For a praaaurlaad carved Inba subfecS to tn— plane or ou*- 
of plana aa httcoeined kmsttadLoaJ 

•trees J. given by: 

Tba stress doa to Internal pnaaiiia ralnil atari 
floa 34*3.5 must ba addad to tba above bending 
to obtain the total stream. 



34.3.4.4 EFFECT OF FLANGED ENDS ON 

FLEXIBILITY AND STRESS INTENSI- 
FICATION FACTORS 



Tba carved tuba tbaory la appaoanla oary If and 
aoae ara such that ovalfeaaoa or flattening of tba curved 
tuba la aot l es uk ss d . Flanges at tba end of tba band 
(tangent poiat) tend to oppose ovalteanon and lower tba 
*—<*n»j Mnj \ ,!,„, iimmifh aUnii ramus Tba aauilar 
the subtended angis of the tuba band thegieeiar tba lensi 
trrtty of tha bend to dtansbanesa doe to and restraint. 
For a 90* band with Oaagwj at oaa or both ends tha 

piled by a oorroalaa tear, Cf , gJvenby: 



C, 



\oneend 



a^Cboth 



flanged) 



34*3.4.1 Cor h Values of C r 
natty should not ba used. 



where t a Is dxcumierentlaJ preaaure streu for straight tube 
aa ahown la Section 34.3JL and other symbols la abova 
formula are denned la Figure 24.3-5- L 



Discrlbntiao of Clreuaf erenclal 5cre*s*e in 
Bead Subjected ce lacazaai. Pressuro 



2CJt + r)** 




r • aaaa radlua 



Figure 34.15-1 



® Son 



Safety fedora 
34-3.«. 



must be appUed as indicated in See— 



For curved tubea tha redistribution of material, which 
ocean during fabrication, * h **"»*»i at the oufiride and 
****^>*"f at tha Inside of tha bead la a compensating 
tenor of the mow order aa tha acting dreuarfennrlal prea— 



e 
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24.3.6 MOMENTUM CHANGE LOADS AT BENDS 

The change tn direction of the flow at ■ tub* or duel bead 
produces a force due to momentum change as ibowa in 
Figure 24.3.6-1. 



Moment is Change Load Ac Band 




Figure 24.3.6-1 
Force, F, In pound* at the bend la given by: 
_ _ 2AV a pco«* 



when 

A - cross ■actional area, of tube or duct (In)' . 
V - velocity of fluid (In/sec) 
p - fluid density (Ib/ln 3 ) 
g — gravitational constant 
- 336.4 uVmc' 

24.3.7 FIPING FLEXIBILITY ANALYSIS 

The objective of piping flexibility analysts la to ensure 
that no failure of the pining material or anchor structure 
occurs due to overstreaa, no leakage at the Joints results 
from excessive loading and that than is no overstraining 
of connected equipment. 

Piping flexibility analysis Is resolved Into two parts. 

1. The calculation of forces, moments, st r ess es and daw 
placements In a tubular structural frame due to ther- 
mal expansion, support displacement. Inertia eflsctt, 
etc with the beads analyzed as shown la Section 
24.3.4. 

2. Comparison of the calculated stresses and displace— 
ments with allowable Umtts to ensure that the ih esses 
tn the system an maintained within a rang* so thai 
direct or fatigue failure is precluded and that displace- 
ments do not exceed acceptable Umtts. 



24.3.7.1 GENERAL PROCESS OF SOLUTION 

In the flexibility analysis of any system of given line size, 
configuration and material, with s predetermined am- 
plitude and number of temperature cycles the following 
steps axe Involved: 

1. The ilgnificant physical properties of the material, 
such as coefficient of mermal expansion, modulus of 
elasticity, modulus of rigidity and Poisson's ratio must 
be determined. 

2. Assumptions regarding piping dimensions , notably 
those associated with cross-section, must be made. 
For simplicity, dimensional tolerances an disregarded 
and nominal dimensions used throughout. 

3. Determine conditions of end restraint for the lines. 
Normally the ends an assumed fully fixed. In ad- 
dition to thermally induced expansion and contrac- 
tion of the lines, equipment expansion and contrac- 
tion must be considered since these will increase the 
forces and moments in the system. 

4. The iigniflcance of intermediate forma of restraint 
must be sitttrH Major restrictions to free move- 
ment of the line due to guides, solid hangers, or other 
supports must be considered in the analysis. 

6. Select a method of analysis for the solution from sev- 
eral available for analyzing framed structures. Two 
analytical methods widely used for piping systems an 
the energy method known as "Method of Least 
Work" and the "Elastic Center Method". 

In addition to pressure, 
thermal and Inertia loads, support displacement loads 
due to airplane structural deflections must be included 
in the complete analysis. 

6. The last step la a comparison of the analysis results 
with allowables. 

34-3.7.2 COMPUTERIZED FLEXIBILITY 
ANALYSIS 

Complex three-dimensional piping systems require pro- 
digious computational effort, which can be facilitated by 
the use of computer programs. Input data for a typical 
program is outlined below: 

The first step is to calculate the coordinates of all node 
points. 
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Design ronrittlons of pressure, p, (pal) and 
tara.Tf.*?) 



24.3.7.2 computerize FLEXIBILITY 

ANALYSIS (Continued) 

Onet the piping ge om et r y Is established the am step la 
to determine the system operating conditions ud proper— 
oeaaa" 



Material 

Modulus of elsutfctty, E (psi) at 
Modulus of rigidir/, G (pal) at 
Potsaoe'i ratio* » 

Unit thermal expansion of pipe, a A T(ln/ln) 
Pipe diameter, D(ln) 
Cross sectional ana, Afjn* ) 
Moment of inertia about a diameter. I (In 4 ) 
10. Polar mcenent of inertia, J(ln* ) 
1L Bead radlua of carved pipe, R, (in) 
12. Band Oaxibittr/ factor, k v . (Sat Section 23.3.4.3) 



23J.4.3) 



Intensification factor, fi , (Sa* Section 



14. Effective mo m en ta of inertia, I» and J* , 

trvarr for tb« bends. (I, — I/k#)> Tha torsional 
flexibility factor la normally assumed to be LO so 
that J, — J. 

The establishment of boundary conditions requires care- 
&il %l* m n riM Use may be mads of the specified deflection 
options of programs to establish rapport structure de- 
flection*, with the system internal loads obtained ~ 



the flexibility analysts, the 
Section 24.3.8 
to ***^***n pr'TT^w J 



In the system can be 
the mm hi nation of 



24.3.3 STRESSES IN PIPING SYSTEMS 
Stresses In piping systems result from: 
L Tr— -* 1 pressure. 

2. Thermal STpenston and display s i neut of support 



Weight of the Unas and components- fitted Into the 
Unas such as flanges, ▼alvee.ete. phis inertia effects 
on the system (system fluid weight may be Included 
If significant ) 



Intern eu Pressure 
Internal pressure produt 
A. RADIAL STRESS 



three types of stresses: 



For aircraft systems utilizing thin welled tubing these 
are negligible. 



& HOOP OR CIRCUMFERENTIAL STRESS: 

The basic Retirement for a pressurlzsd system is that 
the wall thickness is adequate to withstand all hoop 
striai ss likely to be met in service. Relevant safety fac- 
tors as defined m the design criteria are applied to the 
circumferential stress obtained from Section 24.3.3 to 
obtain a design stress, (T) 

C LONGITUDINAL STRESS: 

The same safety factors as discussed In item B, are ap- 
plied to the longitudinal stress obtained from Section 
24.3.3 to obtain a design stress. 

This stress is modified for curved tubes as shown 
In Secoon 34.3.3. 



Thermal Expansion and Support DUplacem< 



The longitudinal itraaes m the Unas due to thermal ex— 
arauon result from the forces and moments, which must 
applied to the attachment points of a line to return It 
the actual position after a temporary Initial freedom 

fori 



Thermal effects In an airplane s y s tem are due to expan- 
sion of me hot lines and couffacoon or expansion of the 
airplane structure. Typically, line stream tsmperarures 
range between 250* end 900*7, while the airplane struc- 
ture Is subjected to an ambient temperature ranging from 
-£5*F to 160'F. 



Thermal muses In the lines cannot be reduced by In— 
creaatng wall thickness. If these muses are too high, ex- 
joint* as discussed In Section 24.4 must be pro— 



The Unas of the system must be designed to allow for 
displacement of the supports due to airplane structural 
deflections based on Limit load. Longitudinal and any 
other eu. esses induced by support displacement must be 
included In the resultant stresses. 

W eight of Lines and Components 

The i ****** 1 stresses In the lines due to their weight 
art generally small and are usually neglected In an Initial 
analysis. Components fitted in the line such as valves 
are considered to act as point loads Ind"**"! longitudinal 
enema which can be significant. 
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34.&S STRESSES IN PIPING SYSTEMS (Continued) 



Maximum Combined Straw: 

These stresses art obtained from combined stress formulas 
as outlined below and compared with the allowable mm a 
to obtain the margin* of safety. Stresses from all load- 
Lnfi should be Included to determine the resultant stresses 
before Insertion in the combined sums formulas. 

The resultant principal stresses at the outside fiber are 
given by; 

as [<v* u - V*/*,, ♦ct-y' ] 



l where 



f, -0 

f L m maximum longitudinal stress due to pressure, 
weight, and other sustained loading plus 
expansion/ contraction stress, pel 

f, m circumferential pressure strata, pel 
f t( — shear stress due to torsion, pat 
- T/2Z 

Z - section modulus of tube or duct, tar* 
T «• resultant torsional moment, lb. in. 



ft) For curved tubes or ducts the longitudinal 

due to bending must include the stress Intensifi- 
cation factor, fi^ as discussed in Section 24.3.4.3. 

Loading* which cause cydic stresses are most significant 
in piping system analysis. These s tr esses an considered 
separately from those calculated from the above formulas 
and compared with allowable stresses obtained from a 
durability analysis. 



34.4 



EXPANSION JOINTS AND ABSORPTION 
DEVICES 



Whenever possible piping systems should be designed to 
absorb expansions by the inherent flexibility of the sys- 
tem. If this is not possible due to excessive expansion, 
special devices such as expansion joints, bends and loops 
can be used. Expansion joints can be divided Into two 
categories: 

X. Sliding Joints 

3. Flexible Joints 

Sliding joints may be former subdivided into slip Joints, 
swivel joints, ball Joints, special couplings and screwed 
joints. Flexible Joints may be subdivided Into those de- 
pending on the flexibility of rubber or other pliable ma 
terial. bellows joints and metal hose. Use of expansion 
Joints may require additional supports to make the piping 
system stable for longitudinal loads. 



If space Is available, colled tubing or expansion bends 
and loops represent low cost alternatives to expansion 
joints. This section gives analysis data for expansion 
bends and loops and stainless steel bellows joints. 

34.4.1 EXPANSION BENDS AND LOOPS 

Methods for analyzing several types of commonly used 
bends and loops are given below. Figure 34.4.1-1 gives 
formulas which can be used to obtain the reactive forces 
and moments, P, S and M 0 when the horizontal, vertical, 
and angular displacements, Ax, fry and 6 due to thermal 
expansion are known. 

The method of obtaining the maximum bending stress in 
the bend or loop due to thermal expansion is as follows: 

1. For knows displacements due to thermal expansion 
4x, by or 6 obtain reactive force or moment, P, S or 
M, from formulas given In Figure 24.4.1-L 

3. With the value of reactive force or moment calculate 
the maximum bending moment, M, on bend or loop. 

3. Calculate maximum bending stress due to thermal 
expansion using hmMwg moment, M. from Step 2 
and stress lxuenalficatlon factor,/} or fip from Section 
24.3.4.2 or 24.3.4.3 as shown: 



This longitudinal stress due to bending Is men combined 
with the longitudinal stresses due to pressure and Inertia 
effects to obtain a resultant principal stress as shown In 
Section 24.3.8 and then compared with an allowable 



Sign convention lor Figure 24.4.1-1 Is as shown: 
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34*4.1 EXPANSION BENDS AND LOOP (Coattmud) 



Umd m4 iMf toll 



CAM 


DLAOU* 




»1 




— 


1 






°- 7,5 -Br 


* 4~2r 


qoaxtkx-ikkd ruu at on on ax» loams 

IT A TXAAJTEMX fOKCX V. 


1 










OQAXTXX-IKXB nSB AT Ott KM A» LOABO 
St AS AXIAL FOICX ft. 






M.E 

l -"-nr 


* *TIT~ 




qoaxtex-ikxd rxxxs At on no us acted 

01 IT 4 HOT IMC HOKEXT H, AT TUX OTMXE 


* 






1,37 -gf 




l»a-DBt o-ioo nxzD at on as axd loaskd 
vrn a tiajhtxxm roxcx i. 
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OBX BHD HMD. TXX OTXXX FtXX TO HDW IX TXX 
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FlfttX* 34.4.1-1 
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FLEXIBILITY FACTOR k AND STRESS INTENSIFICATION FACTOR 



Description 


FicMhility 
I' Lictor 


Stress Int. , Flexibility 
F actor i | Characteristic h 


Welding elbow,'-" 
or pipe bend 


1.(5.5 
h 


0.9 


tR 
r- 


Closeiv spaced mitre bend, 11 - 1 
: <"r(l -r tan n) 


1.32 


0.0 


cot a ta 
2 r 



Widelv spaced mitre bend,' 
j ^ r{l — Can 



Welding tee 1 - 1 
per ASA B16.0 



Reinforced fabricated tee, 1 - 1 
with pad or saddle 



Unrein forced 
fabricated tee 1 - 1 - 1 



Butt welded joint, reducer, 
or welding neck flange 



Double- welded slip-on 
or socket '-veld flange 



Fillet welded joint, or single- 
welded socket weld flange 



Lap joint flange (with 

ASA B16.9 lap joint stub) 



Screwed pipe joint, 
or screwed flange 



Corrugated straight pipe, or 
corrugated or creased bend* 



1.32 

A?.- 



0.0 



0.0 



0.9 
Hi 



0.9 



1.0 



1.2 



1.3 



1.6 



2.5 



'The flexibility factors k and itress intensification factors i in the 
Uble apply to bending in any plant for fittings of the same nominal 
weight or schedule as tht pipe used in the svstera and shall in no 
case be taken less than unity; factors for torsion equal unity. Both 
factors apply over the effective arc length (shown by heavy center 
lines in the sketches) for curved and mitre elbows, and to the inter- 
section point for tees. 

TTie value of fc and i can be read directly from graph, entering 
with the characteristic A computed from the formulae given, where: 
R - bend radius of welding elbow or pipe bend 
r - mean radius of matching pipe 
t * wall thickness of match inc. pipe 
a — one-half ancle between adjacent mitre axes 
j - mitre spacing at center line 
T m pad or saddle thickness 

"Where flanaes arc attached to one or both ends, the values of £ 
and i in the table shall be corrected by the factors C given below 
which can be read directly from chart, enterinn with the computed A: 
One end flanged: h\i Both ends flanged: h H 

*AUo includes single-mitrc joint. 

•Factors shown apply to bcndin;; flesibilitv factor for torsion 
equal* 0.0. 



Sketch 





1 — rot a t 




(t 4- \< T) H 
Oii- 





Gnph for k and f 




aei 0A3O&4 om au aii o i oo o* o* 

CHMACTtHiSTtC ft 



IJO 1.1 2 



0-10 
O.JTS 









- 2 !~OS FLAMCCG C»A V ' 





'The *tre*s intensification factors i in the tabic were obtained from 
tests on full size outlet connections. For le*i than full size outlets, 
the full sire valuc.i .should be uicd until more applicable values 
are developed. 



Reference : GUINN'ELL — PIPING DESIGN AND ENGINEERING 
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24.4*2 BELLOWS 

Taii Soalon givt» fonnolaa for eatfmaoaf tha parfar- 
maaot of bellow*. Coaflfuraaon ami aotnfloa art abowa 
1b Flcuxa 24.4. 3-L 



iCLLOWS COWICTJ1ATI0H AKD NOIAXIOR 









1 

w 

1 




IP 




-1. 









CL 



t 





Q-Shapad 
(4 Convolution* •hem) 



ballowa thlekaaaa (la) 
convolution or diae halfht (la) 
plceh of half -convolution or diae (la) 
aaaa ballowa dlaaecar (la) 
(D* - 

oucalda ballowa dlaawter (la) 

laalda ballowa dlaMtar (la) 

overall ballowa length (la) 
aodulua of eliatielcv (pal) 

eoeal axial aovaaeat raage, extanalea and eoapreaaioa plua 
•quivalenc axial noveawnt aa obealnod fro. foroula* |im la ,\ 
paragraph aaelclad "rattlvalent Axial hovaaaat" (la) C ^ J 

B 4 - member of actlva ballowa dlaea or half convolutiona (la) 

P • Internal praasura (pal) 

ruU configuration shown for O-ihaped ballowa only. Partial conf igurationa 
•faowa for flat diae and toroidal ballowa to llluatraea convolution ihape. 



Flfttrt 34.4J-1 



page 3.3* '/ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



34.4J BELLOWS (Continued) 

Number of cycles to failure ii given by the formula: 
( Constant 



N 



N — number of cycles to failure 

S a — range of alternating strew due to expansion 
and pressure aa obtained from the formula* 
below (pel). 

The constant and exponent are dependent on the material. 
For AIS1 Type 321 and 347 Annealled stainless steel the . 
constant Is 1,300,000 with an exponent of 3.5 at 70*F. 
A design service raring for the above material Is obtained 
by using a constant of 650,000 with an exponent of 3.5. 
To obtain constants and exponents for other materials 
consult durability group. 



For flat disc bellows: 

3EtA 



TP 



For U-shaped bellows without equalizing zings 
• _ L5EIA p»* 



2t' 



For U-shaped bellows having equalbdng rings which 
provide support against Internal pressure only along 
inner edge: 



Ss - 



l.SEtA 



For modified toroidal bellows having minor axis of 
ellipse about 0.8 to 0.9w; 



« . LSEtA _ _PW 
s - w^NT * "T 



Equivalent Axial M ov ement 

The equivalent axial movement corresponding to me 
angular rotation on universal, or hinged type, Joints 
may be determined by: 



when 



a - D#/a 



• m total snyilar rotation, radius. 




The equivalent axial movement for a itngle-bellows off- 
set Joint, based on the most severely affected convolutions 
(those at the ends)* 1> found from: 

A -3Dh r /L 



K — offset range or total lateral displacement of 
one end of thcjolntwlthrespecttotbe other. In, 




For a Joint having a double bellows separated by a spool 
piece the equivalent axial movement becomes: 



3Dh, 
L + l [(t/L)-- I] 




L — overall length, end to end, of bellows. 
Including spool piece, in. 

1 — length of spool piece, in. 
Spring Rate 

The force, T, In lbs, necessary to deflect the bellows an 
amount A, can be stated as follows: 



For flat disc beUows: 
F 



«*EDt*A 



For U-ehsped convolutions: 
4EDt*A 



F - 



3h"- U N, 



Limited to .34 w a h si w 



6ti 
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34.5 nriNG SYSTEM SUPPORTS 

Aircraft piping system mpport design must satisfy the 
following nqulnmm: 

A. Supports must be capable of reacting all loadings such 
as those du« to Inertia, thermal effects and support ttruc- 
ain displacement. The typa of support provided should 
b« m agreement with the assumptions of the fl c rlb ility 
analysis. 



B. The distance 
resonance of tfaa 
vibrational envtro; 



between supports 
Unas will not occur 



b« such that 
tha Inducsd 



Maximum allow able sup- 
port spactngs for sevcra vibradonal environments and new 
system design an usually established from tests. 

Local H—**-! masses to tubing and dnrrtrtg result from 
support loads (See figure 24,5-1) which must be checked. 
Supports should be located to keep these s ti eases within 
allowable limits. 



Support Loading oa Tubing and THicrlng 











24.6 RECTANGULAR AND OVAL DUCTS 

This section presents methods for tha analysis of thin 
walled ducts of rectangular and oval cross-section used 
In low pressure applies dons. The formulas Ignore the 
affect on bending of tha direct tension stresses due to P t 
and P, . (Sea duct free body diagrams shown below). The 
affect of tha direct stresses Is small and tends to reduce 
tha bending stresses In the walls. 



t A 



CLCS'IMKUJUO 



*1 



t t t t 



■ I I i i 1 




1 



cLCSTottrriT) 



Figure 24-4-1 
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34.0.1 RECTANGULAR DUCTS 

The following formula* may be used to obtain the bead- 
ing momenta, streaaet and deflections in thin wailed duett 
of rertengnlar rrnss tarflou 



The bending 



at the duca corner Ik 



The stress derived from the moment at the comer will be 
modified by the effect of Joints, stress concentrations etc 

The bendlnf moment at the center of the long tide* Is: 



Pb 



i K' -2K-2 




or bendlnf moment coefficient 



12M 
"po 7 ' 



K - K * 1 



or bendlnf moment l * r r*ff lc l* w * 



12M 



2K-2 



and at the center of the short sides Is: 



p _ Interna] duct pressure ( pel ) 
a m long tide of duct (In) - 
b » short side of duct (in) 
K - sideratSo 
- a/b >L0 



M -pb 



» U2K-2K* 



24 



1 2\f 

or bendlnf moment coefficient 



1 - 2K - 2K 3 

2 



Figure 24.6.1-1 gives values of K *»"tiTif moment co— 
12M/plr , for the three locations for various 



6M 



values of K. 



The bending t times are given by ^ 
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34.6.1 RECTANGULAR DUCTS (Costtnuad) 



BCMOtllC MOMENT COCmCISTTS 
CUCXANCUUJL DUCTS) 




SZBt IA7I0. t • 



new* 34.6.1-1 
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24.8.1 RE CTANGULAB DUCTS (Contmutd) 

The maximum deflection for ft rectangular duct occun Figure 24.6.1-2 glvce values of deflection coefficient, 

at the center oi the long ildet and U given by: a/8, , for various values of K. 

* £1 

when <« Is the deflection at the center at m plate of width 
a wtth damped edges and under pressure p. 

*■ " 3X4 D 

Flats rigidity, D, Is ftvniby Zt*/12(l- Where h « 
Poiaeon's ratio. 



OEFUCTIOH COEJTICIEKTS 
(UCIAilCUUJL DUCTS) 




Figure 34.8.1-2 
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34.8J OVAL DUCT3 

Tin following formulae may b« ueed to obtain the bend- 
ing momenta and maat In thin wtlM oval ducta aa 
shown In Figure 24.6J-L The effect oi direct m»m on 
bending la Deflected. Tba bending moment at tha camera 
of tha flat portion*, points A, li given fay; 

where K - -it""--*— ratio a/b. 

At tba Junction of tba flat and curved portion*, points B, 
lui bending moment la given by: 



Tbt bending moment at tbi center of tha curved portion*, 
polnte C. is: 



-■*[ 



3vT*K — 



Bending momenta are sere lor K - 0 when the duct be- 
coma circular In form. Figure 34.6.3-1 gives vaiuee of 
bending moment r-* 1 "*-** Wpb for poista A. B and 
C for various values of dimension ratio K. The bending 
In the duo wall are given by: 



M-pb 
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34.8*2 OVAL DUCTS (Contlmud) 



BEXDXBC HOKERT COtFTTCXEHTS 
(OVAL DUCTS) 




OXMEBSIOa IAXXO, K - *7b 
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Data Source, Section 1 .3 Reference 3>3 

DISCONTINUITY ANALYSIS OF SHELLS 

SUMMARY 

A method is presented for the analysis of multiple discontinuities in 
thin-walled pressure vessels. The method accounts for the carry-over 
effects between neighboring discontinuities where their lengths of 
separation are sufficiently small to make this a significant factor. The 
method is based upon the theory for finite beams on an elastic foundation. 
A program has been prepared to provide rapid solutions on the CYBER data 
processing machine. The input, output and limitations of this program are 
presented in Data Source, Section 1.3 Reference 39 and in the updated 
Convair/Space System Division computer program number P5007. 

INTRODUCTION 

Much of the stress analysis of a thin-walled pressure vessel can be 
based upon membrane theory, wherein it is assumed that the skin offers no 
resistance to bending and transverse shear. By this theory, any loads 
imposed upon the vessel are reacted by tensile or compressive stresses 
having a uniform distribution across the wall. In effect the vessel is 
considered to be a balloon. This results in a statically determinate 
problem which can be handled by a simple balance of forces on appropriate 
elements. The membrane stresses are, of course, associated with various 
deflections of the shell. Where the boundary conditions are such that 
there is no interference with these deflections, the membrane theory is 
adequate. However, should the boundary conditions restrict these 
deformations, the skin is then subjected to local bending moments and 
transverse shear forces. Such conditions are usually referred to as 
discontinuities. At these locations, the effects of the local moments and 
shears must be superimposed upon the membrane stresses. Since the local 
loads are redundants, it is necessary to make use of the laws of consistant 
deformation to determine their values. 

Aerospace vehicle pressure vessel designs usually include joints of the 
type shown in Figure 1 , where each step in total wall thickness and each 
change in vessel shape, represent a discontinuity (points 1 thru 7). The 
program described in this report* was created to perform the task of 
determining the values for the local shears and moments at such points. 

*Data Source, Section 1 .3 Reference 39 
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DISCONTINUITY ANALYSIS OF SHELLS (cont.) 




Figure 1 



METHODS OF ANALYSIS: 

The method of analysis is based upon the theory developed in reference 
(1) for beams on an elastic foundation. Considering a cylindrical shell 
under the influence of symmetrically distributed edge loads as shown in 
Figure 2, Timoshenko (Ref. 2) shows that the equation for the deflection 
curve of this shell is the same as that for a beam supported by a 
continuous elastic foundation. A more apparent development of the 
analogy involved is presented by Hentenyi in Ref. (1). 




Fgure 2 
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Bending 

The buckling behavior or * cylinder under bending corresponds to that of 
axially compressed cylinders in two respects. First, linear theory predicts 
buckling stresses of the same order in magnitude for both cases. Second, the 
test data are below the predictions of linear theory by approximately the 
use amount. Consequently, all of the major investigations have been directed 
toward the correlation of teat data on cylinders in bending in a manner similar 
to that used for axially compressed cylinders- A comparison shows that reason- 
ably good results can be obtained by .multiplying the compressive buckling 
stress by a factor of 1.3 to obtain the critical bending stress. For best 
results, a statistical analysis was performed in the same manner as for axial 
compression in Section 10.2.1. The results are plotted in the form of 
analysis curves in Figs. 10.2.4.1, 10.2.4.2, and 10,2. 4. 3. curves can 

be used when restricted to the following limitations: 

1. Host of the test data upon which these curves are 
based fall within the range of cylinder dimensions 
.25 <L/R <5. and 300 < X/t < 1500. 

2. The curves are based on tests of steel, aluminum, and 
brass cylinders only. 
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SECTION 10.0 

CYI INDER AND SHELL STABILITY 

DATA IS PRESENTED FOR PREDICTING THE BUCKLING STRESS OF 
AXISYMMETRIC VESSELS, TOGETHER WITH ANALYSIS EFFECTS OF LOCAL 
LOADING. 
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Data Source, Section 1 .3 Reference ) 
FOR APPLICATIONS, SEE SECTION 28.1 



Cylinders 

This section la devoted to the prediction of the buckling stress 
unstiffened circular cylinders, commonly called full monocoque structures. 
Curves are presented for the prediction of compressive, bending, and torsional 
buckling loads. Curves are also included to show the effects of internal 
pressure. These are in the form of beat fit curves, 90* probability curves, 
and 99* probability curves, all at a confidence level of 95*. Interaction 
equations are also given to account for combined loading effects. 

Axial Compression 

Many investigations have been made in an attempt to develop methods for 
predicting the buckling stress of axially compressed circular cylinders. The 
two major obstacles encountered were: 

1, Theoretical Solutions, based on both small and large deflec- 
tion theories, do not adequately predict the buckling stress. 

2. Test data consistently exhibit a large amount of scatter. 

The first methods that were "sometimes" successful in predicting the 
buckling stress were empirical in nature. These methods were normally 
developed by altering coefficients and/or exponents in theoretically derived 
expressions so that their plots passed through the "Center of Mass" of test 
data points. The usefulness of this method is limited since there is so much 
scatter in the test data. For example, a predicted stress that coincides with 
the average of the test results will usually be highly unconservative when 
compared to the lowest test values. The prediction of stresses is further 
complicated since buckling of an axially compressed circular cylinder occurs 
suddenly and is catastrophic in nature. 

The methods presented in thl3 section are based on the statistical 
analyses of test data by the method of least squares. 

Analyses Curves 

The curves in Figs. 10.2.1.1, 10.2.1.2, and 10.2.1.3 can be used when 
the following restrictions are observed: 

1. Most of the test data for these curves fall within the range 
of cylinder dimensions L/R<2 and 300 < R/t < 1000. 

Where L is the length of the cylinder 

R is the radiu3 of the cylinder 

t is the wall thickness of the cylinder 
Caution should be taken when curves for L/R>2 are used. 

2. The curves are based on testa of steel and aluminum cylinders 
only. The accuracy of these curves, when used for other materials, 
has not been substantiated by tests. 

The 99* probability curves are recommended as design allowables for 
structures whose failure would be highly critical. The 90* curves can be used 
for less critical structures. 

Figs. 10.2.1.1, 10.2.1.2, and 10.2.1.3 were constructed with the parameter 
(J /E as the ordinate and R/t as the abscissa. Each figure displays a aeries 
of curves for constant L/R's from .125 to 32. It should be remembered that 
most of the test data were plotted for L/R's <2 and care should be taken when 
using curves with an L/R above this limit. 
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Sfee'ts of Internal Pressure on Axlally Compressed Cylinders 

Substantial Increases In the budding stress of axlally eos.pre.sed circular 

cylinders occur as a result of pressurlzatlon. The magnitude of this strength- 
ening effect is best predicted by the statistical method of least squares. The 
curve. In Pig. 10.2.2.1 show the Increase In buciaing stress due to Internal 
pressure. H» curve, are plotted In terms of the dlmenslonl.ss parameter. 

„ 7=r ^Ocr R 
AU cr - g— t 

and 



where p is the Internal pressure In pounds per square Inch and A(T„ Is 
the increase In the bucicllng stress due to Internal pressure based on 
the unnressurlzed critical stress given In Section 10.2.1. 9m curve corres- 
ponding to the per cent probability used In determining the unpressurlzed 
buckling stress should always be used. 

Due to the limited amount of test data available for pressurized cylinder, 
the curve, can be considered reliable only In the range.: 

i<VR< 6 ; 

600<R/t <280O; and 
pR/t<0.625 C t7 

' R ^duc?ion Factor For Plasticity Effects in Axlally. Compressed Cylinders 
Ef~^h7b^*llng stress of the axlally compressed cylinder exceeds the 

yield strength of the material. It must be multiplied by the theoretical 

plasticity reduction factor, 7j . 

- y_ g ^ 

(% t \ /e 8 \ pl-^ ) where subscript "e" refers to 

A " \ V- I ( F") (l-P) elastic range. 
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For use only in conjunction with the 
% probability values for unpreasurlzed 
cylinders in axial compression (see 
Section 10.2.1) 

Applies only if pfi/t < .625 (J*. 
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Bending 

The buckling behavior or * cylinder under bending corresponds to that of 
axially compressed cylinders in two respects. First, linear theory predicts 
buckling stresses of the same order in magnitude for both cases. Second, the 
test data are below the predictions of linear theory by approximately the 
use amount. Consequently, all of the major investigations have been directed 
toward the correlation of teat data on cylinders in bending in a manner similar 
to that used for axially compressed cylinders- A comparison shows that reason- 
ably good results can be obtained by .multiplying the compressive buckling 
stress by a factor of 1.3 to obtain the critical bending stress. For best 
results, a statistical analysis was performed in the same manner as for axial 
compression in Section 10.2.1. The results are plotted in the form of 
analysis curves in Figs. 10.2.4.1, 10.2.4.2, and 10,2. 4. 3. curves can 

be used when restricted to the following limitations: 

1. Host of the test data upon which these curves are 
based fall within the range of cylinder dimensions 
.25 <L/R <5. and 300 < X/t < 1500. 

2. The curves are based on tests of steel, aluminum, and 
brass cylinders only. 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAM/CS/CONVAIR AND SPACE SYSTEMS DIVISION 




Fig. io.2_f.i 
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Fig. 10.2.1.^ 
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Torsion 

The buckling behavior of a cylinder in torsion differs from cylinders in 
compression or bending In two respects. Pirst, linear theory more nearly 
predicts the magnitude of the bu elding stress for cylinders In torsion. 
Second, Initial buckling and failure do not occur simultaneously, the former 
preceding the latter by a small margin. Linear theory , however, is not as 
accurate as statistical analysis which is again presented in the form of 
analysis curves. The curves in Figures 10.2.7.1, 10.2.7*2, and 10.2.7.3 
can be used for cylinders -in torsion when -subject to the following 
limitations : 

1. Most of the test data from which these ourves are based 
fall within the range of cylinder dimensions 

6<H<5(Vt) 2 



where 



L 2 



2. The curves are based on tests of steel and aluminum cylinders only. 

Effects of Internal Pressure on Cylinders In Torsion 

Theory and test data Indicate that preasurlxation has a strengthening 
effect on cylinders in torsion. There is not enough test data available, 
however, to verify theoretical results or to serve as a basis for a 
statistical analysis. Further testing will have to be done before design 
curves can be established. 

Reduction Factor For Plasticity Effects in Cylinders in Torsion 

If the buckling stress of cylinder in torsion exceeds the yield strength 
of the material, it must be multiplied by the theoretical plasticity reduc- 
tion factor, 7} . 

V4 
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Fig. 10.2.7.1 
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10.2.5 , — ^ 

Effects of Internal Pressure on Cylinders in Bending 

Test results on cylinders In bending ind : >te that pressurlzatlon has a 
definite strengthening effect as In the case axial compression; however, 
no theoretical solutions are available to predict the effect on the buckling 
strength of cylinders in bending. A statistical analysis, based on a limited 
amount of test data, has been summarized in the curves in Pig. 10.2.5-1. 
These curves should be used exactly as those for axial compression when 
observing the following limitations: 

1. The curves have been based on test data from one 
material (steel) only. 

2. Test data has been obtained for only one value of 
VR - 2.46 and two values of Yi/t, (1006 and 273*0. 

Reduction Factor for Plasticity Effects for Cylinders in Bending 

The plasticity effects on a cylinder in bending are quite complicated; 
thus there is no simple equation for the plasticity reduction factor,?/ . The 
general trend for the ratio, the rupture modulus to the critical buckling 
stress in compression, la to decrease in the elasto-plastic range from the 
elastic value of approximately 1.3 (Ref. Section 10.2.4) to some value 
between one (1) and 1.3 and to Increase to a value of 4/rf in the fully 
plastic range. A conservative estimate for the buckling stress would be 
obtained by equating this ratio to unity. 

More work must be done on this subject before a definite procedure can 
be established. 
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Combined Loading 

Hie Interaction equations In Table 10.2.10-1 can be used to predict the 
critical stresses of cylinders under combined loading* The equations are 
given In terms of the following parameters for use with best fit and 99% 
probability curves. 

A pplied Compressive Load 
"c " Allowable Compressive Load 

•o m Applied Bending Moment 
R b Allowable Bending Moment- - 

Ft . Applied Tensile Load 

^t " Allowable Compressive Load 

p m Applied Torsional Load 
at Allowable Torsional Load"" 

Mote ; 

These equations are approximate and should be used with 
caution. 



FIO. 10.2.10-1 
COMBINED LOAD INTERACTIONS FOR THE 
BUCKLING OF PRESSURIZED AND UNFRESSURIZED CIRCULAR CYLINDERS 


COMBINED LOADING 
CONDITION 


INTERACTION EQUATIONS 


BEST FIT VALUES 


99* PROBABILITY VALUES 


Axial Compression + 
Pure Bending 


V v 1 -° 




Axial Load + Torsion 


R st + R c - l '° 
R St" °- 4R t " 1 *° 


V(%tf - 1 -° 

\ at ) * R t <0.8 


Coap. + Torsion 
Tension + Torsion 


Pure Bending + Torsion 


1.5 2 

(M + ( R itJ- l -.° 




Axial Load (Ten. or Coap.) 
+ Pure Bending + Torsion 


V R b + ( R 3tf- 1 -° 


R c + V( R atf 



REFERENCES 

Cylinders 

Schumacker, J. 0., A ZS -27-275 > Convalr, Astronautics, 1959 
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SECTION 10.3: CYLINDERS EXTERNALLY PRESSURIZED 

REFERENCE: NASA SP-8007 "BUCKLING OF THIN-WALLED CIRCULAR 

CYLINDERS" 



The critical lateral pressure is given by: 

P- 0.855 E (y) 1/2 PSI 
(1-H 2 ) 3/4 (r/t) 5/2 (l/r) 

For n- 0.3, the critical pressure is given by: 



P* - 0.926 E (y) 1/2 PSI 



(r/t) 572 (l/r) 



*For intermediate length cylinders with: 
{100<yZ<11.8 (r/t) 2 (1-n 2 )} 



Where: u - Poisson's Ratio 

E - Young's Modulus (PSI) 

r - Cylinder Radius (IN) 

t - Cylinder Wall Thickness (IN) 

I - Cylinder Length (IN) 

(y) 1/2 . Correlation Factor - 0.75 

Z - (l 2 /rt) (1-n 2 ) 1/2 
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SECTION 10.3: CYLINDERS EXTERNALLY PRESSURIZED (cont.) 

REFERENCE NASA SP-8007 "BUCKLING OF THIN-WALLED CIRCULAR 

CYLINDERS" 



The critical lateral pressure is given by: 

P"- yE(t/r) 3 PSI 
4 (1 - n 2 ) 

** For long cylinders, with: 

yZ>11.8 (r/t) 2 (1-n 2 ) 

Where: \i - Poisson's Ratio 

E - Young's Modulus (PSI) 

r - Cylinder Radius (IN) 

t - Cylinder Wall Thickness (IN) 

I - Cylinder Length (IN) 

7 - Correlation Factor - 0.90 

Z - (l 2 /rt) (1-ji 2 ) 1/2 
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CYLINDERS, SHELLS AND MEMBRANES 



SECTION 10.4: TRUNCATED CONES 

RFFERENCE: NASA SP-801 9 "BUCKLING OF THIN-WALLED TRUNCATED 

CONES" 



UNPRESSURIZED ISOTROPIC CONICAL SHELL. 

AXIAL COMPRESSION: 

The critical load for long conical shells can be expresed as: 

P cr - (yajiE^cos 2 ^ 

{ 3 (1^ 2 ) } 1/2 
Where: y « Correlation Factor - 0.33 



BENDING: 

The buckling moment can be expressed by: 
M cr - (yTiEt 2 ^ cos 2 o) 

{3(1-n 2 )} 1/2 
Where: y - Correlation Factor - 0.41 
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CYLINDERS, SHELLS AND MEMBRANES 

SECTION 10.4: TRUNCATED CONES (cont.) 

LATERAL PRESSURE: 

The critical buckling pressure can be expressed in the approximate 
form (for ji- 0.3) as: 

P cr - 0.92 Ey 

(L/p) (p/t) 5/2 
Where: y-0.75 

TORSION: 

Approximate value for the critical torque of a conical shell is: 
T^- 52.8yD(M) iy2 (r/t) 5/4 

Where: y-0.67 
and 

r - r 2 COSa {U [1/2(1 + {r^})] 1 * - [1/2(1 + {r 2 /r l ))r 1/2 }r 1 /r 2 

The variation of the bracketed function with the cone taper 
ratio (1- {iyr 2 }) is plotted in figure 1 . The theoretical 

value of y is unity. 
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SECTION 10.4: TRUNCATED CONES (cont.) 
SYMBOLS: 

P cr Critical Axial Load on Cone (LB) 

. E Young's Modulus (PSI) 

t Skin Thickness (IN) 

a Semi Vertex Angle of Cone (DEG) 

|i Poisson's Ratio 

r 1 Radius of Small End of Cone (IN) 

r 2 Radius of Large End of Cone (IN) 

L Slant Length of Cone (IN) 

■p Average Radius of Curvature of Cone (IN) 
(r 1 + r 2 )/(2 cosa) 

I Axial Length of Cone (IN) 
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Figure 1 

Variation of radius parameter with taper ratio 
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Data Source, Section 1 .3 Reference 1 1 



CYLINDERS. SHELLS. f.'EMBRAN'ES 



COU3LY CURVED SHELLS 



SECTION 10 .S 

REFERENCE NASA SP-8032 "BUCKLING OF THIN-WALLED DOU3LY 

CURVED SHELLS- 
EXTERNAL BUCKLING PRESSURE FOR ELLIPSOIDAL SHELLS IS SHOWN BELOW: 
PROLATE SPHEROID, A > B 



EXTERNAL BUCKLING PRESSURES ARE SHOWN 
ON FIGURES 6a AND 6b. 



FOR A/3 > 1.5, THE THEORETICAL PRESSURE 
SHOULD BE MULTIPLIED 3Y 0.75 TO PROVIDE 
A LOWER SOUND TO THE DATA. 
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DOUBLY CURVED SHELLS 

OBLATE SPHEROID, B > A 

AXIS OF 
REVOLUTION 




B 



THE EXTERNAL 3UCKUNG PRESSURE MAY BE APPROXIMATED BY 



/3 ( 1 -n 2 ) ^R^ 2 _Pcr_ 



0.14 



WHERE R A = B- 



SYMBOLS 
t 

Per 

E 



SHELL THICKNESS, =^ 

EXTERNAL BUCKLING PRESSURE, PSI 

YOUNG'S MODULUS , PSI 



POISSON'S RATIO 
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Figure 6a 

Theoretical external buckling pressures of prolate spheroids (*i * 0.3} 
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Figure 6b 

Thtorttica! external buckling pressures of prolate spheroids iu ■ 0.3) 
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IMPERFECTIONS 

REDUCTION IN THE BUCKUNG LOAD OF AN AXIALLY LOADED CYUNDER 
DUE TO AXISYMMETRIC INITIAL IMPERFECTIONS, IS SHOWN ON THE 
FIGURE 

REFERENCE: " BUCKUNG OF BARS, PLATES, AND SHELLS " D.O. BRUSH 
AND B. 0. ALMROTH. 

SYMBOLS: 

^CL - CYUNDER BUCKUNG STRESS FOR NO IMPERFECTINS, PSI 

0.605 E J_ 
r 

CR - CYUNDER BUCKUNG STRESS WITH INITIAL IMPERFECTIONS, PSI 

E - YOUNG'S MODULUS, PSI 

t - CYUNDER WALL THICKNESS, IN 

r - CYUNDER RADIUS, IN 

\i = RATIO OF INITIAL IMPERFECTION 

TO CYUNDER THICKNESS 
e 

T 



e 



DEPTH OF INITIAL IMPERFECTION, IN 
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INFLUENCE OF INITIAL IMPERFECTIONS 




FIGURE 7.3 

Influence of imperfection magnitude. 
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FOR APPLICATIONS SEE SECTION 28.7 
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rOST-BUQOIIiG STRENGTH 07 A PRESSURIZED CYLINDER 
■ D. J. Peery 

S^TTnmary 

A simple analysis procedure is presented for a cylinder with axial load 
and bending moment. The sending stress is assumed linear in the unbuckled 
region and constant in the buckled region. Further analysis consists of 
applying the equations of statics. Flexural rigidity is obtained from con- 
ventional equations. Charts are presented to simplify numerical calculations. 

Analysis 

The cylinder of Fig. 1 resists an axial load P & and an external bending 
moment M. The assumed stress distribution and notation are shown In Fig. 2. 
The bending moment is resisted by the load varying from zero at angle 6 to a 
maxiinum of N per unit length. The pressure, axial load, and uniform load H c 
have no moment about the neutral axis. Integrating the values for the triangu- 
lax distribution, the following results are obtained. 

M _ B - sing cose ^) 
p L R " 2 (sin0 - 6cosQ) 

Values of M/PiR and ra/Pi are plotted in Fig. 3- 

The bending deflection is obtained from the stress iistribution of Fig. 2. 
The stress varies an aaount N/t in a distance R(l-cosS). The cylinder bends 
through an angle 0 p-er ir.it length, obtained as follows. 

0 ~ EtR (1-cosej 
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From Equations 1 and 4, 

?! = 2£tB?$ (sine - Scose) (5) 

From Equations 2 and 4, 

:i = Sts 3 ,* {& - sine cose) ( 6 ) 

It is easier to visualise tie characteristics of the cylinder if M is . 
plotted as a function of to show a normal type cf load-deflection curve. 
Such a curve is plotted in Fig. 4, which is similar to Fig- 4 of Reference 1. 
Equations 47 and 43 cf Reference 1 correspond to Equations 5 and 6 above, with 
some change in notation. For H^, the preceding analysis corresponds to the 
membrane analysis of Reference 1* 

Numerical Example 



The bending characteristics vill be calculated for a cylinder with R = 60", 

P =40,000 1b, P -l6psi, t-.OlUin, e- ISO-, and K c -30 lb/in. The 
a 

load Pi is first calculated 

Pi = - P a + Tf^p + 2niW e 





0/:co + 11,300 x 16 + 377 x 30 = 


If 2, 300 lb. 




= 0.5, NR/Pi = .318 




K 


= 0.5 PiR = 0.5 x 152,300 x 6C = 


4, 569, COO in-lb. 


N 


= 0 . 5i 5 El = 0.318 x 152,300/60 , 


= B07 lb/in. 




= z - k = 807 - 30 = 777 lb/in. 
c 




\ 


= K./t = 777/- 014 = 55,500 psi 
t 





From Fig. 4, M/(EI0) = 1, 

For E = 33 x 10*, I = 7rR 3 t * 9-51 x 10 3 , EI - 314 x 10 9 lb-in 2 

For L = 150", S5L = ML/EI = 4,^69,000 x 150/314 x 10 9 = .00218 rad = .125* 
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Other values are calculated by -he same procedure la Table I. The same 
cylinder dimensions are used, but various values of 9 are considered, 
and also a pressure increase to 20 psi. 

TABLE I 



C3.ARACTZRISTICS 



p = 16 psi, Pi = 152,300 lb. 

e = iSc* 
e = 15c • 
9 = 12c 0 
9 = >c e 


M 


\ 


a t 


0L= 
150* 


^,569,000 
5,030,000 
6,010,000 
7,170,000 


777' 
828 
967- 

1240 


55,500 
59,100 
69,100 
88,600 


.125* 
.141* 

.205* 
•388* 


p = 20 psi, p 1= 197,500 lb. 

9 m i3o* 
9 « 15c • 
0 = 120° 
9 = 90* 


5,930,000 

6,520,000 
7,610,000 
9,320,000 


1018 
1083 
1265 
1618 


72,600 
77,^00 
90,1*00 
115,800 


,162 # 
• 185* 
•266* 
•510* 
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B7.2.0.0 LOCAL LOADS ON THIN SHELLS 

The method contained in this section for determining stresses and dis- 
placements in thin shells is based on analyses performed by P. P. Bijlaard. 
These analyses represent the Local loads and radial displacement in the form 
of a double Fourier series. The equations developed using these series and 
the necessary equilibrium considerations are readily solved by numerical tech- 
niques for stresses and displacements. 

The stresses and displacements calculated by the methods of this section 
can be superimposed upon the stresses caused by other loadings if the specified 
limitations are observed. 

The equations for determining stresses in spherical shells caused by 
local loads have been evaluated within the parametric ranges of space vehicle 
interest for radial load and overturning moment. The results of this evaluation 
have been plotted and are contained in this section for use in determining the 
stresses. A direct method is presented for determining the stresses in spheri- 
cal shells caused by locally applied shear load or twisting moment. No method 
is provided to calculate displacements of spherical shells caused by Local loads. 

The equations for determining stresses and displacements in cylindrical 
shells caused by local loads have been programmed in Fortran rv for radial 
load and overturning moment. A direct method is presented for determining 
the stresses in cylindrical shells caused by a locally applied shear load or 
twisting moment. No method is provided to calculate displacements of cylindri- 
cal shells caused by locally applied shear loads ortwisting moments. 
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B7.2.1.0 LOCAL LOADS ON SPHERICAL SHELLS* 

This section presents a method of obtaining spherical shell membrane 
and bending stresses resulting from loads induced through rigid attachments at 
the attachment-to-shell juncture. Shell and attachment parameters are used to 
obtain nondimeasional stress resultants from curves for the radial load and 
overturning moment load condition. The values of the stress resultants are 
then used to calculate stress components. Shear stresses caused by shearing 
loads and twisting moment can be calculated directly. 

Local load stresses reduce rapidly at points removed from the attach- 
ment-to-shell juncture. The shaded areas in Figure B7.2. 1. 0-1 locate the 
region where stresses caused by local loads are considered. 



o 




m 



Fig. B7. 2. 1. 0-1 Local Loads Area of Influence 

Sl This section is adapted from the Welding Research Council Bulletin. No. 107, 
" Local Stresses in Spherical and Cylindrical Shells Due to External Loadings" [5]. 
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B7.2. 1. 1 GENERAL 


I NOTATION 


a 


fillet radius at attachment-to-shelJ juncture, in. 


c 


half width of square attachment, in. 


d 


distance defined by Figure B7. 2. 1.0-1 


E 


modulus of elasticity, psi 


f * 

X 


normal meridional stress, psi 


f 

v 


normal circumferential stress, psi 


J 

f 

xy 

K n K b- 


shear stress, psi 

stress concentration parameters for normal stresses and 
bending stresses, respectively 


M 

a 


Applied overturning moment, in. -lb. 


Mp 


applied twisting moment, in. -lb. 


M. 
J 


internal bending moment stress resultant per unit Length of 
shell, in. - Lb/in. 


N 

J 


internal normal force stress resultant per unit Length of 
shell. Lb/in. 


P 


applied concentrated radial Load, Lb. 


R 


radius of the shell, in. 


r 


radius of the attachment-to-sheLl, in. 


T 


thickness of the shell, in. 


t 


thickness of hollow attachment-to-shell, in. 


U 


shell parameter, in. /in. 


V 

a 


applied concentrated shear Load, lb. 


P 


hollow attachment-to-shelL parameter, in. /in. 


6 


circumferential angular coordinate, rad. 


T 


hollow attachment-to-shell parameter, in./ in. 


<*> 


meridional angular coordinate, rad. 
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2.1.1 GENERAL (Cont'd) 
I NOTATION (Cont'd) 
Subscripts 

a - applied (a * 1 or a ■ 2) 
b - bending 

i - inside ' . 

j - internal (j = x or j = y) 

m - mean (average of outside and inside) 

n - -normal 

o - outside 

x - meridional coordinate 

y - circumferential coordinate 



z 



radial coordinate 



1 
2 



applied load coordinate 
appLied load coordinate 
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B7.2.1.1 GENERAL 

n SIGN CONVE>mON 

Local loads applied at an attachment-to-shell induce a biaxial state of 
stress on the inside and outside surfaces of the shell. The meridional stress 
(f ), circumferential stress (f ), shear stress (f ) , the positive directions 

x y *y 

of the applied loads (M , M^. V , and P) , and the stress resultants (M. and N ) 
. a T a J J 

are indicated in Figure B7.2. i. 1-1. 

P 




Fig. B7.2. 1.1-1 Stresses, Stress Resultants, and Loads 

The geometry of the shell and attachment, and the local coordinate sys- 
tem (1-2-3) are indicated in Figure B7. 2. 1.1-2. It is possible to predict the 
sign of the induced stresses, tensile (4) or compressive (-), by consider- 
ing the deflection of the shell resulting from various modes of loading. 
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RIGID ATTACHMENT 
(HOLLOW ATTACHMENT SHOWN) 

OUTLINE OF 
SQUARE ATTACHMENT 

SPHERICAL SHELL 




Fig. B7.2. 1. 1-2 Shell and Attachment Geometry 
Mode I, Figure B7.2.1. 1-3 shows a positive radial Load (P) transmitted 
to the shell by a rigid attachment. The load (P) causes compressive membrane 
stresses and local bending stresses adjacent to the attachment. The compressive 
membrane stresses are similar to the stresses induced by an external pressure. 
The local bending stresses result in tensile bending stresses on the inside of the 
shell and compressive bending stresses on the outside of the shell at points C 
and A. 

Mode E, Figure B7.2. 1.1-3 shows a negative overturning moment (M & ) 
transmitted to the shell by a rigid attachment. The overturning moment (M ft ) 
causes compressive and tensile membrane stresses and local bending stresses 
adjacent to the attachment. Tensile membrane stresses induced in the shell at 
C are similar to the stresses caused by an internal pressure. Compressive 
membrane stresses induced in the shell at A are similar to the stresses caused 
by an external pressure. The local bending stresses cause tensile bending 
stresses in the shell at C on the outside and A on the inside t and cause com- 
pressive bending stresses in the shell at A on the outside and at C on the inside 



paoe IO»3.3 



STRUCTURAL ANALYSTS MANUAL 
GENERAL D YNA Ml CS/CON VA IR AND SPACE SYSTEMS DIVISION 




Fig. B7. 2.1. 1-3 Loading Modes 
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BT.2.1.1 GENERAL 

m LIMITATIONS OF ANALYSIS 

Four general areas must be considered for limitations: attachment 
size and shell thickness, attachment location, shift in maximum stress 
location, and stresses caused by shear loads. 

A. Size of Attachment with Respect to Shell Size 

The analysis is applicable to small attachments relative to the shell 
size and to thin sheils. The limitations on these conditions are shown by the 
shaded area of Figure B7.2. 1. 1-4, 




R /T (in. /in. ) 
m 



Fig. B7. 2. 1.1-4 
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B Location of Attachment with Respect to Boundary Conditions of Shell 
The analysis is applicable when any part of the area of influence shown 
in Figure BT.2 .1. 0-1 does not contain any stress perturbations. These pertur- 
bations may be caused by discontinuity, thermal loading, liquid-Level loading, 
change in section and material change. 

C Shift in Maximum Stress Location 

Under certain conditions the stresses in the shell may be higher at 
points removed from the attachment-to-shell juncture than at the juncture. The 
following conditions should be carefully considered: 

1. in some instances, stresses will be higher in the hollow attachment 
wall than they are in the shell. This is most likely when the attach- 
ment opening is not reinforced, when reinforcement is placed on the 
shell and not on the attachment, and when very thin attachments are 
used. 

2. For some load conditions certain stress resultants peak at points 
slightly removed from the attachment-to-shell juncture. The maxi- 
mum value of these stress resultants is determined from the curves 
in Section B7.2. 1. 5 and is indicated by dashed lines. 

When conditions are encountered that deviate from the limitations of the 

analysis, Appendix A of Reference 5 should be consulted. 

D Stresses Caused by Shear Loads 

An accurate stress distribution caused by a shear load (V ) applied 

a 

to a spherical shell is not available. The actual stress distribution consists of 
varying shear and membrane stresses around the rigid attachment. The method 
[51 presented here assumes that the shell resists the shear load by shear only. 
If this assumption appears unreasonable, it can be assumed that the shear toad 
is resisted totally by membrane stresses or by some combination of membrane 
and shear stresses. 
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B7.2.1.2 STRESSES 
I GENERAL 

Stress resultants at attachment-to-shell junctures are obtained from the 
nondimensional stress-resultant curves in section B7.2.1. 5. Tnese curves are 
plots of the shell parameter (U) versus a nondimensional form of the stress re- 
sultants (M. and N.) . Figures B7.2. 1.5-1 and B7.2. 1.5-2 are used for solid 
attachments' 1 and Figures B7.2. 1.5-3 through B7. 2. 1.5-22 are used for hollow 
attachments. Additional attachment parameters (t and p) are required to use 
Figures B7.2. 1.5-3 through B7. 2. 1.5-22. 

The general equation for stresses in a shell at a rigid attachment juncture 

in terms of the stress resultants is: 

f - K (N./T) ± K, <6M /!*) . 
j n j o 3 

The stress concentration parameters (K q and are functions of the 
ratio of fillet radius to shell thickness (a/T) . The value of the stress concen- 
tration parameters f or R » r is equal to unity except in the following cases: 

( a) Attachment-to-shell juncture is brittle material; 

(b) Fatigue analysis is necessary at attachment-to-shell juncture. 
When stress concentration parameters are used they can be determined from 

Figure B7.2. 1.2-1. 

The value of the stress resultant at the juncture is indicated by a solid 
line on the nondimensional stress resultant curves. When the maximum value 
for a stress resultant does not occur at the attachment-to-shell juncture, it is 
indicated on the nondimensional stress-resultant curves by dashed lines. An 
incorrect but conservative analysis would assume this maximum stress to be 
at the juncture. 
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Fillet Radius To Shell Thickness Ratio (a/T) 






Fig. B7. 2. 1.2-1 Stress Concentration Parameters for B»r 




The stress calculation sheets (Figs. B7. 2. 1. 2-2 and B7. 2. 1. 2-3) can be 


used to calculate inside and outside stresses at four points (A, B, C, D on 




Figure B7. 2. 1. 1-2} around the attachment. The stress calculation sheets also 


determine the proper sign of the stresses when the applied loads follow the sign 


convention used in Figure B7.2. 1.1-1. The stress calculation sheets provide a 


place to record applied loads, geometry, parameters and all values calculated or 


obtained from the step-by-step procedures in paragraphs m-VI below. 
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STRESS CALCULATION SHEET FOR STRESSES IN SPHERICAL SHELLS CAUSED IY LOCAL LOADS 

(HOLLOW ATTACHMENT) 
APPLIED LOAOS SHELL GEOMETRY PARAMETERS 




> ir uk*a a omun to that shown in ricuax »t. i \ ui thin uvkuc tkx new smovk. 
sex sccnoN ai. i. •. 

•m CMAMCX SSN OF TMX UWC*L ITU, * tji IM NBCATTVK. 



Fig. BT. 2. 1.2-2 Stress Calculation Sheet (Hollow ArtAchment) 
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IK LOAD IS OMMUSITE TO THAT SHOWN IN rtCURX B? I. I 1-1 THEN REVERSE THE SIGN SHOWN. 

>r.r. section * ». i.!>. 
■•• chajce sign rtrc radical iru^ ■ r » is nccativc. 

Fig. B7.2. 1.2-3 Stress Calculation Sheet (Solid Attachment) 
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B7.2.1.2 STRESSES 

II PARAMETERS 

The following applicable parameters must be evaluated: 
A Geometric Parameters 

1. Shell Parameters (IT) 

a. round attachment 
U = r 0 /(R m T)* 

b. square attachment 

U = 1.413c/(R T )* 
m 

2. Attachment Parameters (T and p ) 

a. hollow round attachment 

T - r /t 
m 

p «T/t 

b. hollow square attachment 
T - 1.143c/t 

p «T/t 

B Stress Concentration Parameters 

1. Membrane stress-stress concentration parameter 

K « 1 + (T/ 5.6a) °* M 
n * 

2. Bending stress-stress concentration parameters ( K^) 

1^- 1 +(T/9.4a)°- M 



* K and 1^ values can be determined from Figure B7. 2. 1.2-1 with a/T values. 
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B7.2. 1.2 STRESSES 

m STRESSES RESULTING FROM RADIAL LOAD 

A radial load will cause membrane and bending stress components in 
both the meridional and circumferential directions. 

A Meridional Stresses (f ) 

Step 1. Calculate the applicable geometric parameters as defined 

in paragraph II above. 

Step 2. Using the geometric parameters calculated in step 1, obtain 

the membrane nondimensional stress resultant (N^T/P) for 

a solid attachment from Figure B7. 2. i. 5-1 or for a hollow 

attachment from Figures B7.2.1.1.5-3 through B7.2. 1.5-12. 

Step 3. Using P and T values and the membrane nondimensional 

stress resultant (N^T/P), calculate the membrane stress 

component N / T from: 

N /T - (N T/P) • (P/T 2 ). 
x x 

Step 4. Using the geometric parameters calculated in step 1 and 
the same figures as step 2, obtain the bending nondimen- 
sional stress resultant ( M /P) . 

x 

Step 5. Using P and T values and the bending nondimensional stress 
resultant (M /P), calculate the bending stress component 

6M /T 2 from : 
x 

6M / T 2 « (M /P)'(6P/ T 2 ). 
x x 

Step 6. Using the criteria in paragraph I, obtain values for the 

stress concentration parameters ( K q and K^) . 

Step 7. Using the stress components calculated in steps 3 and 5 and the 

the stress concentration parameters calculated in step 6, 

determine the meridional stress ( f ) from : 

x 



f - K ( N /T) + K. ( 6M / T 2 ) 
x n x - o x 



page lO.fc.f? 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Proper consideration of the sign will give values for the 
meridional stress on the inside and outside surfaces of 
the shell. 
B Circumferential Stresses (f y ) 

The circumferential stress can be determined by following the seven 
steps outlined above in paragraph A and by using the same curves to 
obtain the nondimensional stress resultants (N T/P and M y /P) and 
the following equations to calculate the stress components and circum- 
ferential stress: 

N /T » (N T/P)- (P/T 2 ) 

y y 

6M / T* (M /P)' (6P/T 2 ) 

y y 

f *K(N/T)i K, (6 M /T 3 ). 
y n y ay 
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B7.2.1.2 STRESSES 

IV STRESSES RESULTING FROM OVERT URNING MOMENT 

An overturning moment will cause membrane and bending stress 
components in both the meridional and circumferential directions. 



A Meridional Stresses (f ) 



Step 1. Calculate the applicable geometric parameters as defined 

in paragraph II above. 
Step 2. Using the geometric parameters calculated in step 1, 

obtain the membrane nondimensionai stress resultant 

T N T(R T) Vm 1 for a solid attachment from Figure 
L x m a J 

B7. 2. 1. 5-2, or for a hollow attachment from Figures 
B7.2. 1.5-13 through B7. 2. 2. 5-22. 
Step 3. Using M , R and T values and the membrane nondimen- 
sionai stress resulant[N T(R T) */M J, calculate the 

w x m «• 

membrane stress component >* X /T from: 

N /T = [N T{R T)*/M ] [M/T^R T)*]. 
x u x m a a m 

Step 4. Using the geometric parameters calculated in step 1 and 
the same figures as step 2, obtain the bending nondimen- 
sionai stress resultant [M x (R m T)*/M a ]. 

Steo 5 Using M , R and T values and the bending nondimensionai 
am i 
stress resultant [M (R T)VM J, calculate the bending 
x m a 

stress component 6M ^/T* from: 

eM^T'-CM^T)* /Mj [6M a /T 2 (R m T)*]. 
Step 6. Using the criteria in paragraph I, obtain values for the 

stress concentration parameters ( K q and K. q ) . 
Step 7. Using the stress components calculated in steps 3 and 5 

and the stress concentration parameters calculated in step 

6, determine the meridional stress (f ) from: 
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f = K (N /T) + K, (6M /T 2 ) 

X D X — 0 X 

Proper consideration of the sign will give values for the 
meridional stress on the inside and outside surfaces of 
the shell. 
B Circumferential Stress (f ) 

The circumferential stress can be determined by following the 
seven steps outlined above in paragraph A and by using the same 
figures to obtain the nondimensionai stress resultants [N y T ( R m T )^ M a ] 
and the following equations to calculate the stress components and 
circumferential stress: 

Ny /T = [NyTtM^/Mj [M^CRjjT)*] 

6M /T : = [M <R T)*/M 1 [6M /T : (R T ) *] 
y k x m a a ai 

f - K (N /T) ± K, ( 6M /T 2 ). 
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B7.2. 1.2 STRESSES 

V STRESSES RESULTING FROM SHEAR LOAD 

A shear load (V ) will cause a membrane shear stress (f^) in the 
shell at the attachment-to-sbell juncture. The shear stress is determined 

as follows: 

A Round Attachment 
V 

f" = — sin 9 for V = V t 
xy r 0 T a 

V 

or f = — cos 0 for V « V 2 
xy r 0 T a 

B Square Attachment 

f = V /4cT (at © = 90* and 27CT ) 
xy a 

f = 0 (at 0 = 0* and 18CP ) 

xy 

or 

f = V / 4cT (at e » 0° and 180') 
xy a 

f = 0 ( at 0 * 90* and 270*) 
xy 



for V = V t 
a 



for V = V. 
a 



page 10. &. 2 \ 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/C0NVA1R AND SPACE SYSTEMS DIVISION 



BT. 2. 1.2 STRESSES 

VI STRESSES RESULTING FROM TWISTING MOMENT 
A Round Attachment 

A twisting moment (M^) applied to a round attachment will cause 
a shear stress (f ) in the shell at the attachment-to-shell juncture. 
The shear stress is pure snear and is constant around the juncture. 
The shear stress is determined as follows: 

B Square Attachment 

A twisting moment applied to a square attachment will cause a 
complex stress field in the shell. No acceptable methods for analyzing 
this loading are available. 
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B7.2.1.3 STRESSES RESULTING FROM ARBITRARY LOADING 
I CALCULATION OF STRESSES 
Most loadings that induce local loads on spherical shells are of an 
arbitrary nature. Stresses are determined by the following procedure: 

Step 1. Resolve the applied arbitrary load (forces and/or moments 
into axial forces, shear forces, overturning moments and 
twisting moment components. (See paragraph BT.2.1.6, 
Example Problem.) The positive directions of the com- 
ponents and the point of application of the force components 
( intersection of centeriine of attachment with attachment- 
shell interface) are indicated in Figure B7. 2. 1.1-1. 

Step 2. Evaluate inside and outside stresses at points A, B, C and 
D for each component of the applied arbitrary load by the 
methods in paragraph B7.2. 1.2. 

Step 3. Obtain the stresses for the arbitrary loading by combining 
the meridional, circumferential and shear stresses eval- 
uated by step 2 for each of the points A, B, C and D on the 
inside and outside of the shell. Proper consideration of 
signs is necessary. 
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B7.2.1.3 STRESSES RESULTING FROM AR BITRARY LOADING 
n LOCATION AND MAGNITUDE OF MAXIMUM S TRESSES 

The Location and magnitude of the maximum stresses caused by an 
arbitrary load require a consideration of the following: 

A The determination of principal stresses (f^, and f^- 0 or 

f * max) for the calculated stresses (f , f and f ) at a specific 
xy x y xy 

point. 

B The orientation of the coordinate system (1, 2, 3} in Figures 
B7.2. 1. 1-1 and B7.2.1. 1-2 with respect to an applied arbitrary 
load may give different values for principal stresses. These dif- 
ferent values are caused by a different set of components. 

C Whether or not the value for a stress resultant is obtained from 
the dashed lines or solid lines in Figures B7.2. 1. 5-3 through 
B7. 2. 1.5-22. 
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B7.2.1.4 ELLIPSOIDAL SHELLS 

The analysis presented in this section (B7. 2. 1. 0} can be applied to 
ellipsoidal shells with attachment at the apex because the radii of curvature 
are equal. For attachments not located at the apex (points of unequal radii) , 
the analysis is incorrect, and the error increasesfor attachments at greater 
distances from the apex. 
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m. 2.1.5 NONDIMENSIONAL STRESS RESULTANT CURVES 


I LIST OF CURVES 






A Solid Attachments 






1. Nondimensionai Stress Resultants for Radial Load (P) B7. 2. 1.5-1 


2. Nondimensionai Stress Resultants for Overturning Moment 


(M ) B7. 2. 1.5-2 
a 






B Hollow Attachments 






1. Nondimensionai Stress Resultants for Radial Load (P) 


T » 5 


p« 0.25 


B7.2. 1. 5-3 


T * 5 


p » 1.0 


B7.2. 1.5-4 


T « 5 


p - 2.0 


B7.2. 1.5-5 


T * 5 


p m 4.0 


B7.2. 1.5-6 


T * 15 


p - 1.0 


B7.2. 115-7 


T ■ IS 


p » 2.0 


B7. 2. 1.5-8 


T * 15 


p.» 4.0 


B7.2. 1.5-9 


T ■ 15 


p * 10. 0 


B7.2. 1.5-10 


T » 50 


p - 4.0 


B7.2. 1.5-11 


T * 50 


p » 10.0 


B7.2. 1.5-12 


2. Nondimensionai Stress Resultants for Overturning Moment (M ) 

a 


T * 5 


p- 0.25 


B7.2. 1.5-13 


T « 5 


p * 1.0 


B7.2. 1. 5-14 


T « 5 


p » 2.0 


B7. 2. 1.5-15 


T - 5 


p « 4. 0 


B7.2. 1. 5-16 


T - 15 


p « 1.0 


B7.2. 1.5-17 


T * 15 


p - 2.0 


B7. 2. 1.5-18 


T * 15 


p » 4. 0 


B7.2. 1.5-19 


T ■ 15 


p * 10.0 


B7. 2. 1.5-20 


T * 50 


p » 4.0 


B7. 2. 1.5-21 


T * 50 


p s 10. 0 


B7.2. 1. 5-22 
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B7.2.1.5 N'ONDEvIENSIONAL STRESS RESULTANT CURVES 
n CURVES 

The following curves (Figs. B7. 2. 1. 5-1 — B7.2. 1.5-22) are plots 
of nondimensional stress resultants versus a shell parameter for the axial load 
and overturning moment loadings and for various attachment parameters. 
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5 i.O 1.5 

Shell Parameter (U) 



2.0 



2.5 



Figure B7. 2. 1.5-6 Non-Dimensional Stress Resultants for Radiai Load (P) 
Hollow Attachment T ■ 5 and p » 4. 0 
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.0 



1.0 1.5 

Shell Parameter (U) 



2.5 



Figure ET. 2. 1.5-7 Non-Dimensional Stress Resultants for Radial Load (P) 
Hollow Attachment T ■ 15 and p » 1. 0 
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T - 15 
P - 2.0 




1 1 ' 1 ' 1 LJ ' ' 1 ' ' ' ' ' ' i ' ' ' ■ ' ' 

.0 .5 1 .0 1.5 2.0 2.5 

Shell Parameter (U) 

Figure B7. 2. 1.5-8 Non- Dimensional Stress Resultants for Radial Load (P) 
Hollow Attachment T - 15 and p ■ 2. 0 
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1.0 1.5 

Shell Parameter (U) 



2.5 



Figure B7.2. 1.5-9 Non- Dimensional Stress Resultants for Radial Load (P) 
Hollow Attachment T - 15 and p«4.0 
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.1.0 L.5 

Shell Parameter.(U) 



2.0 



2.5 



Figure B7. 2. 1.5-10 Non- Dimensional Stress Resultants for Radial Load ( P) 

Hollow Attachment T * 15 and p - 10. 0 
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Figure B7.2. 1. 5-U Non- Dimensional Stress Resultants for Radial Load ( P ) 

Hollow Attachment T « 50 and p - 4. 0 
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T - 50 
p - LO.O 




1 ' ' 1 ' 1 1 ' 1 i I l I I i 1 i i i i I i 'i i 

.0 .5 1.0 L.5 2.0 2.5 

ShellParameter (U) 



Figure B7. 2. 1. 5-12 Non-Dimensionai Stress Resultants for Radial Load (P) 

Hollow Attachment T » 50 and p - 10. 0 
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Figure B7. 2. 1.5-13 Non- Dimensional Stress Resultants for Overturning Moment 

CM ) Hollow Attachment T - 5 and p ■ 0. 25 
a 
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Shell Parameter (U) 

Figure B7.2. 1.5-15 Non- Dimensional Stress Resultants for Overturning Moment 

( M ) Hollow Attachment T « 5 and p m 2.0 
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Shell Parameter (U) 

Figure B7.2. 1.5-16 Non-Dimensional Stress Resultants for Overturning Moment 

(M ) Hollow Attachment T ■ 5 and p ■ 4. 0 
a 
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.5 



l.Q 1.5 

Shell Parameter (U) 



2.5 



Figure B7. 2. 1.5-18 Non-Dimensional Stress Resultants for Overturning Moment 

(M ) Hollow Attachment T = 15 and p => 2. 0 
a 
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5 1.0 1.5 

Shell Parameter (U) 



2.0 



Figure B7. 2. 1.5-19 Non-Dimensional Stress Resultants for Overturning Moment 

(M ) Hollow Attachment T * 15 and p * 4. 0 
a 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 




Shell Parameter (U) 



Figure B7.2. 1. 5-20 Non- Dimensional Stress Resultants for Overurning Moment 

(M ) Hollow Attachment T = 15 and p = 10. 0 
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Shell Parameter (U) 



Figure B7. 2. 1. 5-22 Non- Dimensional Stress Resultants for Overturning Moment 

(M ) Hollow Attachment T = 50 and p * 10. 0 
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B7.2.1.6 EXAMPLE FBOBLEM 

A spherical bulkhead with a welded hollow attachment is subjected to 
the force and moments shown in Figure B7.2.1. 6-1. Shell and attachment geom- 
etry are shown in Figures B7.2. 1.6-1 and B7. 2. 1.6-2. 




Fig. B7. 2. 1.6-1 Spherical Bulkhead 



4.40"DIA.-»- 




Fig. B7. 2. 1. 6-2 Welded Hollow Attachment ( Detail A) 
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1. Establish a local coordinate system (Figs. B7. 2. 1. 1-1 and 
B7.2. 1.6-3) on the center line of the attachment at the attachment-shell inter- 
face, so that the loading in Figure B7.2. 1. 6-1 is in the 2-3 plane. 




Fig. B7.2. 1,6-3 Local Coordinate System 

2. Resolve the load system into components (Figs. B7. 2. 1. 1-1 and 
B7. 2. 1. 6-4) and enter results on the appropriate stress calculation sheet 

(Figs. B7. 2. 1. 2-2 for hollow attachments and B7. 2. 1. 2-3 for solid attachments) . 
Figure B7.2. 1. 6-5 shows the stress calculation sheet for the e:ample problem. 

3. Establish the appropriate shell geometric properties f Figure 

B7.2. 1. 1-2) and enter results on the stress calculation sheet. All dimensions 

are in inches. 

R =100.0 
m 

T =0.10 

r 0 =2.20 

r =2.00 
m 

t -0.40 
a = 0.0625 
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POSITIVE LOAD DIRECTION'S 
ARE SHOWN. 



Si! - 1.2 In. -Kips 




- 1.0 In. -Kips 



Fig. B7.2. 1.6-4 Arbitrary Load System Components 
4. Determine the appropriate parameters according to paragraph 
B7.2.1.2-II, and enter results on the stress calculation sheet. 

U«r fl /(R Tj* - 2.20/(100 x 0.1)* -0.695 
m 

For hollow attachment : 

T » r /t - 2.00/0.40 « 5.0 

p « T/t » 0.10/ 0.40 - 0.25 
For a brittle material (weld) at the attachment-to-shell juncture: 

K ,U(T/5.6a) us « 1 * ( 0. 1/ 5. 6 x . 0625) »• 65 = 1. 44 
n 

K^Wr/S^a) 0 - 80 -l + (0.1/9.4 x.0625)°- ,0 =l.™ 
5. Determine the stresses according *, paragraph B7. 2. 1. 2-ffl through 
VI and enter results on the stress calculation sheet. The nondimensional stress 
resultants are obtained from Figure BT. 2. 1.5-3 ( Hollow Attachment- T = 5 and 
p , 0. 25) for the radial load and from Figure B7.2. 1. 5-13 (Hollow Attachment - 
T x 5 and p * 0. 25) for the overturning moments. 
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tr load a oravrx to that show* in rtcuax sr. a. 1. 1 . i tmcn uvcue the. ucn smown 
mncnax aj.i.i. 

CMANCX IBM or THC iTff. • f | IS MCCATTVX. 



Figure B7.2. 1.6-5 Stress Calculation Sheet ( Example Problem) 
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B7. 2. 2. 0 LOCAL LOADS ON" CYI JNPRICAL SHELLS 

This section presents a method to obtain cylindrical shell membrane and 
bending stresses at an attachment-to-sbell juncture resulting from arbitrary 
loads induced through rigid attachments on pressurized or unpressurized shells. 
Shell geometry and loading conditions are used to obtain normal and bending 
stress resultants and deflections from a computer program for radial-type 

loads (P and M ) . Membrane shear stresses caused by shearing loads ( V a ) 
a 

and twisting moments <M X ) can be calculated directly without the computer 
program. Deflections are not calculated for shearing loads and twisting 
moments. 

Local load stresses reduce rapidly at points removed from the attachment- 
to-shell juncture. Boundaries of that region of the shell influenced by the local 
loads can be determined for those load cases calculated with the computer pro- 
gram by investigation of the stresses and deflections- at points removed from 
the attachment 

The additional stiffness of the shell caused by internal pressure (pressure 
coupling) is taken into account by the computer program for determination of 
local load stress resultants and deflections. The stress resultants induced in 
the shell by the internal pressure are not included in the computer program 
results and must be superimposed upon the local load stress resultants calcu- 
lated by the method contained in this section. 
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B7. 2. 2. 1 GENERAL 


I NOTATION 


The notations presented in this section are not applicable to the com- 


puter program. 


The computer program variables are defined in Paragraph 


B7. 2.2. 5-H. 




a 


- fillet radius at attachment-to-shell juncture or longitudinal 
half diameter of elliptical load pad, in. 


b 


- x-coordinate distance to center of attachment (b= L/2) 
or circumferential half diameter of elliptical load pad, in. 


c 


- half length of square attachment, in. 




- longitudinal half length of rectangular attachment, in. 




- circumferential half length of rectangular attachment, in. 


E 


- modulus of elasticity, psi 


f 

X 


- normal longitudinal stress, psi 


L 
y 


- normal circumferential stress, psi 


f xy 


- shear stress, psi 

- stress concentration parameters for normal stresses 
and bending stresses, respectively 


L 


- length of cylinder 


Vf 


- applied overturning moment, in. -lb. 




- applied twisting moment, in. -lb . 


M J 


- internal bending moment stress resultant per unit length 
of shell, in. -lb/ in. 


n 


- number of equally spaced attachments in the circumferential 
direction 


N 1 
J 


- internal normal force stress resultant per unit length of 
shell, lb/ in. 


P 


- uniform load intensity, psi 


P 


- radial load or total distributed radial load, lb. 


q 


- internal pressure, psi 
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B7. 2. 2. 1 GENERA L (Concluded) 
I NOTATION (Concluded) 

r - radius of circular attachmeat t in. 
R - radius of cylindrical shell t in. 
s - circumferential arc length, in. 
T - thickness of cylindrical shell., in. 
u - longitudinal displacement, in. 

v - circumferential displacement, in. 

V - applied concentrated shear load or total distributed shear 

a load, lb. 

w - radial displacement, in. . 
x - longitudinal coordinate, in. 

y - circumferential coordinate, in. 
2 - radial coordinate, in. 

6 - polar coordinate 

v - Poisson ! s ratio . 

<p - circumferential cylindrical coordinate 
Subscripts 

a - applied (a * 1 or a ■ 2) 
b - bending 
i - inside 

j - internal (j ■ x or j «y) 

m - mean (average of outside and inside) 

n - normal 

0 * outside 

x - longitudinal 
y - circumferential 
z - radial 

1 - longitudinally directed applied load vector or longitudinal 

direction 

2 - circumferentially directed applied load vector or circumferen 

tial direction 
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B7. 2. 2. 1 GENERAL 

n SIGN CONVENTION 

Local loads applied at an attachment-to-shell induce a biaxial state of 

stress on the inside and outside surfaces of the shell. The longitudinal stress 

(f ), circumferential stress (f ), shear stress (f w ) t the positive directions 
x y -v 

of the applied loads (M a *. M T , P, q, and V a ) , the stress resultants (Mj and 
N.) , and the positive directions of the displacements fu, v, and w) are indi- 
cated in Figure B7. 2. 2. 1-1. 




I 

Fig. B7. 2. 2.1-1 Stresses, Stress Resultants, Loads, and Displacements 



:! The applied overturning moment M t (M 2 )_is represented by a longitudinally 
(circumferentiallyj directed vector but is defined as an applied circumferential 
(longitudinal) overturning moment since its effect is in the circumferential 
(longitudinal) direction. 
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The geometry of the shell and attachment, the local coordinate system 
at the attachment, and the coordinate system of the shell are indicated in 
Figure B7.2. 2. 1-2. 




Fig. B7. 2. 2. 1-2 Shell and Attachment Geometry 
. It is possible to predict the sign of the induced stress, tensile <-> or 
compressive (-) , by considering the deflections of the shell resulting from 

various loading modes. 

Mode I (radial load) , Figure B7. 2. 2. 1-3. shows a positive radial load 
(P) transmitted to the shell by a rigid attachment The load (P) causes com- 
pressive membrane stresses and local bending stresses adjacent to the 
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attachment. The compressive membrane stresses are similar to the stresses 
induced by an external pressure. The local bending stresses result in tensile 
bending stresses on the inside of the shell and compressive bending stresses on 
the outside of the shell at points A, B, C and D. 

Modes II (circumferential moment) and III (longitudinal moment) , 
Figure B7. 2. 2. 1-3, show negative overturning moments (M a ) transmitted to 
the shell by rigid attachments. The overturning moments (M a ) cause com- 
pressive and tensile membrane stresses and local bending stresses adjacent 
to the attachment. Tensile membrane stresses are induced in the shell at 
B or C, similar to the stresses caused by an internal pressure. Compressive 
membrane stresses are induced in the shell at D or A, similar to the stresses 
caused by an external pressure. The local bending stresses cause tensile 
bending stresses in the shell at B or C on the outside and at D or A on the 
inside, and cause compressive bending stresses in the shell at B or C on the 
inside and at D or A on the outside. 



P 




+ 3 T3 

MODE I MODE II MODE III 



RADIAL LOAD CIRCUMFERENTIAL MO MENT * LONGITUDINAL MOMENT * 

Fig. B7. 2, 2,1-3 Loading Modes 

* The applied overturning moment M t (M : ) is represented by a longitudinally 
(circumferentially) directed vector but is defined as an applied circumferential 
(longitudinal) overturning moment since its effect is in the circumferential 
(longitudinal) direction. 



a 
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The signs of the stresses induced in the shell adjacent to the actachment 
by positive applied loads for rigid attachments are shown in Figure B7. 2. 2. 2-1 
"Stress Calculation Sheet". The figure or parts thereof can be reproduced and 
used as calculation sheets. 
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B7.2.2. i GENERAL 

m LIMITATIONS OF ANALYSIS 

Considerable judgment must be used in the interpretation of the results 
of this section and in the establishment of the geometry and loadings used in 
the analysis. 

Six general areas must be considered for limitations: attachment and 
shell size, attachment location, shift in maximum stress location, stresses 
caused by shear loads, geometry and loading. 

A Size of Attachment with Respect to Shell Size 

The analysis is applicable to small attachments relative to the shell 
size and to thin shells. The limitations on these conditions are shown by the 
shaded area of Figure B7. 2. 2. 1-4. 




Fig. B7. 2.2.1-4 
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B Location of Attachment with Respect to Boundary Conditioas to Shell 
The analysis is applicable when there are no stress perturbations 
caused by other loadings in the area influenced by the local loads. These per- 
turbations can be caused by discontinuity, thermal loading, liquid level loading, 
change in section and material change. The area influenced by the local loading 
can be determined by an investigation of the stresses and deflections at points 
removed from the attachment. 

C Shift in Maximum Stress Locations 

Under certain conditions the stresses in the shell may be higher at 
points removed from the attachment- to- shell juncture than at the juncture. 
The following conditions should be carefully considered: 

1. Stresses can be higher in the attachment than in the shell. 
This is most likely when the attachment is not reinforced, when 
reinforcement is placed on the shell and not on the attac hm ent, 
and when very thin attachments are used. 

2. For some load conditions certain stress resultants peak at 
points slightly removed from the attachment- to- shell juncture. 
The load conditions that cause this peaking are in most cases the 
same load cases that cause peaking for local loads on spherical 
shells. The extent of the peaking can be evaluated by an investiga- 
tion of the stresses and deflections at points slightly removed from 
the attachment. 

3. Comparison of analytical and experimental results [2] for 
membrane stresses shows that membrane stress resultants can be 
calculated at the point where stresses are desired. Comparison of 
analytical and experimental results [2, 5] for bending stress re- 
sultants at loaded attachments shows that the bending stress re- 
sultants must be calculated at the center of the attachment and 
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then shifted to the edge for the determination of stresses at the 
edge of the attachment. The determination of bending stresses at 
other points requires that the bending stress resultants be calcu- 
lated at a distance C l/2 or C 2/2 closer to the attachment. 
D Stresses Caused bv Shear Loads 

An accurate stress distribution caused by a shear load ( V a ) 
applied to a cylindrical shell is not available. The actual stress distribution 
consists of varying shear and membrane stresses around the rigid attachment. 
The method [5] presented here assumes that the shell resists the shear load 
by shear only. If this assumption appears unreasonable, it can be assumed 
that the shear load is resisted totally by membrane stresses or by some 
combination of membrane and shear stresses. 
E Shell and Attachment Geometry 

The analysis .assumes that the cylindrical shell has simply supported 
end conditions or is of sufficient length that simply supported end conditions 
can be assumed. 

The computer program requires mat circular and elliptical attach- 
ments be converted to equivalent square and rectangular attachments, 
respectively. The equivalent attachment must have an area equal to the area 
of the actual attachment for a radially applied force. The equivalent attach- 
ment must have a moment of inertia about the bending axis equal to the moment 
of inertia about the bending axis of the actual attachment for bending loads. 
In both cases the aspect ratios fa/b and Cl /c 2 ) of the attachments (actual and 
equivalent, respectively) must be equal. If the attachment is welded, the 
weld size must be added to the attachment when determining equivalent attach- 
ments. 
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L/I^ is a secondary parameter and has little effect on the solution of 
1. 0£ L/B m ^ 5. 0. The attachment coordinate system, defined by Figure 
B7. 2. 2. 1-2, must be located at x * L/2. 

F Shell Loading 

The computer program accounts for pressure coupling (that is, the 
increase in shell stiffness caused by internal pressure). The internal pressure 
(q) must be positive or a positive differential. The stresses caused by the 
internal pressure must be calculated separately and superimposed upon the 
local loads stresses calculated by the method presented here. 

The shell deflections must be small, approximately equal to the 
cylindrical shell thickness, for the analysis to be valid and to allow super- 
position of stresses. 



L 



~mma I f*) R C Cl. 
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B7. 2. 2. 2 STRESSES 
I GENERAL 

Stress resultants and displacements caused by radial load (P) and 
overturning moment (M a ) are obtained from the computer program described 
in R<2>$. S s B7. 2. 2- 5. Stresses caused by shear load (VJ and twisting 
moment (M^-) are calculated directly from attachment geometry and loading. 

The stress resultants (Mj and N^) and displacements (u, v, and w) de- 
termined by the computer program are for a specific location. The location is 
specified by x and 0 input values determined according to the coordinate system 
(x, <t>, z) defined in Figure B7. 2. 2. 1-2. 

The computer program will calculate stress resultants and displacements 
for configurations ( see Figure B7. 2. 2. 5-1) : 

Case 1 - One Uniformly Distributed Radial Load 
Case 2 - M n" Equally Spaced Uniformly Distributed Radial Loads 
Case 3 - One Concentrated Radial Load 
Case 4 - M n" Equally Spaced Concentrated Radial Loads 
Case 5 - Longitudinal Overturning Moment 
Case 6 - Circumferential Overturning Moment 
The general equation for stresses in a shell at a rigid attachment 
juncture in terms of the stress resultants is of the form: 

fj-K^Nj/TU^teMj/T 2 ) 

The stress concentration parameters (K Q and K^) are defined and can 
be evaluated from Paragraph B7. 2. 1. 2 t Sections I and HB. 

Figure B7. 2. 2, 2-1 'Stress Calculation Sheet'' can be used for the 
calculation of all stresses caused by an arbitrary local loading. The sheet 
automatically accounts for signs. 
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Fig. B7. 2. 2. 2-1 Stress Calculation Sheet 
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B7. 2, 2. 2 STRESSES 


11 STRESSES RESULTING FROM A RADIAL LOAD 


Radial load configuration Cases I and II (see Figure B7. 2. 2. 5-1) will 


cause membrane and bending stress components in both the longitudinal and 


circumferential directions. 


A Longitudinal Stress (f x ) 


Step 1. 


Determine the required load and geometric load input for 




the computer program. 


Step 2. 


Determine the bending stress resultant (M x ) at point 0 




and the normal stress resultant (N ) at points A and B 




with the eomnuter nrnoram See Figure B7. 2. 2. 1—2 for 




the location of points A, B and 0. 


Step 3. 


Using the criteria in Paragraph B7. 2. 1. 2, Section I, 




obtain values for the stress concentration parameters 




(K- and K h ) . 


Step 4. 


Using the bending stress resultant (M^ at point 0 and 




the normal stress resultant (N„) at point A as determined 




in Step 2, and the stress concentration parameters as 




determined in Step 3, determine the longitudinal stresses 




(t^) at point A using the following equation: 




f x » K^VT) ± K^BM^T*) 




Proper consideration of the sign will give the values for the 




longitudinal stress at the inside and outside surfaces of the 




shell. 


Step 5. 


Repeat Step 4, but use the normal stress resultant (N ) 




as determined for point B and the bending stress resultant 




(M ) as determined for point 0 to determine Lhe Longi- 




tudinal stresses (f x ) at point B. 
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B Circumferential Stresses t^) 

The circumferential stresses (f ) can be determined by following 
the five steps outlined in Paragraph A, above, except for determining My and 
Ny instead of and N x in Step 2 and using the following stress equation in 
Step 4. 

fy = K n (N y /T)= K b (6My/T 2 ) 

C Concentrated Load Stresses 

Points A, B, C and D in Figure B7. 2. 2. 1-2 do not exist for Load 
Cases EH and IV. Longitudinal, and circumferential membrane and bending 
stress caused by concentrated loads (Cases m and IV) is determined from 
stress resultants calculated at point O. 'The stresses are calculated using 
Paragraph A,, above, after applying proper modifications to the equations. 
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B7.2.2. 2 STRESSES 

EH STRESSES RESULTING FROM AN OVERTURNING MOMENT 
Overturning moment load configurations, Cases V and VI (see Figure 
B7. 2. 2. 5-i) , will cause membrane and bending stress components in both the 
longitudinal and circumferential directions. 
A Longitudinal Stress (L^) 

Step 1. Determine load and geometric input for the computer 
program. 

Step 2. Determine the bending stress resultant (M ) and normal 
stress resultant ( N x ) at points A for Load Case V and B 
for Load Case VI with the computer program. 

Step 3, Using the criteria in Paragraph B7. 2, 1. 2, Section I, 

obtain the values for the stress concentration parameters 
(K Q and K^) . 

Step 4. Using the bending stress resultant (M^ and the normal 
stress resultant (N x ) at point A as determined in Step 2 
and the stress concentration parameters as determined in 
Step 3, determine the longitudinal stress (L^) at point A 
using the following equation: 

f 3 K ( N /T) ± K, ( 6M /T 2 ) 
x n x ox 

Proper consideration of the sign will give the values for 
longitudinal stresses at the inside and outside surfaces of 
the shell. 

Step 5. Repeat Step 4, but use stress resultants as determined for 
point B to determine me longitudinal stresses at point B. 
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B Circumferential Stress (fy) 

The circumferential stresses (f y ) can be determined by following 
the five steps outlined in Paragraph A, above, except for determining My and 
N instead of M x and N x in Step 2, and using the following stress equation in 

Step 4: 

f -K (N /T) x K. <6M /!*) 
. v n v d y 



oaoe \0.3 -7o 
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B7. 2.2. 2 STRESSES 

IV STRESSES RESULTING FROM A SHEAR LOAD 

A shear load (V a ) will cause a shear stress (fxy) in the shell at 
the attachment-to-shell juncture. Hie shear stress is determined as follows: 

A Round Attachment 



xy Tr 0 T 



sin 9 



for V„ = Vi 
a 1 



f 



xy trr 0 T 



cos Q 



for V a = V 2 



B Rectangular Attachment 



f 



4c <T 



for V a = V 1 



f 




for V = V. 



a 
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B7.2.2.2 STRESSES 

V STRESSES RESULTING FROM A TWI STING MOMENT 

A Round Attachment 

A twisting moment <M X ) applied to a round attachment will cause 
a shear stress (f^) in the shell at the attachment-to-shell juncture. The shear 
stress is pure shear and is constant around the juncture. The shear stress is 
determined as follows: 

xy T 
B So uare • A ttac hm eat 

A twisting moment applied tt> a square attachment will cause a 
complex stress field in the shell. No acceptable methods for analyzing the 
loading are available. 
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B7. 2. 2. 3 STRESS RESULTING FROM ARBITRARY LOADING 


I CALCULATION OF STRESSES 


Most loadings that Induce loads on cylindrical shells are of an 


arbitrary nature. 


Stresses are determined by the following procedure: 


Step 1. 


Resolve the arbitrary applied load (forces and/or moments) 




into axial force, shear forces, overturning moments and 




twisting moment components. See Paragraph B7. 2. 1. 6 




Example Problem. The positive directions of the com- 




ponents and the point of application of the load components 




(intersection of centerline of attachment with attachment- 




shell interface) are indicated in Figure B7. 2. 2. 1-t. 


Step 2. 


Evaluate inside and outside stresses at desired points 




(such as A, B, C and D) around the attachment for each 




component of the arbitrary applied loading by the methods 




in Paragraph B7. 2. 2. 2. 


Step 3. 


Obtain the stresses for the arbitrary loading by combining 




the longitudinal, circumferential and shear stresses 




evaluated by Step 2 for each of the points selected on the 




inside and outside of the shell. Proper consideration of 




signs is necessary. 
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B7t2 .2.3 STRESSES RESULTING FROM ARBITR ARY LOADING 
n LOCATION AND MAGNITUDE OF MAXIMUM STRESS 

The location and magnitude of the maximum stresses caused by a 
arbitrary load require a consideration of the following: 

A. The determination of principal stresses f min' f xy = °' 

or f * max) for the determined stresses (f , f . and f ) at a specific 

xy * * 

point. 

B. .The proper selection of points for determining the stresses. 
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B7. 2. 2. 4 DISPLACEMENTS 

Shell displacements caused by radial load configurations and overturning 
moments are obtained from the computer program described in Paragraph 
B7. 2. 2. 5. Shell displacements caused by twisting moment and shear loads 
are not determined. 

Comparison of experimental and theoretical deflections indicate that 
deflections are sensitive to the detailed conditions of the attachment. In 
general, however, the experimental and theoretical values are of the same 
order of magnitude. 
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SECTION 10.9 



CYUNDERS AND SHELLS: LANGLEY SOLUTION. 

SYNOPSIS 

REFERENCE REPORT NO GDC DDG 67-006 VOL V! " THE STABILITY 
OF ECCENTRICALLY STIFFENED CIRCULAR CYUNDERS. - 

THIS PROGRAM PROVIDES A SOLUTION TO THE NASA - LANGLEY 
EQUATION FOR THE BUCKUNG OF STIFFENED ORTHOTROPIC CYLINDERS 
SUBJECTED TO AXIAL COMPRESSION. THIS IS A SMALL DEFLECTION 
SOLUTION WHICH INCLUDES THE EFFECTS OF ECCENTRICITIES OF THE 
STIFFENING ELEMENTS WITH RESPECT TO THE SKIN MIDDLE SURFACE. 
^ SELECTED NUMBERS OF AXIAL HALF WAVE LENGTHS AND CIRCUMFER- 
ENTIAL FULL WAVE LENGTHS ARE SCREENED FOR A MIMIMUM BUCKUNG 
LOAD. THIS CRITICAL VALUE IS PRINTED OUT ALONG WITH THE LOADS 
ASSOCIATED WITH NEIGHBORING NON-CRITICAL DEFLECTION PATTERNS. 



page i o . % . I 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMtCS/CONVAW AND SPACE SYSTEMS DIVISION 



SECTION 11.0 



TORSION 

ANALYSIS METHODS FOR SOLID AND THIN WALLED SECTIONS SUBJECTED TO 
TORSION ARE PRESENTED 



PACE 

11.1 TORSION OF SOLID SECTIONS 11.1.1 

11.2 TORSION OF THIN-WALLED CLOSED SECTIONS 11.2.1 

1 1 .3 TORSION OF THIN-WALLED OPEN SECTIONS 11.3.1 

11.4 MULTICELL CLOSED BEAMS IN TORSION 11.4.1 

1 1 .5 PLASTIC TORSION 1 1 .5.1 

11 .6 ALLOWABLE STRESSES 11.6.1 

1 1 .7 RESTRAINED TORSION 1 1 .7.1 
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Data Source, Section 1 3 Reference 3 



TORSIOH 

3.0 GUNLrUL 

This section presents the analysis methods and allowable* for members corsionally 
Loaded. Members subjected to torsion are categorised according to their cross 
sections for analysis purposes, i.e. (1) solid sections, (2) thin wailed closed 
sections and (3) thin walled open sections. 

8.1 Torsion of Solid Sections 

The torsional stress (£ a ) and resulting angle of twist (J) for an applied twisting 
moment can be determined when the material and section properties of the bar are 
known. 

The torsional shear stress (f s ) distribution on any cross section of a circular 
b*r wi 11 vary linearly along any radial Line smews: ring from the geometric cen- 
troid and will hare the same distribution on all radial lines.. The Longi- 
tudinal sheer stx^aa (f x ) which is equal to the torsional shear stress (f s ) pro- 
duces no warping of the cross section when the stress distribution is the same 
on adjacent radial lines. For non-circular sections the torsional shear stress 
distribution is nonlinear (except along lines of symmetry where the cross sec- 
tion-contour is normal to the radial line) and will be different on adjacent 
radial lines. When the torsional and Longitudinal shear stresses are different 
on adjacent radial Lines, warping of the cross section will occur. 

Whoa the warping deformation induced by longitudinal shear stresses is restrained, 
normal stress (o*) are induced to maintain equilibrium. These normal stresses 
are neglected in the torsional analysis of solid sections since they are small, 
attenuate rapidly and have Little effect on the angle of twist. Restraints 
co the warping deformation occur at fixed ends and at points where there is an 
abrupt change in the applied twisting moment. 

The torsional analysis of solid cross sections is subject to the following limi- 
ts dons: 

1) The material is homogeneous and Isotropic. 

l\ The shear stress does not exceed the shearing proportional Limit and is 

proportional to the shear strain (elastic analysis). 
3) Tbe stresses calculated at points of constraint and at abrupt changes 

of applied twisting moment are not exact. 
«•) T?e applied twisting moment cannot be an impact load. 

3) If the bar has an abrupt change in cross section, stress concentrations must 
be used. 

The basic equation for determining the torsional shear stress at some arbitrary 
point on an arbitrary crass section is 
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Data Source, Section 1 .3 Reference 3 



vfaert T( x ) is the applied torque at some distance x along the beam and Q is 
the torsional section modulus at the same place. 

The basic equation for determining the angle of twist between two points x 
distance apart is 

* - l > e J** T (x) /K (x) <* 8 * 2 
*1 

where K-(x) i* torsional constant. The area-moment technique can be used to 
determine the angle of twist between any two sections by plotting T ( X ) //CK ( X ) 
for the beam. 

TtfcJ-e £.1 shows equati-ons for calculating stress and angle of twist fox same 
commonly used cross sections. The equations are for paints of merl rrntm torsional 
shear stress. Some croas sections have torsional stress equations shown for 
more than one section. The angle of twist equations are for a bar of length 
L and constant croas section. 

When a circular bean of nonuniform cross section is twisted, the radii of a 
cross section becomes curved. Since the radii of a cross section were assumed 
to remain straight In the derivation of the equations for stTtss in uniform 
circular beams, these equations no longer hold if a beam is no nun iform. However, 
tbe. acres* at any section of a no nuni form circular beam Is given virh sufficient 
accuracy by the equations for uniform bars if the diameter changes gradually. If 
the change in section is abrupt, as at a shoulder with a small fillet, a stress 
concentration must be applied. 

Is nonuniform circular beams having gradual diameter changes, the angle of twist 
can be determined using equation S.2. This equation is used to determine the 
equations for 0 in Table 8.2 for various beams of uniform taper. 

6.2 Torsion of Thin-Vailed Closed Sections 

A closed section is any section where the center line of the wall forms a 
closed curve. The torsional shear stress distribution varies along any radial 
Line emanating from the geometric centroid of the thin- walled closed section. 
Since the thiclaiess of the thin walled section is small compared to the radius, 
the stress varies very little through the thickness of the cross section and 
is assumed to be constant through the thickness at that point. 

The angle of twist of a thin- walled closed beam of length, L, due to an applied 
torque, T, is given by 

TL r du a _ 3 



4A"G 



TL f du 
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T ■ Applied Torque(ia-ib) 
L- Length of 3eaJB(in) 
K- Torsional Constant in 4 ) 
Q- Section Modulaa (in 3 ) 



G- Modulus of B.i&idity<psi) 
0« An^ie of Twist (rad) 
f«- Shear Stre3s(pai) 



SECTION 



MAJC stress 



0 



SQLH) CIECL2 



2 



2 



** r mxx 




HOLLOW Cm CLE 



at 



(3) 





1 




a 

* 





0.1406 a 9 



SOLID SQUARE 



0.208 a' 



at midpoint of 
eaca side 



Sba 3 



Of" 



aba 2 

1 



(5^ 



SOLID RECTANGLE 



Qb 




SOLID ELLIPSE 



16 



TABLE 3.1 - EQUATIONS FOR STRESS AND DEFORMATION IN SOLID 
SECTIONS LOADED IN TORSION 
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SECTION 


K 


Q 


MAX STRESS 




1- a -J 

SOLID 
EQUILATERAL TRIANGLE 


a*^T 
80 


ai 
20 


atA,B&C 


SOLID HEXAGON 


0.1045d 4 


0.1704 d 3 


at midpoint of 
each side 




SOLID OCTAGON 


0.1021 d 4 


0.17Sld 3 


at midpoint of 
each side 


® t 1 F 

H » G 
SOLID 


Form equivalent rectangle through points B and D. Then 
use equations for rectangle to determine stress and twist. 
To locate B and D, construct perpendiculars from centroid 
(c) to each side (B and D) . 


@ //\ 

SOLID RIGHT 
ISOSCELES TRIANGLE 


0.0261a 4 


0.0554 a 3 


at center of 
long side 




\ 

2b 

i 


ira 3 b 3 (l-<r*) 
a 2 +b 2 


rab^l-a 4 ) 
2 


at A 




1 l~" 2a " 

HOLLOW ELLIPSi 






TABLE 8.1 (CONT'D) - EQUATIONS FOR STRESS AND DEFORMATION IN SOLID 

SECTIONS LOADED IN TORSION 





a 
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SECTION 



MAX STRESS 



A»Area 




4L 




A*Area 




dL* element length 
along meaiah. 



,333 F 



3AL' 



■/V 



0 




A* Area 



solid fairly compact 
szction without 
reentrant angles 



A 4 



40J 



Japolax Moment 
of Inertia 




D-dia inscribed cir 
t-b If b< d 
t-d if d< b 
€,="b if-b>d 
t,-d if d>b 




Kb- 



cd* 



a— -(ai5 + 0.1 t 




r. D. 1. t* same 
as case 



For cases 12 through IS, occurs 
at or very near one of the points 
where the Largest inscribed circle 
touches the boundary unless there 
is a sharp re-entrant at acme other 
point on the boundary causing high 
local stresses- Of the points 
where the largest inscribed circle 
touches the boundary, f ffl occurs 
ac the one where the boundary curva- 
ture is algebraically least. Con- 
vexity represents positive, concavity 
negative, curvature or the boundary. 
At a point where the curvature is 
positive (boundary of section straight 
or convex) the m ■ yi tttittti stress is 
given approximately by: 



3 a \ i^/J 

K>- cd 3 (l .O-lQ^y- 

[3 C \ i92cry 

a* ^0.15.0.1 1) 



*W " G3C/L or f Smax - TC/K 
L + 0.1j/- T ^ 



C - 




\16A 



D • dia. or Largest inscribed circle 
r - radius of curvature or boundary 

at the point (convex). 
A - area of section 

At a point where the curvature is ne- 
gative (boundary of section concave 
ar reentrant) the maximum stress is 
given approximately by: 



- - G3C/L or f 3 
3 max «• ^ix 



TC/K 



L6A 
- 0.23&2 



tann 



20 



TABLE 3.L (CONT'D) - EQUATIONS FOR STRESS AND DEFORMATION 

SECTIONS LOADED IN TORSION 



IN SOLID 
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SECTION 



K 



MAX STRESS 



gjHbH bid 



i 



BE 



Id 



pit D same as @ 



KlfcK 2 per 



or* 4fo.07 *(U)76 
b* 



Sum of ITs of 
constituent 'L 1 -sections 
computed per@ 



The Angle 0 is the angle through 
which a tangent to the boundary ro- 
tates in turning or traveling 
around the reentrant portion, 
measured in radians. 




*(D 4 -d 4 ]/6zQ 



q-1 



16n2 1 
(l-i^Xl-n*)! 



Is^^- 16TDI/ir(D 4 -d 4 ) 



'max 
F-1+ 



(l-n^Xl-n 4 ) 



(l-nZXl-n^Xi-nfiXl-n 8 ) 




d 0 I soletrta 



; Q-Cr 3 



C|3-571L.47191(, 



Ml «1 
,48U96| 



2; 


0 


30*' 6(T) 80-f 9<r| 


C 


[2-57 


[L25I.S0 |.49|.35 



© 



Cr 4 



I 45* 1 60* i 90* I 

cblSL I.G349LD825I 



60*1 90*1 120" 



.0349U0825 1.148 



a\ 1S0*| 2701 300*1 360* 



C|^96 I -52S|.fi86 [.678 



o l 60 * 1 1201 ^ 0», 



C 1.07121 .22' 



!(T[18< 
17 U5 



TABLE 8.1 (CONT'D) - EQUATIONS FOR STRESS AND DEFORMATION IN SOLID 

SECTIONS LOADED IN TORSION 
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T YPE OF BEAM 



ANGLE OF TWIST 




9TL 



2 axe tan 



to, 

— »J— 2 arc tan 

P3? 



, T.n 



INSIDE TAPERED, 
OOTSIDE CONSTANT 




SOLID BEAM, 
OUTSIDE TAPERED 







INSIDE UNIFORM 
OOTSIDE TAPERED 




!■ L —l 

THIN TAPERED TUBE .WITH 
CONSTANT WALL THIOQIESS 


2TX(Dr+D*) 

e- r-^" 

TOtDf D 3 



TABLE 8-2 - EQUATIONS FOR ANCLE OF TWIST FOR NONUNITQRM 
CIRCULAR BEAMS IN TORSION 
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Data Source, Section 1 .3 Reference 3 



where A is the area enclosed by the median Line of the thickness, t, and u is the 
length along the median. The shear flow is constant around the tube and is 

The shear stress is assumed to be constant through the thickness and is 



f - q/t - T/Ut 



8. J 



If the cross section is of nonuniform thickness, the shear s cress will be 
m.Himm where the thickness is minimum. 

Table 8.3 shows the angle of. twist and shear stress for thin-walled closed 
sections subject to an applied twist, T. 

8.3 Torsion of Thin-Walled Open Sections 

As open section is one in which the centerline of the wall does not form a 
closed curve. Channels, angles, I-beams, Tees and wide flanges are among struc- 
tural shapes characterized by a combination of thin-welled rectangular shapes. 
Additionally many thin-walled open sections are curved. This section presents 
the means to calculate the stress and twisting angle for these sections. 

For a bar of rectangular cross section of width b and thickness t the equations 
for shearing stress and the angle of twist are 

f - T/ abt 2 8 - 6 
3 max 

0 - TL/ 0bt 3 C 8 - 7 

where a and 0 are defined in Table 8.1, Case 4 . When the ratio b/t becomes 
very large, a and 0 became 0.333. Equations 8.6 and 8.7 become 

f - 3T/bt 2 8-8 



s 



0 - 3TL/bt 3 G s - 9 

These equations, 6.8 and 8.9, are applicable for narrow rectangles. They also 
apply to an approximate analysis of shapes made up of thin rectangular members 
such as those shown in Figure 8.1 
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SECTION 



MAX STHSSS 




^tfCa-.Stftb-.st) 2 ] 
U 

tJ* length of median 



2xtU-.3tXb-.5t> 



(a+U 2 



con a tan.: if t is 
small 




U* length of median 

A- me an of areas 
enclosed by two 
boundaries 



2tA 



constant if : is 
small 




ft 



2tA 



D4A sam. xa (5) 



© 

T-l 

b 
1 



2tt,(a-t#b-t,) 2 



at 



Equations for taiat *ad scresa in shown in table S.l 



@A: 2*a-«Xb-ti) 
QB: 2ttU-0(fa-<t) 



Tbere will be 
oigner stresses 
ax inner corners 
unless fillets of 
fairly large 
radius axe used 



TABLE 8. 2 - EQUATIONS FOR STRESS AND DEFORMATION IN HOLLOW 
CLOSED SECTIONS LOADED IN TORSION 
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FICTILE 6.1 - BEAM5 WITH THIN RECTANGULAR MEMBERS 
WITH CONTINUOUS CENTER LINES 

For tht numbers shown in Figure 8.1, b can be taken as the continuous center line 
of the member and equations 8.8 and 8.9 used to determine stress and angle of 
twist. 

Shapes with a member of thin rectangular members such as T -and H sections shown 
in Figure 8.2 




FIGURE 8.2 - BEAMS WITH THIN RECTANGULAR 
MEMBERS OF COMPOSITE SHAPES 
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can be analyzed using equations 3.10 and 3. II 

t - 3Tt / Ibc 3 

a Q 

Q 

0 - 3TL/C Ibt 3 
For ih« T section ia Figure 8.2 the angle of twist is 

0 - JTL/^bjt, 3 + b 2 t 2 3) ' 
and the shear stress is 

The same procedure is applicable for any type of shape; however, the accuracy 
is considerably improved when sharp corners are avoided by the use of liberal 
radii. 

3.4 Multiccll Clcaed Beams In Torsion 

Figure 8.3 shows a tnuiticell tube with an externally applied torsion- The torsiar 
is ceactad in the cob« by internal shear flows acting around each ceil. 




3. L0 
3.11 

3.12 



FIGURE 8.3 - MuXTICZU. TUBE IN TORSION 
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The tube has n cells with a pure torsion, T, applied. The torsion appLicd 
externally must be reacted internally. This is expressed by 

T - 2q t A x - 7^ + ... * 2^ 8. 15 

where A. through A are the areas enclosed by the median lines of cells I through 
n. through are the reaction shear flows acting on cells I through n. 

For elastic continuity, the twist of each cell must be equal, or 

The angular rvtst of a cell is 

0 - q/2ACjfds/t *- j7 

or 

2G0 - q/A fds/t B.L8 

Thus for each call cf multicell structure an expression for q/A^ds/t can be 
written and equated to 2G0. The line integral *ds/t is represented by a. Than 
•TO, is ch * value of the integral along the wall J between cells K and L where the 
area outside the tube is designated as cell 0. The shear flows acting in a 
clockwise direction are assumed to be positive. Using this rotation, equation 
6.13 can be applied to each cell resulting in the following: 

cell (1): I/A i rq 1 * 30 + - q 2 >* l2 ] - 8.19 

call (2): l/A^fcj - q^a^ + q 2 a 20 + (q 2 - q 3 )* 23 i - 2G* S.20 

cell (3): l/A 3 [(q 3 - q 2 >* 23 + q 3 * 30 * <q 3 - * U U V> ] ' 2M 8 ' 21 

cell(n-l): ^Vl [(q n-l ' V2 )a n-2,n-l + *n-l * Vl'n-1,0 

* «n-l - <n>*n-l,n ] ' » 8 - 22 
cell Cn): 1/A Q [(q^ - q^)^.^ * Vno 3 - 2G * 8 ' 23 

The shear flows, qj through c^, may be found by solving equations 8.15 and 8. J 9 
through 8.23 simultaneously. From these shear flows, the sheai stresses may b« 
found using f f ■ q/t. 

As an example, consider the multicell beam shown in Figure 8.4. 
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FISORZ 3. 4 - EXAMPLE Of MULTICILL 9 CAM XH TORSION 

Call Araaa: 

^ - 39.3 Aj - LOO - LOO 

Liaa intagralj for aacli call: 

* IQ - L/2(ff)(L0)/.022 - 628 a^ - L0/.03 - 333 

a, 2 - L0/.03 - 200 a 3Q - 2(L0)/.03 + L0/.04 - 917 

* 1Q - 2(10)/. 03 - 667 

Equata axtaraal corqua to in tarsal raactiotu: 
T - + 1*1*1 * ^3*3* Equation 8.L3 

L0OOO0 - 2(39. 3)q x +• 2<100>q 2 + 2(100)q 3 
L0OQOO - 7fl.6q 1 + 200q 2 + 200q 3 

Urita tna aaepraaaion for angular esrlac of each call: 

Call (L): 1/39.3 [62flq 1 + 200<q 1 - q^)] - 2CJ - 21.07^ - 3.09q 2 

Call (2): 1/100 t200<q 2 - q^ + 667q^ + 333(q 2 - q 3 ] - 2G3 - -2q L + L2q 2 - 3.33q 
Call (3): L/100 [333(q 3 - q 2 ) + 9L7q^ • 2G9 • -3.33q 2 + L2.3q 3 
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Solving the equations simultaneously: 

q x - 1*4 #/in, q 2 - 234 *7ia t q 3 - 209 #/in f 0 - .00022SS rad 
8. 5 Plastic Torsion 



The previous methods of analysis are baaed on stress levels in the elastic range 
These stress levels are based on limit loads. For ultimate loads, it is often 
desirable to allow the section to operate in the plastic region. All types of 
cross sections not subject to local crippling can be analyzed for allowable 
Xnxsiun by use of the plastic torsion theory at ultimate load. The method of 
analysis is called the "sand heap" analogy. 

If the m a ximum amount of dry sand is heaped on a level platform having the same 
snape as tne cross section of the beam in torsion, the slope of the heap 
represents the shear stress. The shear stress for this condition has the same 
magnitude over the entire cross section. The torsional moment, T, is related 
to the volume of the heap, V, by 

T • OT JU 8.24 

vhere F ju is the ultimate allowable shear stress. The difficulty of the sand 
heap anaiogv is determining the volume of the heap. This is simplified somewhat 
by constructing contour lines. A contour line defines the contour of the heap 
at some constant elevation. It is a plane passed through the heap parallel to 
the torsional section. Also, it is assumed that the w-Hmum possible slope of- 
the heap i* achieved, i.e. slope is equal unity. 



It is easy to construct a contour map of the sand heap surface. Contour lines 
intersect normals through the section boundary at right angles and at a distance 
from the boundary equal to the elevation of the contour line. 
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It i.i ocasibl. to d.t.rmin. th« rolum. of th« sand haap for any cross "= tiao 

by Ut.£»"on. Flgur. S.J shows .quacions for sand h.ap volume with rarious bas.s 




FICORE 8. 5 - SAND HEAP 701HMES 



S. 6 Allowable Streaa^a 

For lilt load condition*, th. qpUri scrassas tl—ld h. k-pe £l~£\ ul CiM " 
,hl«ltx«a, F s „- Th«. «r« dafinad for rarious aacarials In 5H1-HDBK-J. 

Hm torsional failur. of t»b«s nay b. du. to plastic failur. of th. nat.riai. In- 

or an IntamHiat. condition. P«. »*«r f ailur. -ill not 
usually oeear within th. rang, of wall taick=.a»« cooaonly us.d for 
in." Torsional allowaM. st=.sa« ar« shown in Flgur. 8.6 through i.^. Tbasa 
cutt«s tak. into account th. param.c.r L/0 and ar. in good agr.«nant with «o.ri- 
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B8.1.0 GENERAL 

* Section B8. 1 presents the notation and sign convention for Local 
ordinate systems, applied twisting moments, internaL resisting moments, 
stresses, deformations, and derivations of angle of twist. These conven- 
tions will be followed in Sections B8. 4 

Restrained torsion and unrestrained torsion are considered for 
the thin-waLled open and thin-walled closed cross sections, and unrestrained 
torsion is considered for the solid cross section. Restrained torsion requires 
that no relative longitudinal displacement shall occur between two simiLar 
points on any two similar cross sections. Warping is restrained. 

Restrained torsion of solid cross sections is not considered because 
it is a localized stress condition and attenuates rapidly. The stresses and 
deformations determined by the methods contained in this section can be 
superimposed upon stresses and deformations caused by other types of load- 
ing if the deformations are small and the maximum combined stress does 
not exceed the yield stress of the material. 
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Ba. 1.1 NOTATION* 




All general terms used In this section are defined herein. Special 


terms are defined in 


the text as they occur. 


a 


Width of rectangular secuon, in. 


A 


Enclosed area of mean periphery of thin-walled closed 
secuon, m. 2 


b 


Length of element, width of flange, in. 


b 1 


Width of flange minus thickness of web, in. 


C 


Length of wall centerline t, circumference; , in. 


d 


Total section depth, in. 


D 


Diameter of circular bar, in. 


£ 


Young's modulus, lb/in. 2 


G 


Shear modulus of elasticity, lb/ in. 2 


b 


Distance between flange centerlines, in. 


I 


Moment of inertia, 'in. 4 


J 


Polar moment of inertia, in. 4 


K 


Torsional constant, in. 4 


L 


Length of bar, in. 


L 

X 


Arbitrary distance along x-axis from origin, in. 


m t 


Applied uniform twisting moment or maximum value of 
varying applied twisting moment, in. -ib/m. 


M. 
i 


Internal twisting moment, in. -Lb. 


M 

l 


Applied concentrated twisting moment, in. -lb. 


M 


Internal twisting moment at point x along bar, written 
as function of x 


P 


Pressure, lb/ in. 2 



e 
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p 


Arbitrary point on cross section 


q 


Shear flow, lb/in. 


r 


Radius of circular cross section, in. 


R 


Radius of circular fillet, in. 


s 


Distance measured along thin- walled section from origin, 
in. 


S 

c 


Torsional modulus, in. 3 


S (s) 
w 


Warping statical moment, in. * 


t 


Thickness of element, in. 


t 

w 


Thickness of web, in. 


T 


Tensile force oer unit length lb/in * 


u 


Displacement in the x direction, in. 


V 


Displacement in the y direction, in. 


w 


Displacement in the z direction, in. 


W (s; 
n 


Normalized warninz function in * 


V 


Volume, in. 3 


a 


Defined in Section B8. 4. l-IV 


0 


Defined in Section B8, 4. l-IV 


r 


Warping constant, in. 8 


y 


Shear strain 


9 


Unit twist, rad/in. {6 * dtp/ dx = ©') 


V 


Poisson's ratio 


P 


Radial distance from the centroid of the cross section to 
arbitrary point P, in. 


p o 


Radial distance to tangent line of arbitrary point P from 
shear center, in. 
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a 

x 

T 

T t 
T i 

vv 

0 



Longitudinal normal stress, lb/ir.. 2 

Total shear stress, lb/in. 2 

Torsional shear stress, lb/in. 2 

Longitudinal shear stress, lb/in. 2 

Warping shear stress, lb/in. 2 

r L x 

Angle of twist, rad \ q = J 6dxj 

o 

©\o , \o M ' First, second, and third derivatives of angle of twist 
with respect to x, respectively 

$ Saint- Venant stress function 

Subscripts: 

' i inside 

1 longitudinal 

n normal 

o outside 

s point s 

t torsional or transverse 

w warping 

x longitudinal direction 
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B8.4. 3 RESTRAINED TORSION 

L ANGLE OF TWIST AND DERIVATIVES 

It was shown that for unrestrained torsion, the torsional moment 
resisted by the section is M t - GK <p ' (Section B8. 4. 2-1) . 

Longitudinal bending occurs when a section is restrained from free 
warping. This bending is accompanied by shear stresses in the plane of the 
cross section, and these stresses resist the external applied torsional moment 
according to the following relationships 

M 2 - - E r$ m 

where 

M] ■ resisting moment caused by restrained warping of the cross 
section, in. -lb 

E » modulus of elasticity, psl 

T « warping constant for the cross section (Section B8. 4. 1-IVB) , in. 8 
m third derivative of the angle of rotation with respect to x. 

Therefore, the total torsional moment resisted by the section is the 
sum of Mj and M 2 . The first of these is always present; the second depends 
on the resistance to warping. Denoting the total torsional resisting moment 
by M, the following expression is obtained. 

M * Mj + M 2 ■ GK<£ ! - E r 0 m 

or 

* 9 9 ET 
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where 

2 £r 

The solution of this equation depends upon the distribution of applied 
torque (M) and the boundary or end restraints of the member. Numerical 
evaluation of this equation for <p\ $ r \ and $ m is obtained from the 
computer program in B8. 4. 3-IV for many loading and end conditions. 

It is necessary to evaluate the foregoing expressions for the angle of 
twist and its derivatives before a complete picture of stress distribution and 
warping can be defined. 



* DataSourc*. Section 1 3 R«tor»nc» 5" /^.Q pg. ll.~7.KV £-3. 
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B8.4.3 RESTRAINED TORSION 
H. STRESSES 

A. Pure Torsional Shear Stress 

The equation for torsional shear stress is the same as given in Section 
B8. 4. 2-ZZ; however, now the angle of twist varies along the member and must 
be determined from the previous section. 

Neglecting stress concentrations at reentrant corners, the pure 
torsional shear stress equation is 

r - Gt . 

This stress will be largest in the thickest element of the cross section. For 
distribution of this stress for common sections, see Figures B8. 4. 1-3, 
B8. 4. 1-4, and B8.4. 1-5. This stress can be calculated by the computer 
program in fcet. £ B8. 4. 3-17 for many loading and end conditions. 

B. Warping Shear Stress 

When the cross section is restrained from warping freely along the 
entire length of the member, warping shear stresses are induced. These 
stresses are essentially uniform over the thickness ( t) , but the magnitude 
varies at different locations of the cross section {Figs'? B8. 4. 1-3, B8. 4. 1-4, 
and B8. 4. 1-5) . These stresses are determined from the equation: 

ES 

ws 

WS t * 
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where 

r * warping shear stress at point s, psl 
ws 

£ ■ modulus of elasticity, psi 

^ 4 

S ■ warping statical moment at point s ( Section B8. 4. 1-IVD) , in. 
ws 

t * thickness of the element, in. 

0fti . third derivative of the angle of twist with respect to x, distance 

measured along the length of the member. 
This stress can be calculated by the computer program in Section 
*B8. 4. 3-IV for many loading and end conditions. 
C. Warping Normal Stress 

Warping normal stresses are caused when the cross section is restrained 
from warping freely along the entire length of the member. These stresses act 
perpendicular to the surface of the cross section and are constant across the 
thickness of an element but vary in magnitude along the length of the element. 
The magnitude of these stresses is determined by the equation: 



E W 
na 



where 

a » warping normal stress at point s, psi 
ws 

E - modulus of elasticity, psl 

W - normalized warping function at point s (Section B8. 4. 1-rVC) , in. 
ns 

0" - record derivative of the angle of twist with respect to x, distance 
measured along the length of the member. 

This stress can be calculated by the computer program in Section 

^B8. 4. 3-IV for many loading and end conditions. 
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B8.4. 3 RESTRAINED TORSION 
EL WARPING DEFORMATIONS 

Warping deformations can be calculated by using the same equation that 
was given in Section B8. 4. 2-III, except that now the expression for <£' will vary 
along the length of the member. The expression for <p x can be obtained from 
Section B8. 4. 3-1 or from the computer program in tf* B8. 4. 3-IV. It 
should be noted that the warping normal stresses are proportional to corres- 
ponding warping displacements; hence, by knowing the warping displacements, 
a picture of distribution of the warping stresses is evident. 



j 
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Warping Constant ( D 
The torsionai coefficient (D is called the warping constant. Its 
value depends only on the geometry of the cross section. For the generalized 
section shown in Figure B8.4. i-8, the following equation is used for cal- 
culating T: 

b 

r « f W (s)rds . 
J n 



The value of W (s) is determined from pago. \^ & Son* values for 
n 

frequently used sections are: 

1. For symmetrical wide flange and I shapes I Fig. B8.4. 1-9A) : 



24 



I h 2 
4 



2. For channel sections (Fig. B8.4. 1-9B): 



r - 1/6 (b'3E o )h 2 (b') t+ F^ I x . 



3. For zee sections: 

^ 3 • b't + 2ht 
(b') 3 th 2 w 



r - 



12 nt * 2b't 
w 



where h, b, t, t , b\ and E q are defined page"."*. 2- , I x - the 
moment of inertia of the entire section about the xx axis, and I y - the moment 
of inertia of the entire section about the yy axis. 
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Normalized Warping Function (W ) 

D 

The torsional coefficient ( W Q ) is called the normalized warping 
function. Its value depends upon the geometry of the cross section and upon 
specific points on the cross section. 

For the generalized section shown in Figure B8.4. 1-8, the following 
equation is used for calculating w fl (s) at any point (s) on the section: 



1 ,b 

W (s) f W tds - w 

n A J 08 os 



where 



A - [ tds 



W 

os 



Some values for frequently used sections include: 

1. For symmetrical wide flange and I shapes (Fig. £8.4. 1-aA) 

w .-B. . 

no 4 

2. For channel sections (Fig. B8.4. 1-9B) : 

w -JJL 

no 2 

E h 

W .-2- 

n2 2 
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p PvrpvndlcuJar distance t» tfln«Mf ff«<" cm«r«i«* 

p Paramacular distance fa tan***? line freai shaer center 

C | Centra id mi erait tectien 

»< Shear center ef eras* sectten 

x,y Caerdinates ftM te the etinciaal eentreidel exet 

« An 9 1* er twist 

fytll directions ere sha«n oeeitive. » aeeittve »* *•? 

•r« «n the lett tie* mi en eeterraf «r P (x,y) feeine. the eaei- 
tfv« direction mi ij it» 




Figure B8.4. 1-8. General Thin-Wailed Open Cross Section 



where 




(b') a t 

m , 1 " 



and 



u ■ b 



- E 



o 



3. For zee sections ( Fig. B8.4. 1-9C): 



W 



no 



2 



W 



2 
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SPRINGS 

DESIGN AND ANALYSIS OF THE MORE COMMON SPRINGS IS PRESENTED 
IN THIS SECTION. 



PA3E 

12.1 COMPRESSION SPRINGS 12.1.1 

12.2 EXTENSION SPRINGS 12.2.1 

12.3 TORSION SPRINGS 12.3.1 

12.4 CONSTANT FORCE SPRINGS 12.4.1 

12.5 FLAT SPRINGS 12.5.1 

12.6 CONED DISC (BELLEVILLE) SPRINGS 12.6.1 

12.7 WORKING STRESSES 12.7.1 
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20. SPRING DESIGN 

20.1 GENERAL. The proper design of 
springs requires an understanding of 1 — 
spring materials, 2 — design formulas and 
stress analysis and 3 — manufacture. Vari- 
ous aids to designers are available including 
special spring slide rules, tables of constants, 
curves, charts and nomographs. All are help- 
ful, but an understanding of the basic funda- 
mental formulas and experience in their use 
is essential to good design. Except for a few 
sizes of valve and die springs, there are very 
few springs manufactured for stock because 
of the infinite variety of characteristics in- 
volved. Utmost care in their design and 



manufacture and thorough analysis of serv- 
ice conditions are required for satisfactory 
performance. 

20.1J. Purpose. The purpose of this section 
is to describe- the design methods used for 
each type of spring commonly used. 

20J..2 Scope. The data in this appendix are 
sufficient for general design purposes, and is 
not intended to include information for un- 
usual designs or seldom used types of springs. 

201.3 Abbreviations and Symbols. The fol- 
lowing abbreviations and symbols are used 
throughout the appendix, unless otherwise 
noted: 



A 
B 

b 
C 

CL 

D 

d 

E 

F 

F° 

FL 

f 

G 

ED 

in. 

K 

L 

1 

lb 

M 

N 

n' 

OD 

P 

Pi 

P 

psi 
E 



= constant, for rectangular wire. 

= constant, for rectangular wire. 

= breadth or width, in. 

= Spring index = D/d. 

= compressed length, in. 

= mean coil diameter, in. 

= diameter of wire or- side of square, In. 

= modulus of elasticity in tension, psi 

= deflection, for N coils with load P, in. 

= deflection, for N coils, rotary, deg. 

= free length, unloaded spring, in. 

= deflection, for one active coil, in., at load P. 

= modulus of elasticity in torsion, psi. 

= inside diameter, in. 

= inch. 

= curvature stress-correction factor 
= active length subject to deflection, in. 
= length, in. 
= pound 

= bending moment ,m. Ib. 
= total active coils 
= vibration per minute. 
= outside diameter, in. 
= load, lb. 

= applied load, lb (also Pi, etc). 
= pitch, in. 

s pounds per square inch. 

« distance from load to central axis, in. 
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= spring rate, load per inch, lb/in. 
= spring rate, inch lbs per deg. (Torsion springs), 
= stress, bending, psi. 
= stress, torsional psi. 
= stress, torsional, due to initial tension, psi. 
= squared and ground. 
= solid' height, in. (or SL = solid length). 
= height, load is dropped, in. 
= torque = PxR, lb. in. 
= total coils. 
= thickness, in. 

= number of revolutions = F° -■- 360°. 
= weight, lb (also applied dynamic load). 
= multiplied by 

= constant, for coned disc (Belleville) springs. 
= constant, for coned disc (Belleville) springs. 
= constant, for coned disc (Belleville) springs. 
= alpha, angle of movement, deg. 
= pi, 3.1416, in. 

= sigma, Poissons Ratio, 0.3 for steel. 



r 

r t 
■ S„ 
S t 

Su 
SG 
SH 
s 
T 

TC 

t 

U 

w 

x 
Y 
Zi 
Z, 
a 

<r 

21. COMPRESSION SPRINGS 

21.1 DESIGN FORMULAS. T,he design for- 
mulas in Table II are used in the design of 
helical compression and extention springs. 
Note that the same formulas apply to both 
types of springs. The formulas in Table III 
are for determining compression spring di- 
mensions only. 

21.2 Compression Spring Ends. Figure 3 il- 
lustrates the types of ends on compression 
springs. Their characteristics follow: 

(a) Open Ends Not Ground; also called 
Plain Ends, has the largest eccentricity of 
loading. These are used only when accuracy 
of loads is not important. This type is seldom 
used because such springs tangle severely 
during shipping. 

(b) Closed Ends Not Ground; also called 
squared ends, cost approximately the same 
as open end type and have less eccentricity. 
This type is often used on light wire springs 
under y Z2 in. dia wire and for heavier wire 
where the index exceeds 13. 

(c) Open Ends Ground ; also called Plain 
Ends Ground, are seldom used as they cost 
about the same as the closed ends ground. 



but have high eccentricity of loading and 
tangle during shipping. They are sometimes 
used where the solid height is very limited 
and it is necessary to have as many active 
coils as possible in the least space. 

(d) Closed Ends Ground; also caUed 
Squared and Ground, is the most popular 
type as it provides a level seat and reduces 
the tendency to buckle. This is the most ex- 
pensive type and should be avoided for 
springs made from very light wire. Each end 
coil is ground for 270° plus or minus 30°. 

21-3 DIAMETER CHANGES IN COMPRES- 
SION SPRINGS. When a helical compression 
spring is compressed an increase in the out- 
side diameter occurs because the angularity 
of the coils changes so that it is nearly at a 
right angle to the axis. The outside diameter, 
when the spring is compressed solid, can be 
obtained from the following formula : 

OD c = J p=^ pa ~ d ' +d 

\ 7T 2 

In which: 

OD a = outside diameter at solid 
length 
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TABLE II. Formulas for compression springs and extrusion 
springs without initial tsnsion 


Piwtr i **** 


Squn wtxm 




Torsional stress, psi 

s, 


PD 

0393 d s 


P D 
0.416 d' 


P D 
B b t a 


G d F 

rN D2 


G d F 
232 ND J 


A G t F 

N D* 


Deflection, in. 
p 


8 P N D a 
G d* 


5.58 P N D* 
G d* 


S t N D* 
A G t 


»S t N D3 
G d 


G d 




Change in load lb 
Pa — Pi 

Extension springs only 


Li — Lj 
F 
P 


Li — La 
F 
P 


T T _ 

Li — us 
F 

p 


Change in load lb 
P= — Pi 

Extension springs only 


Ls — Li 
F- 
P 


L 2 — Li 
F 
P 


Lj — Li 
F 
P 


Stress doc to initial 
tension, psi 
Sn 


s t 

X IT 

P 


X IT 

P 


St 

X IT 

P 


Bate lb /in. 
r 


P 


P 
F 


P 
F 


• Sm liui **• 

TABLE HI. Compression spring formulas for dimensional characteristic* 


Plmmriirn-' 


Trpm of «Mk " 


Op— «r piain 


Op«a *r pl*im with 


Sour* or doMd 
(mot uuu»i» 




Pitch 

(P) 


FL— d 


FL 
TC 


FL— 3d 




FL— 2d 


N 


N 


N 


Solid Height 
(SH) 


(TC + 1) d 


TCXd 


(TC + 1) d 


TC X d 


Active Coils 

(N) 


N-TC 
or 

FL— d 


N-TC — 1 
or 
FL i 

P 


N-TC — 2 
or 

FL— 3d 




N - TC — 2 
or 

FL— 2d 


P 


P 


P 


Total Coils 

(TO 


FL— d 


FL 
P 


FL— 3d 
h 


2 


FL— 2d 
+2 


P 


P 


P 


Free Length 

(FL) 


<p X TC) + d 


PXTC 


* (P X N) + 3d 


( P x N) + 2d 
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p = pitch, at free length 

D = mean coil diameter at free 

length 
d = wire diameter 

21.4 BUCKLING. Compression springs hav- 
ing* a free length greater than four (4) 
times their mean diameter become critical in 
lateral stability. When deflected beyond a 
certain percentage of the free length a 
spring will buckle. Figure 31 shows the maxi- 
mum deflection which may be expected with- 
out budding if the ends of the spring are 
closed and ground. Buckling can be reduced, 
space permitting, by a redesign using a 
heavier size wire and increasing the diame- 
ter of the coil. Buckling causes an undesir- 
able reduction of the load and may cause 
early spring failure. If properly guided in a 
cylinder or over a rod, buckling can be re- 
duced, although friction against the guiding 
member will affect the load and shorten the 
spring life. 

21.5 DIRECTION OF HELIX. Unless func- 
tional requirements dictate a definite direc- 



tion, the helix of compression and extension 
springs should be specified as optional. To 
prevent interna eshing of coils when springs 
operate one inside the other (see Figure 33) , 
the helixes should be specified 'as opposite 
hand. For the same reason, springs which 
operate to slide freely over screw threads 
should have the helix specified opposite to 
that of the screw threads, but when a spring 
screws onto the threads of a screw or bolt, 
it should have the same helix as that of the 
screw or bolt. 

21.6 NATURAL FREQUENCY, VIBRATION 
AND SURGE. The use of springs for loads 
which are applied dynamically, i.e., with im- 
pact or rapidly repeated will be in error if 
the spring is designed on the basis of static 
or slow loading. The load, stress, deflection, 
etc., will have been calculated for applications 
where the load is applied and held, or the 
rate of load application is below the natural 
frequency of the spring. Because of the in- 
ertia effect of the coils in instances where 
the load is suddenly applied, the load on the 
spring does not have time to distribute it- 
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self uniformly throughout the mass of the 
oring. This non-uniform loading causes de- 
fection or a surge wave (see Figure 32) in 
a few coils of the spring which results in a 
high stress in this area and a lower stress 
in the remainder of the spring. In applica- 
tions of high rate of repeated loading, non- 
uniform load distribution occurs in the same 
manner as suddenly applied loads and the 
: natural frequency of vibration of the spring 
may be excited. The excitation of the natural 
; frequency of vibration, in some instances; 
■may be of such magnitude as to cause the 
spring coils to dash causing the spring to 
[destroy its constraint on the mechanism, 
i This is known as spring surge. 
' The following methods may be employed to 
! prevent spring surging: 

j 1. Stiffen spring 

(a) Increase diameter of wire 

(b) Decrease mean diameter of 

spring 

(c) Decrease number of coils 

(d) Use square or rectangular 
9 wire 

2. Use spring nests 

3. Use conical spring 

4. Reduce or vary the pitch of the coils 
near the end of the spring 

5. Use stranded wire springs 
Formulas for natural frequency of steel 
springs follow: 




Ficun 32 



UNLOADED 
SPRING 

761,500 d 
*' NF" 



LOADED 
SPRING 



n' « 187.6 



(Neglecting spring 
weight) 




If the frequency of the spring and its har- 
monics are too low, the spring will surge 
the coils to clash. In general, if the 
natural frequency of the spring is at least 
thirteen times that of the maximum fre- 
quency of the applied load, the design should 
be satisfactory. 

21.7 IMPACT 

21.8 SPRING NESTS- The nesting (one in- 



TaK* IV. rm miiTm for tomd difUetunu of eompr—*um and cxtmvm rprmgt 





■ timto *W9i*d )mi 


w 

T 


ZW 
T 


r 


r 




A»»>tad imd wttfc MAIM l inttF «f ▼ • 
Opt** te MMl > 


W— Pi + \ (W— Pi) 1 + *w» 


/ WrV» 
-Pi+ \ Pi a + SEA 


T — 

r 


T 

r 





page /2. /. < 



STRUCTURAL ANALYSIS MANUAL 
GENERAL D YNAMtCS/CON VAIR AND SPACE SYSTEMS DIVISION 




Ficum 33 



side the other) of helical compression springs 
(see Figure 33) is a method of obtaining 
maximum energy storage in a limited space. 
It is desirable to design the springs for 
equal life with 60 to 70 percent of the load 
on the outer spring. Maximum energy stor- 
age is obtained in a spring nest when the 
value of the spring indexes are between 5 and 
7, when solid lengths of all the springs are 
approximately the same and when the work- 
ing stroke (Li-L t ) is of constant magnitude. 
The percentage of stress reduction obtained 
with nested springs is directly proportional 
to the spring index of the single spring 
when considering a constant working stroke. 
Not only is a reduction in the final stress ob- 
tained, but the use of nested springs effects a 
similar reduction in the stress range. Figure 
34 shows the variation of the percentage re- 
duction in the final stress and stress range 




Ficubje 35 

with respect to the spring index of the single 
spring. The graph is based on the conditions 
that the nested springs and the single spring 
have the same values for: 

(a) Active solid height H, 

(b) Load-deflection rate R 

(c) Final Load P : 

(d) Modulus of torsion G 

(e) OD D. 

The OD of single spring equals the OD of 
outer spring in nested design. 

21.9 COMPRESSION SPRING USED AS AN 
EXTENSION SPRING. Occasionally cer- 
tain applications require the action of an ex- 
tension spring; but the use thereof would 
produce excessive deflection. This deflection 
would result in serious distortion, or set, 



TABU V. Curvature strttt co r w e tu rn factor* (K) for compnmm and extension rprmgt 



Bp*** 


X 




S 


***** 


x 


JteD/4 


X 


















3.0 


L580 


4.2 


L3S1 


5.8 


L262 


TJ 


1.189 


3.2 


L533 


4.4 


L360 


&0 


1-252 


L0 


1-185 


3.4 


L493 


4.6 


UU2 


&4 


1.235 


9.0 




3.6 


1.459 


4J 


L325 


&S 


1.220 


10J) 


L145 


3*8 


1.430 


6.0 


L310 


7.0 


1 213 


11-0 


1-131 




1.404 


5.4 


L2S4 


7.4 


1-200 


124 


1-119 
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SPRING INDEX OF SINGLE SPRING - C 
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of the extension spring and impairment of its 
fastenings (hooks) . Under such circum- 
stances, a compression spring can be used 
to produce the same action (See Figure 35). 
Such a device as a through bolt and washer, 
or a yoke-like drawbar can be utilized, re- 
sulting in a spring mount that has the carry- 
ing capacity and safety (by virtue of its 
definite solid length) of a compression spring. 

21.10 SPRING INDEX (D/d). The spring 
index is the ratio of the mean coil diameter 
of a spring to the wire diameter (D/d). This 
ratio is one of the most important considera- 
tions in spring design inasmuch as the deflec- 
tion, stress, number of coils, and selection of 
either annealed or tempered material depends 
to a considerable extent upon this ratio. The 
best proportioned springs have an index of 7 
to 9. Ratios of 4 to 7 and 9 to 16 are often 
used. Springs with values larger than 16 re- 
quire more than standard tolerances for 
manufacturing; those with values less than 
5 are difficult to coil on automatic coiling 
machines. 

21.11 CURVATURE STRESS-CORREC- 
TION FACTORS. 

(a) For helical compression and exten- 

sion springs the curvature stress- 
correction factor (K) is deter- 
mined from the following for- 
mula: 

_ 4C — 1 .615 
K " 4C=4 + ~C~ 

The total stress, 
s MAX=S t X K 

(b) For helical torsion springs the cur- 

vature stress-correction factor, 
(Ki), is determined from the fol- 
lowing formula: 
_ 4C-C-1 
1 4C(C — 1) 
The total stress, 
S MAX=S> X K 4 

Values of (K) are obtained from 



Table V and Figure 39. Values of 
(KJ are obtained from Figure 
51. 

EXAMPLE. If a spring with an index of 
7.4 has a torsional stress S t of 80,000 psi, 
what is the total stress in the spring? From 
the table it will be found that K equals 1.200 ; 
therefore, the total stress equals 80,000 times 
1.200 = 96,000 psi. This is the stress that 
should be compared with allowable stresses 
to determine whether or no tthe spring is 
safely designed, and is the sole use made of 
such data. 

In designing a spring it should be borne in 
mind that the total stress, as determined by 
this method, should not be used in calculat- 
ing the deflection or number of coils. The 
torsional stress S, = PD/0.393 d^ or S t = 
G d F/ir N D 2 should be utilized for such 
purposes. 

21.12 KEYSTONE EFFECT. When square 
wire and rectangular wire are coiled into 
springs, a change in shape occurs. This 
change takes place because some of the mate- 
rial on the outside diameter is drawn into the 
spring and the material on the inside diam- 
eter upsets, thereby changing the wire into 
a trapezoidal section. The original thickness 
of the wire is maintained at or near the 
mean diameter of the coil. It is necessary to 
take into account this upsetting of the mate- 
rial in determining the solid height of the 
spring. This dimensional change depends up- 
on the spring index and the thickness of the 
material and may be determined by the fol- 
lowing formula : 

f-0.48t (-°° +1 ) 

f = new thickness of inner edge after 
coiling 

t = thickness before coiling 
This formula may be used 
for both square and rec- 
tangular wire. 
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21.13 CONSTANTS FOR RECTANGULAR 
WIRE. Hie constants A and B in the for- 
mulas in Table II for compression and exten- 
sion springs made from rectangular sections 
having either sharp or rounded edges are 
shown in Figure 36. 

2U4 PRECAUTIONS AND SUGGESTIONS 
FOR EFFECTIVE DESIGN OF COMPRES- 
SION SPRINGS. 

(a) Compression springs ordinarily 
should not be permitted to go solid; excep- 
tions occur when they are used as bumpers. 

(b) Whenever practicable, springs should 
be designed so that if they were compressed 
to the solid length the corrected stress still 
would not exceed the minimum elastic limit. 

(c) The length of a compression spring 
at tt*^™"™ working deflection must not be 
too close to the solid length. As a minimum, 
a clearance of 10% of the wire diameter 
should exist between the coils. 

(d) The selection of springs for continu- 



ous cycling should be made so that the stress 
(MAX STRESS — MIX STRESS) 

MAX STRESS 

will be as small as possible consistent with 
other design requirements. 

(e) The outside diameter of a compres- 
sion spring when compressed solid must be 
less than the g" hole diameter, if the 
spring operates in a hole. When operating 
over a guide the mi*""™ 11 ™ inside diameter 
must be larger than the maximum diameter 
of the guide. 

(f) The possibility of buckling should 
be investigated and guides used if necessary. 

(g) Use compression springs in prefer- 
ence to other types as they are easier to pro- 
duce, less expensive and have a deflection lim- 
iting feature in the solid length. 

(h) The best proportioned springs from 
the standpoint of manufacture and design 
have a spring index between 7 and 9, al- 
though indexes of 5 to 16 are commonly used. 

(i) For indexes less than 5 in the larger 
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diameter wires, it may be necessary to use 
annealed material and harden after forming. 

(j) Specify baking immediately after 
plating to relieve hydrogen embrittlement. 

(k) Three compression springs of iden- 
tical characteristics standing side by side (in 
parallel) will have a spring rate and a solid 
load three times that of one spring. 

' (1) Three compression springs of ident- 
ical characteristics placed one on top of an- 
other (in series) will have a spring rate only 
one-third that of one spring and the solid 
load will be the same as for one spring. 

21.15 TABLES OF SPRING CHARACTER- 
ISTICS FOR COMPRESSION AND EXTEN- 
SION SPRINGS. Table VI, in 5 parts, may be 
used in the design of helical compression and 
extension springs made from round wire. 
The data in Table VI also may be used for 
square wire by multiplying the deflection per 
coil f by .707 and the load P by 12. In these 
tables, the upper figure in each box is the 
deflection f in inches of one coil under a load 
P in pounds, which is the lower figure in the 
box. Both terms are based on a torsional 
modulus G of 11,200,000 psi and on an uncor- 
rected torsional stress of 100,000 psi, which 
simplifies changing to other stress values. 

21.15.1 Example. If a helical compression 
spring has an OD of i-V 10 in. and is made of 
.041 in. dia wire, the tables shows that at a 
torsional stress of 100,000 psi such a spring 
would exert a load of 3.51 lbs and each coil 
would deflect .407 in. H the spring had 5 ac- 
tive coils, the load would be the same, but the 
deflection would equal 5 X .407 = 2,035 in. 

If the allowable stress were only 60,000 
psi, both values 3.51 and .407 should be multi- 
plied by .60. 

2U6 DESIGN NOMOGRAPHS FOR COM- 
PRESSION AND EXTENSION SPRINGS. 
As an alternative to Table VI, the nomo- 
graphs, Figures 37 to 42 may be used in 
the design of compression and extension 



springs made from round wire. Note, how- 
ever, that the values of the torsional modu- 
lus G used in Table VI is 11,200,000 psi and 
the value used in the nomographs is 11,500, 
000 psi. The design conditions will indicate 
the type of material required for the appli- 
cation. It will be noted from the formulas for 
deflection (F) in Table II that the deflection 
varies inversely as the first power of G. 
Therefore, for materials having values of G 
differing from 11.2 X 10* or 11.5 X 10« the 
value of F (or f) determined from the use 
*of either Table VI or the nomographs must 
be corrected by multiplying by the ratio of 
11.2 X 10* (or 11.5 X 10-) to the proper 
value of G for the material. 

21.16.1 Example. Design a spring to develop 
a load (P 2 ) at final assembled length (U), 
the OD of the spring being limited to a 
maximum permissible value and the initial 
assembled length (L t ) also being known. 
Thus the approximate mean spring diameter 
(D) is known. Assume a stress valve some- 
what lower than the recommended maximum 
working stress for the selected spring mate- 
rial and the intended service (deflection 
cycles). On the nomograph of Figure 37 or , 
38, connect with a straight line the value of 
P 2 on the (P) scale with the value of the 
mean spring diameter on the (D) scale. 
Through the intersection of this line with 
the transfer axis AB, draw a line from the 
assumed value of the stress on the (S) scale 
to the (d) scale and read the wire diameter 
(d). On the left portion of the nomograph 
of Figure 39, draw a line through the values 
of wire diameter and mean spring diameter 
on the (d) and (D) scales, respectively, and 
read the curvature stress correction factor 
(K) on the (K) scale. Determine the correct- 
ed stress by multiplying K by the assumed 
stress used in the above derivation of wire 
diameter (d). If the corrected stress is great- 
er than the recommended maximum working 
stress, the pring must be recalculated using 
a lower assumed stress in the determination 
of wire diameter. Also, as stated in para- 



page /2./. 3 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAM1CS/C0NVA1R AND SPACE SYSTEMS DIVISION 



graph 21.14(b), it is desirable to leave an 
additional margin whenever practicable so 
that if the spring were compressed to solid 
length the corrected stress still would not 
exceed the allowable working stress. On the 
nomograph of Figure 40 or 41, connect with 
a straight line the value of final assembled 
load (P 3 ) on the (P) scale with the value of 
mean spring diameter on the (D) scale. 
Through the intersection of this line with 
the transfer axis AB, draw a line from the 
wire diameter (d) to the (f) scale and read 
the deflection per coil (f). Values of total 
number of coils (TC), active coils (N), free 
length (FL), solid height (SH), and correct- 
ed stress at solid height (if pertinent) may 
oe determined in a manner similar to that 
described in paragraph 21.17. 

21.17 EXAMPLE OF COMPRESSION 
SPRING CALCULATION. A compression 
spring is required to have the following char- 
acteristics: 

Work in a inch diameter bore 
Final Assembled Length, L,=l% in 
Initial Assembled Length, L, = 1H ui 
Load atL-=Pi=25 lb 
Desired Load at L l =P l =20 lb 

(tentative) 
Frequency of Deflections =2000 cycles 

per hr max. 

Total Deflections =500,000 cycles 

Ends closed and ground 
These additional drawing requirements must 
be determined: 

Material specification 

Free length 

Diameter of wire 

Total coils, REF only 

Proceed with the calculation as follows: 
Select music wire for the material. 
Utilizing Table VI in this calculation, an 
OD slightly' smaller than **i e and a load 
greater than 25 lb should be selected. 

Thus from Table VX select 
OD=.750 in. 



Load =30 lb. 

Deflection at 30 lb=.1574 in. per coil 
Dia wire =d =.080 in. 
Above values are for a stress of 100,000 
psi 

D=OD — d=.75 —.08 =.67 in. 

The clearance between each coil when 

spring is at final assembled length should be 
a r"T"TntiTn of 10fo of the wire diameter. 

Using 10%, d -r clearance =l.ld 
Total coils =TC = L = /l.ld 
1.125 



1.1 X .08 



-,=12.8 



Use TC=12 

Active coils =N= 12 —2=10 
Defl/coil/lb = .1574/30=. 00525 in. 
Defl/10 coils/lb = .0525 in. 



Change in Load = 



Li — L» 
.0525 

1. 625 —1.125 
.0525 



= 9.5 lb 

P^P,— 9.5=25 —9.5=155 lb 

This is smaller than the desired load of 20 lb 
at initial assembled length- If the 15.5 lb i 
U> lb load is acceptable, proceed "with the 
computation. If not acceptable, a more flex- 
ible spring must be designed. This will re- 
quire one or more of the following changes: 

(a) An increase in the final compressed 
length, and the same increase in the initial 
compressed length to allow for additional 
coils. 

(b) An increase in D, possibly accom- 
panied by an increase in d in order to main- 
tain a safe stress. 

Assuming in this case that a P x of 15.5 lb is 
satisfactory, proceed as follows : 

Free length =FL= 1.125 + (25 X .0525) 
= 1.125 + L31= 2.435 
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c 



Solid height =SH = 12 X .080 =.96 
Total Deflection =2.437 —.96 = 1.477 

1.477 

Load at Solid Height = ■ =28 lb 

Stress at 28 lb= 100,000 X 28/30 

«■ 93,500 psi 
Stress at 25 lb= 100,000 X 25/30 

= 83,500 psi 

— . _ D .61 

Spring Index=— =—-=8.37 
d *Uo 



From Figure 39, Correction Factor K 
= 1.16 

Corrected Stress at 28 lb (Solid Height) 
=93,500 X 1.16=108,000 psi 

Since this spring is not designed to deflect 
to solid height in normal operation, the fre- 
quency of such a deflection should not ap- 
proach the magnitude of even light service. 
The minimum elastic curve provides the limit 
for the maximum allowable solid stress. 

From Figure 62, the recommended maximum 
solid stress for .080 music wire is 140,000 psi. 



page \z.\- U 



Load$ and deflections »/ helical compretaion and exUntion epringi 



00 w 

IfMtaf 






1 i 1 i i i I i • i 1 1 1 i i« i i* I it i it | ii i ii i u | it 


Uniiiul win ail 






010 | III 


•II 


^Jlll 


010 | 030 | .|tt | .rii 1 Oil 


.031 | .010 | .012 | Oil 


| .011 | Oil 


I oi;J 


1 .031 


I 0635 | 071 


OHO 


0013 


.IOSS 


hi 


0931 




~.0I9H 
.411 


.01364 
.130 


.01376 
1 131 


.01011 
1.07 

01339 
1.711 


.ochm 

3 01 


.00711 
4 21 


.00657 
1 13 


.00570 
7 71 


.0UI94 
10 II 


.00C6I 
10 It 










nil 

Hntr- Trm atrvl mirr 1 L III* Jrln-lifl* 




Klitt W 

rnef 10 


1 c*w4 
0,000 pi 


I*. 


lOtl 


/ .0771 

> iw 


.0R3 
•97 


0I6S 
1.130 


.01302 
1 II 


01 121 
) 11 


own 

4 71 


.0031 
1 11 


00731 
1 21 


.00519 
11 IS 








unit 


v)P. B 

f*»OAt) 


lb In mi 

moriului 


■n bunt » loni«a*l >t 
of II.KO.OOOpti. 


)i 

x> 

hi 

Mt. 

)!• 
•W. 

!»• 

I. 

h» 

•i. 

H 


111 


/ .0371 
P .311 


.•iw 

.ICO 


our 

.171 


.03)1 

i i;j 


0I7SI 
1.14 

.0131 
I.N. J 


.0I5IS 

t (9 


013 'J 
IK 


pin? 

I 37 


01031 

• *; 


00913 
1 04 

01371 
7 64 


Of AM 
11.11 


.00759 

13 n 


00661 
11.13 




















/ 0471 
P .101 

/ .0000 
9 161 


0387 
171 


.0111 
Ml 

0104 

;si 


.0373 
l..tl 


03l»l 

1 II 


01701 
3 U 


01590 
1 M 


•1117 
1 02 


•I 111 
• 59 


.11014 
II II 


00917 
14 47 


00777 
31 • 

.01011 
II 23 
















ISO 


If 17 

.470 


.0111 
1. 116 


O.-JI 
MSI 


.0711 
I 31 


•330 

1 II 

01f7 

2 79 

(nil 
i n 


070} 
1 10 


Oil)-' 
1 30 


.01119 
1 71 

.0301 
1 lit 


.01111 
1 39 


.01351 
10 35 


.01231 
11 11 


00909 
S3 1 
















int 


/ onj 
» .:n 


.out 

.111 


OJM 
CH3 


.0171 
1 031 

.0311 
.US 


am 

I.4CI 


.4)3*1 
1 07 


0211 
3 17 

0111 
1 12 


.0230 
1 11 


.01651 
1.47 

.031 
1 71 


.01716 
• It 


.01 569 
II. It 


.01331 
II M 


01172 
11 1 

ones 

II 17 


001 M 

11 1 

01137 
10 07 

OHIO 
17.1 


00921 
11 3 










1375 


/ CIS l 

» in 


.0720 
W 


0M1 

.c:i 

.0717 
170 

.0111 

S2S 


.041) 
1 351 


.0391 
1 174 


0?ll 
1 27 


.0253 
.110 


.0113 

in 


.01911 
10 OS 


0I6SO 
14 41 












3031 
JIBS 


/ .1011 
» .203 


.wu 

.151 


.Of II 
151 


.Dill 
1 117 


.OKI 
1 711 


•in 

3 31 


0173 
3 03 


.0.131 
3 M 


.0307 
1 11 


•3» 
• 11 


•257 
7 51 


.•ai 

IIS 


.0201 
13.05 


.01796 
11 It 


.01133 
11 1 












.1000 

.111 


.0711 
.711 

.0990 

w; 


.M21 
1 110 


.0315 

I ino 


.0111 
3 11 

.0661 
1 131 


0111 
3 71 


0101 
3 51 


.0315 
1 31 


.0133 
3 11 

.0151 
1 11 


.0301 
1 M 


•2P1 
1 11 


.0311 
11 tl 


0211 
IS. 21 


.01711 
31 1 


01 111 
17 1 


.01096 
II 1 










uo 






mi 

157 


.0131 
017 


.0743 
1 3SI 


0547 
1 40 

0771 
1.11 


.0511 
1.01 


•191 
111 


•117 
1 M 


.•3IS 
7 II 


.0132 
10 17 


.0399 

It ts 


.0211 
20 1 


.01696 
II 1 


01371 
51 1 


.01234 
It 1 








3113 






im 

.401 


l»4 
.404 


.ioeo 

.170 


.0951 
1 Ml 


.015) 
1 111 


0701 
1 71 


.0613 
HO 


.0511 
1 21 


.0511 
1. II 


•US 
• 11 


.0117 
III 

.0331 
7 IS 

.0690 
1 OS 


.0193 
II 31 


.0323 
11 01 


.0261 
37.1 


.0211 
41 1 


01707 
70 0 


Ollll 
HI 




.112) 








.1111 
.111 


.1111 
771 


.1200 
1 071 

.1170 
179 


.1011 
1 410 


.0971 
1 Ml 


.0931 
3 II 


6111 
1 03 


•711 
3 71 


.0690 
1 II 


0110 

1 11 


.0504 
• 17 


OIIS 
IS M 


.0317 
23 1 


.0361 
31 1 


.0325 
61 0 


01195 
It 3 






in 










.IIU 

.701 


.1)21 
1 100 


.1191 
1 197 


.1040 
t 17 


0991 
1 71 


0K1I 
1 31 


.0453 
4 11 


0791 
1 II 


0617 
1 tl 


.0511 
11 11 


.0131 
21 1 


0331 
11 1 


•Ml 
U 6 


1211 
71 3 


.01952 
lit 3 




371 













I7C1 
IAS 


.1519 
1 IM 


.1110 
1 III 


.1311 
1 171 


1201 
3 41 


1111 
3 07 


.1011 
1 71 


.0960 

i a 


0*39 
• 11 


.07(4 
1 10 


.0611 
II U 


0533 
It 17 


0431 
10 7 


.0331 
11 1 


Q3JIS 
M 3 


.0311 
101 1 


•IHI 
171 1 



Tadle VI 



c 



r 



r 



r 



Load* and dtfUction* of helical comprettion and extension $pring$ 



01 



U) 







1 


1 


I 


1 


1 


1 


1 


'« 1 


» 1 


W k M «m bm 

16 | 15 | 14 I 


— n — i 
ii 1 


H 1 

H 1 


ii I 
ii 1 




ta t 

IU | 


■ 1 

■ > 1 


| | 


7 | 


0 | 


5 


ODtf 
•P«M 




















Decimal ws km 






















.02) | 


.031 | 


— i r 


030 | 


.031 1 .031 1 


All 1 


0476 | 


.031 | 


0625 | 


.073 | 0*> 


.0911 


.1055 


1205 


~~i*S~'l 


IK 


1 1*1 1 

— . f 


161 | 


171 | 


111 | 






































t 




1 






1 




•Hi 


loot 


r.»u 

p 1 131 


.1171 
1.400 


.1434 
1 Ml 


.1310 
3 91 


.1019 
4 31 


0916 
6 11 


0616 
7 71 


.0605 
12 27 


0269 
13 37 


.0413 

23 J 


.0395 
46 0 


0311 
ti 1 


0273 
100 5 


0216 
161.7 




















■Hi 


4063 


/ .1183 
p 1.081 


.1701 
1.430 


.1500 
1 IIS 


.1311 

i si 


.1141 
4.16 


.1001 
6 65 


0913 
7.41 


0760 
II 73 


0613 
17 31 


0U| 


0136 
43 9 


0373 
61 1 


0301 
• S 6 


0211 
153 3 



















»M< 


4219 


/ .3031 
p 1 041 


.mi 

1 364 


.1691 
1.714 


.1431 
1.71 


.1241 
1 90 


.1066 
6.61 


.0993 
7 10 


0611 

11.24 


KOI 
16 81 


ovo 
n i 


0U7 
III 


0410 
51 1 


0313 
11 0 


o:i« 

IIS 7 


0313 
21i 












1 

1 
i 






.4171 


/ .130 
p I.CM 


.199* 
1.311 


.1ICT 
1.071 


.1151 

too 


.1313 
1.11 


.1171 
6 39 


.1075 
6 31 


.0699 
10 71 


.0764 
11.13 


.0631 
23 6 


0511 
40 1 


.0116 
54 1 


.0367 
16 4 


i:i 9 


OZIi 

:u. 


0311 
ilS 






. _ 




_! 

i 


- 


" 


.4531 


| .»7 
, .170 


.III 
1.305 


.I960 
1.110 


.1174 
1.61 


till 
1 61 


.1371 
6.1* 


.1163 
6 17 


.0971 
10 31 


.06/1 
IS 50 


.0665 
21 J 


.0561 
16 5 


0IK1 
5) 1 


.0101 
13 2 


0331 

111 1 


.0250 
207 


0112 
331 










i 




•Hi 


4431 


/ 
P 


.331 
IIN 


.tit 
1.159 


.1900 
141 


.1660 
1 51 


.1370 

soo 


.1251 
1 13 


.1046 
9 « 


.0691 
II 91 


.0711 
11 4 


.0614 
37 0 


0330 
11 7 


.0137 
71 7 


0131 
IN 0 


.0381 
197 1 


02C5 
123 


am 

389 












*h. 


.4141 


/ 
P 


.»• 

i.nt 


317 
1 606 


.1931 
3 33 


.1171 
1.41 


.1471 
4 13 


.1345 
6 10 


.1127 
6 II 


.0461 
14 37 


.0791 
23 7 


.0663 
33 6 


.0573 
41 7 


.0471 
71 6 


.0382 
121 7 


0106 

its 1 


213. 


0I',t 
277 












J» 


MO 


/ 
P 




.343 
1 430 


.307 
1 26 


.1791 
3 31 


.1576 
4 47 


.1111 
5.M 


.1209 
1 30 


.1013 
11 IT 


.0831 
11 I 


.0711 
34 3 


.0611 
47 1 


.0511 
71 6 


0411 
111 1 


.0115 
181.1 


0316 

305 


0277 

:u 












!»• 


.1313 


/ 
P 




.271 
1 364 


.235 
III 


.201 
2.10 


.1791 
4 37 


.1643 
1 53 


.1363 
1 70 


liu 

12 96 


.0567 
20 6 


.0111 
31 9 


.0714 
44 6 


.0593 
68 4 


0432 
108 3 


.0393 
167 3 


.0371 

iss 8 


0127 
244. 


0277 
335 










W« 


MC 


/ 
P 






.365 
1 991 


.230 
2 92 


.201 
1 11 


.1861 
1.19 


.1360 
1.11 


.1313 
11.16 


.1113 
16.17 


.0937 
29 1 


.0616 
41 7 


06BO 
63 1 


.0555 
100 1 


.04S5 
155 5 


0130 

t;s 3 


.0380 
226. 


0325 
309. 


0778 
417. 








H 


.123 


/ 
P 






.331 
1.763 


.288 
2 61 


.151 
3 67 


.213 
4 63 


.1969 
7.29 


.169] 
10 63 


.1420 
17 04 


.1191 
26.5 


.1011 
36 9 


.0071 
56 1 


0710 
18 7 


0593 
136 2 


OSfll 
153 4 


.0199 
197 1 


0130 
- 209. 


0371 
360 


0311 
4d6 






»M< 


6171 


i 








.353 
2.36 


111 
3 32 


.286 
4 11 


.313 
• 58 


.208 
• 76 


.1751 
IS 34 


.1476 
23 I 


.1391 
33 1 


.1069 
60 5 


0001 
79 1 


0718 
121 2 


0710 
136 1 


0134 
174 0 


0'.50 
2"! 6 


W 73 
III 


0113 
428 


.033* 
561 




)t 


7*0 


/ 
p 










.371 
2.03 


.344 
3 61 


.291 
3 « 


.252 
• 19 


.112 
13 94 


.1791 
31 1 


.1574 
300 


.1329 
45 7 


A\r,i 

71. 4 


run 

Ii* 2 


0*77 
IS1 7 


orw 

157 1 


0645 
313 


0VJ8 
3UJ. 


os:o 

3H0. 


O'Si 
498 


O'.Si 
611. 




.111 


'J 












407 
3 31 


.316 
S M 


239 
6 15 


.153 
12 78 


.214 
19 (ft 


1841 
27 5 


.1694 
41 7 


1320 
U.l 


.1115 
W 1 


loai 
III s 


0954 
113 6 


0U4 
192 9 


0733 
256 


0010 
313 


Ojr.l 
114 


0197 
575 











§ 

s 



TAB LB VI. — (Continued) 



5: 

Si 

ft 

o 

to 
ti 

m 

to 
CO 

§ 

CO 

g 

to 
6 



c/) 

H 
33 

C 

o 

H 
C 
3) 



> 
Z 
> 

l~ 
-< 
CO 

(/) 

> 

C 
> 



Load$ and d«fUctton$ •/ ktlical comprttsion and 4xt*n$km ipring* 



W I M 



ODrf 


it 1 it | is l ii f ti | u i ii i U 1 it I o 1 Hi i i i 1 | H. t i 1 1 1 H> 1 M I). | It. : 'ii. 1 H 


* Dtrtmtl tin Pit 


.•SI 


.QMS 


•71 | .010 | MIS | .lOSS | .l»S | .IU | .133 | .III) | .1143 | .111 | .17? | . UTS | .III ( »T | .1119 | .150 | 111) | III* | .SOU | .SIS 


tt 
'1H 
•Hi 
*H> 
1 

Mi. 


IIS 


/ .ISO 
, IU 


111 

11.10 


.131 
II. H 


.tit 

IS 1 


.lilt 
31 1 


.1STI 

It I 


.111$ 
lit 


.1111 

101 3 


.11)1 
110.* 


.•IH 

in t 


.09)1 
109. 

.1010 
HI I 


.0110 

HI. 


.III) 
111. 

•413 

HI. 


•117 

III. 

.0711 
340. 


Hit 

101. 

•HI 

IH. 


.060S 
III. 


.BUI 
IH. 












SOU 


/ in 
» in 


SM 
II 3* 


.171 
IT. ST 


.131 
14 3 


.304 
11 1 


.1103 
11.0 


.1131 
II. 1 


.1311 
IS 1 


.1131 
I1S.I 


.HIT 
111.0 


.09)1 
111. 


.MIS 
IH. 


.MOO 
191. 












I3T* 


f 40S 
p 7 00 


111 
10 M 


.Ml 
II II 


.131 
Ml 


.111 
111 


..mi 

IS 1 


H3SI 
04.1 


.1111 
III 


.13)1 
IM 1 


IITI 
HI 3 


.1091 
III I 


.1011 
IIS. 


MIT 
111. 


.Mil 
III. 


.Mil 
III. 


•It) 
III. 


.OCIt 
•71. 


.03)0 
If). 








«CI1 


/ .US 

p I II 


.311 
10 SI 


.111 
II IS 


.H7 
Ml 


.131 
II 1 


IT! 


.HIS 
II 0 


.1311 
HI 


.IMS 
IIS I 


.1173 
111 1 

.1)71 
130.1 


.III) 
HI S 


.lit? 

MI. 


.Mil 
ITS. 


.Mil 
333. 


.0311 
151. 

.MSI 
111. 


.•HI 

1ST. 


.0711 
III. 


.0190 
131. 










1 OOQ 


/ .IIS 
I IS4 


111 

io a 


.131 
IS M 


.SIT 
tl.l 


.IS) 
33 1 


.111 
II. 1 


.IWI 
71 1 


.ITU 
II. 1 


.IISS 
lll.T 


.1171 

in i 


.1111 
HI 1 


.1011 
HI. 


-.MM 
ill. 


.out 
1)1. 


•in 

114. 


.0431 
III. 

;MS9 
HI. 


MIS 

mi. 








I Ml 


/ IH 
p 


.111 
IN 


l» 

is a 


.11? 
II. 1 


.HI 

no 


.131 
41 1 


.11)1 
II 1 


.1111 
II 1 


.Hit 
ior.1 


.1171 
IIS.I 


.DM 
lil.l 


.1301 
HI 1 


.11*1 
2SS. 


.1013 
307. 


.I«l 
331. 


.Mil 

in. 


.0111 
104. 


.•HI 
1143. 








IM« 


1 061 


I •» 


.111 
1 II 


.in 
II so 


.131 
MS 


.m 
ii. • 


.III 
III 


.30? 
13 0 


.Hit 
III 


.ITS! 
101.1 


.ISM 
IM 1 


.1171 
IIS.I 


.1101 
IIS 0 


.1113 
111. 

Tim 

HI. 


.HIS 
III. 


.HOT 
IH. 


.Ml) 

«T. 


.Mil 
117. 


.0110 
IU. 


.0901 
Hit. 








IM> 
IH 

Hii 
111 

13H 


ion 


/ 
P 


.in 

1 M 


11.31 


.100 
11.13 


.301 
30.0 


.no 

41 1 


.111 
TO 1 


.III 
111 


Jill 

100.1 


.1111 
111 S 

.1101 
111 1 


.H7| 
131. • 


.ISO! 
Ill 1 


.HH 
IM. 


.till 
301. 


.1044 
19). 

.1111 
III. 


.0911 
170. 


.OTH 
737. 


.MIT 

io;i. 


.0511 
1331, 




1 IIS 


1 
0 


.50? 
• 01 


.4)1 
II 11 


.311 
11.31 


.III 
If I 


.ITT 
IS 1 


.331 
44 1 


.111 
TIT 


.101 

•11 


.1111 
IM.t 


.1104 
ITS • 


.1131 
130. 


.ins 

174. 


.mi 

Ml. 


.1033 
131. 


.MSI 
10k. 


.0710 
1011. 

Mil 
IIS. 


.0H1 
HII. 

.041? 
1349. 




1 III 




.141 
1 SI 


.IIS 
11 14 


.111 
II IS 


.341 
31 4 


.III 
III 


.MS 
M.I 
" 


.384 
TI 1 


.331 
•1.? 


.304 
133 1 


.1901 
IIS 4 


.1111 
HM 


.1110 
ill. 


.1111 

IH. 


.1141 
HI. 


.1101 
133. 


.1103 
111. 


.Mil 

US. 


•Ml 
1191. 




i uo£ 


.Ml 
101 


.III 
II II 


.400 
II II 


.III 
II. 1 


.III 
40.1 


WT 
00.1 


.1*1 
U 1 


.131 
III 


.330 
III 1 


.111 

IIIO 


.101 
H3.I 


Mill 

103; 


.1190 
3(1 


.1113 
HI. 


:ii?i 

331. 


,114) 
3«. 


IIT) 
•11. 


.Mil 
•01. 


.•Ill 

1371. 


.0070 
1711, 




mi J 




.400 
II II 


.431 
II 31 


.1ST 
11 I 


.31? 
31 1 


.111 

17 I 


.11? 
Ml 


.lit 
13 0 


.Ul 
110. 1 


.310 
HOT 


.11* 
III ? 


.MS 
HI 1 


.1191 
110. 


.11)1 
HI. 


.HIT 
IIS. 


.15)3 
171. 


.1191 
177. 


.1033 
III. 


.0191 
IHI. 


.0740 

HIT. 


.OUT 

nil. 

.0711 
M7I 

.MIS 
HII. 


VA 


I.ITsJ 




.Ml 
II. IS 


.511 
1) 13 


.SOI 

hi 


.lit 
111 


W 
Ml 


Hi 
II 4 


.110 
IT 1 


.MS 
101 1 


,m 

H3 0 


.US 
HI 1 


.117 
lll.T 


.111 
III. 


Ml 

HS. 


.1111 

HI. 


.171) 
134. 


.1120 
III. 


.1111 

TH. 


.1011 

im. 


.014? 
ISII. 


tit 






.TIT 

if.u 


.147 
II II 


154 

"? 


.171 
II I 


.101 
SI 1 


.31? 
H f 


.333 
II ( 


111 
HI 


HI 
lll.| 


.111 
130.1 


»T 
1)1 1 


.331 
MT. 


.11T 
133. 


.MS 

tu 


.IMS 
33T. 


.138) 

sir . 


.1331 
151 


.1131 
ICM 


.M7? 
-IIH. 



Tabu VlV-(Cen(t«Mei) 



c 



r 



r 



r 



r 



Load$ and deflection* of helical compilation and extension epringt 

tnr 



hi I 11 MM U I n I t I Hi i * I 7 ' Mi« I • i > I U. I i i n I n* t «■ i 'm i h i »h. \ iiTTir 



i 


.0938 


.1051 




.135 


.135 


1183 1 .1863 


.183 


.177 


.1171 


.193 | .307 


iiii 


.3313 


.350 


.3813 | 


1125 | 


.3131 1 


.375 | 


.4061 | 


.1373 | 


500 




Dm. 
1.109 


/ US 

p Ml 


.191 
II. 1 


.133 

no 


* 

.405 

ir.i 


.370 
71 4 


.339 
•7.1 


.110 
III 1 


.191 
137. 1 


.361 
181 1 


.150 
303. 


.339 
311. 


.318 

ni; 


.300 
319. 


.1911 
III. 


.1687 
104. 


.1407 
.716 


.1199 
1018. 


.1033 
1111. 


.0895 
1891. 


0780 
3471. 








1.900 


f .191 


.117 
33 I 


.443 
41 1 


.131 
IS 1 


.347 
70 1 


.350 
M.I 


111 
111 s 


.310 
131.1 


.377 
IM 8 


.351 
117.1 


.350 
313. 


.MT 
161. 


.310 
931. 


.103 
193. 


.17C4 
191. 


.1461 
717. 


.1287 
IOCS. 


.I0S0 
1381 . 


.0947 
1841. 


.0826 
3400. 


.0721 
3093. 


in. 


1.843 


/ .MS 
i Ml 


.US 
11 T 


.414 
47f 


.in 

131 


.414 
17.7 


.371 
10 1 


SSS 
100.1 


.340 
111 9 


.30$ 
137 1 


.394 
188 3 


.171 
301. 


.349 
39T. 


.333 
308. 


.121 
331. 


.1911 
481. 


.1816 
182. 


.1405 
969 


.1111 
1309. 


.1055 
1713. 


.0123 
2279. 


.0113 

3923. 


IH 


1.139 


/ .701 


.114 
10.1 


.in 

41.7 


.103 
II 1 


.111 
Ml 


.413 
117 


.317 
103.0 


.370 
113 9 


.133 
110. 1 


.309 
110. 0 


.300 
111 9 


.173 
348. 


254 
293. 


.314 

331.. 


.311 
441. 


.1801 
ISO. 


.1547 
111. 


.1311 
1341. 


.1168 
I8ST. 


.1038 
2111. 


.0909 

a/do . 





I'M. 


l.HI 


I .780 


.661 

M.I 


.171 
41.1 


.Ml 
41.1 


.801 
111 


.418 
13 1 


.III 
17.1 


.403 
108 1 


.113 
144.1 


.137 
1711 


.337 
115 1 


.337 
133. 


.in 

310. 


.IM 

W- 


.131 
137. 


.1971 
132. 


.1897 
171. 


.1174 
1188. 


.1190 
1877. 


.1133 
2b38. 


.1003 
2831 . 


IM 


1.190 


/ .no 

p 11.11 


.730 
MO 


.111 

41.3 


.113 
47 3 


.Ml 
II. 1 


.411 
80.0 


.4Sft 
•1.0 


.437 
101.9 


.193 
138 1 


.III 
1831 


.399 

in. 4 


.333 
139. 


.301 
149 


.390 
393. 


.19) 
409 


.311 
895. 


.1158 
111. 


1113 

lilS. 


.1414 

1501. 


.1147 
1959. 


.1109 
3301 


.0H77 
3927. 

0C«7 
3739. 

.10UI 
3570. 

.1160 
3111. 

.1263 
3773. 

.1183 
3011. 

.1718 

2*>5. 


l>lf< 


1.113 


/ .114 
p 11.11 


.77* 
HI 


.M7 
401 


.139 
43 4 


.ICS 
17.1 


.921 
77.0 


.103 
90 1 


.173 
100 1 


.431 
133.1 


.191 
III. 3 


.in 

171. 4 


.390 
117. 


.321 
333. 


.311 
383. 


.171 
393. 


.231 
871. 


.202 
799. 


.1711 
1091. 


.18 IT 
1140. 


.1361 
1678. 


.1213 
2291. 


IH 


1.171 


/ .til 
p 11.30 


.133 

Ml 


.71. 
31 3 


.887 
11 1 


.139 
IS 1 


594 
74 1 


.620 
IT 3 


601 

97.3 


4I7 1 
124 3 


.416 
133.1 


.411 
169 1 


.377 
209. 


.311 
341 


.339 
373. 


.391 
371. 


.251 
118. 


Ill 

787. 


.1911 

1013. 


.1683 
1361. 


.1490 
1793. 


.n:a 

2287. 


I'M. 
1 

«* 


l.lll 


/ 
P 


.193 
13 1 


.749 
37.1 


ns 

43 1 


.171 
IS 8 


.90S 
71 1 


.669 
11.3 


.548 
61 8 


.191 
123.1 


.155 
147.4 


.441 
119.1 


.105 
301. 


.379 
139. 


.365 
112. 


.120 

3«; 


.273 
838. 


.237 
717. 


.207 
1001. 


.1127 
IJ29. 


.1816 

1720. 


.1112 
1192. 


1 000 


/ 

P. 


.954 
14 1 


.611 
31.1 


.719 
40 9 


.723 
II 1 


.149 
19.1 


.110 
11 3 


E8S 
90 8 


.317 
I'll 


4C3 
113.1 


.471 

153.7 


.439 
194 3 


.407 
131. 


.392 
153. 


.314 
361. 


»S 
809. 


.:.'.fl 

710. 


234 
964. 


.1475 
1274. 


.1754 
1653. 


.1500 
2101. 

.1826 
19(8. 


1.113 


/ 
P 




•31 

31 J 

1 051 

31.3 


.191 
38.3 


.133 
III 


.733 
Ml 


.198 
71 1 


.667 
Ml 


.803 
111 1 


.563 
133.1 


.911 
113 1 


.499 
111.9 


.446 
318. 


.449 
»J 


19S 
327. 


.339 
471. 


.ws 
ui. 

.317 
618 


.259 
896. 


.229 
1163. 


.201 
1333. 


IH 


3.130 


/ 
P 




1 013 
38 1 


.930 
43 7 


MS 
M 9 


.787 
71 4 


.755 
79 1 


iei 

101.7 


037 
123 1 


111 

115 0 


.501 
170.1 


.129 
303. 


.III 
323. 


.419 
307. 


.3(17 
144. 


.398 
817. 


.281 
1109. 


.US 
1128. 


211 
1814. 


n» 


1.373 


/ 

P 


1 111 
30 1 


1.131 
31.1 


t 041 
13 1 


.938 
17.1 

1.048 
M 1 


.IH1 
17 1 


.III 
75 J 


.713 
(II 


.711 
111 ) 


.108 
187.1 


.137 
180 1 


.198 
190.7 


.1/1 
301. 


.607 
319, 


.417 
417. 


.192 
681. 


.317 
788. 


.291 
1C14. 


26| 
1338 


.241 
1897. 


.1973 
3613. 


3»i 


t.HO 


' 
P 






1 361 
31 3 


1 143 
40 I 


.980 
lit 


.141 
71 3 


.169 
13 7 


.900 
111.1 


.778 
120.1 


.713 
lit 1 


'.667 
IMS 


.841 
197 1 


.881 
273 


191 
391 


410 
318. 


.179 
741 


.338 
•71 


.303 
1234. 


.273 
1591. 


.224 
1155 



Table VI.— (Continued) 



Z 
i> 

8 

O 

z 

z 

(/) 
t) 
i> 
o 

rn 

in 
"< 
(/> 

i 

g 

to 

6 
z 



J3 
C 

o 

H 
C 
3J 
> 



> 
> 

< 
to 

CO 

c 
> 



Loads and dtfUcUtm$ of helical eomprtttion and oxUnwUm tpring$ 



0D«r 


1 U, N 1 ) Hi. H i" • i Hi 1 { | > 1 HI 1 1 k« 1 • 1 1 1 'Mi » M 1 *Ht | H. 1 M | T<. 






x:it t 






Jul 




111 1 .11) 


,ii;s| .ill 1 ioi 


.mi | .mi | !i» 


.ISO | .HIS 


till | .3011 | 


Ill) 


.311 


.11)1 


31S | IM) | 417S 


son 


319 
3I9S 

1«T 

30». 


JM 
1 

•It 
tM 


11*0 


f I.IW 

» it i 


% MA 

IM 


l.lll 
Ml 


1.011 
III 


.tu 

101. 0 


.IM 
101 1 


.171 
1ST.* 


in 

Ul 1 


.TM 

mi 


.713 
11). 


.101 

111 


.Ml 
Kl 


.101 
314 


.117 
Ml. 

COI 
410 


.131 
411. 


.411 
l». 


.471 
Ml. 


in 

i;i. 


lit 

1111. 


Ill 
1131 


»l 
llll 

117 

IOC I. 


I 171 


/ 1.401 

» «• 


i m 

U.I 


i.tii 
■i.i 


I.1SI 
■0 1 


1 0)1 

II 1 


toss 

103.1 


IIS 

no 1 


.Ml 
HI 1 


.n 

HI S 


.117 
111. 


.711 
134. 


.110 
ITI 

.Ml 

3C0. 


111 

111 


.S» 
447. 


.»(« 
1(0. 


.113 

Ul. 


.IM 
111 


Ill 

10C7. 


.191 
1319. 


1.000 


/ 
» 


MSI 

in 


i.iti 
ill 


Mil 

11.1 


1 131 
11 • 


I.IS1 
Ml 


I Ml 
III I 


.191 
111! 


.lit 
III I 


Ill 

IM 


.Ill 

IU. 


.137 
311. 


.Ml 
470. 


.Ill 
411. 

.110 
411. 


.101 
Ul. 


.171 
Ml. 


IIS 
TM 


.1U 
1011 

sio 

HI. 


.Ill 

im 


.1)1 
mi 


794 

:•>.) 

i.-v 
:)r. 

3 0 

3lit(t. 

an 
ins 


I 115 


» 




1.1)0 
HI 


I.ITI 

n • 


1 Ul 

Ul 


its; 
hi 


1 111 
lll.l 


1 on 

141 1 


i.oir 

ISI I 


IU 

117. 1 


.Ill 
111. 


•Ill 
111. 


.107 
10). 


.117 
401. 

.Ill 
111. 


.Ml 
110. 


.Ul 
IT4. 


.SM 
)U. 


.IU 
1113 


.1(7 
1170 


t uo 


/ 
p 






i it? 

TO! 


I.MI 
U 1 


1 361 
Nl 


I.I3J. 

Ill 1 


in 
us • 


i.m 

141 1 


1 010 
lit 0 


1.010 

SOS. 


IM 

131 


.171 
Ml. 


.77) 
401. 


.771 
III 


.Ml 
III. 

.ISO 
Ul. 


.Ill 

730. 


.Ul 
tM. 


.SOT 
I1M 


.411 
|)9S 


*" 


Ufa 


/ 
» 






1 111 
II 1 


MM 
111 


I.4M 
•1.1 


1 HO 
IHI 


i.iti 

110. 1 


1 Ul 

III 1 


l.lll 
lll.l 


1 094 
lll.l 


1 Oil 

in. 


Ill 
IU 


.Ml 
111. 


.Ill 
11. 1 


.111 
IM. 


.171 
IM. 


.•ot 

U). 


SU 
llll. 


Ul 

1)0* 


tM 
»H 
III 
1 

411 
1 


1 MO 

i tu 

MM 


f 

9 








l.lll 
It 1 


l.lll 
•II 


I.HI 
I0S 1 


i in 

IU 3 


l.lll 

1)7 1 


1 IM 
111 1 


I.IIS 

III 1 


1.130 

in. 


1.031 
171. 


tu 

1S4. 


.111 
1)1. 


.ISI 
III. 


.113 
IM. 


.111 
IU. 


.Ml 
ISI. 


.101 
10)1 


Mi 
IUI 


4)1 


1 
9 








1 TM 
III 


1 TO 
11 0 


tsu 

101 I 


MM 
110. t 


1 4)1 
111 1 


l.lll 
III! 


1 ITI 
Ml I 


1 301 

ill. 


l.lll 
111. 


1.003 
HI. 


.Ml 
34 1 


.Ill 
131 

.Ml 
417. 

1.141 
Ul. 


.171 
IM 


.IM 
U). 


.Ill 
111 


ISI 

1011. 


.111 
1171 


1711 

507 
111) 


f 
9 










LISA 
11. 1 


1.101 

II 1 


MM 

III 1 


1 III 

117 1 


l.lll 
111 1 


1 111 
IIS 1 


1.341 

901. 


1 300 

1SI. 


1 Oil 

111. 


I.MI 
111. 


.III 
4M. 


.Ul 

111 


.711 
1M. 


.101 
191. 


.191 
ISII 


1 000 
(IOC 

1 ooc 


1 
9 












1.95* 
II I 


1 Ml 
IM 1 


1.114 
lit « 


1 111 
ISIS 


1 ITI 

MM 


1 411 
IM I 


1 171 

S33. 


1.141 
101 


l.lll 
IIS. 


1.091 

417. 


.IU 

111. 


Ml 

111. 


•II 

IU. 


111 
1101 

.IM 
1317. 


I'jO 
SO)) 


t 
m 


1 II 

101 1 


I 01 

111 S 


til 
111 1 


1 170 
111! 


i.m 

M7. 


1 110 

110. 


1 S7I 
IM. 


147) 
111. 


1 IM 

114. 


1 171 

Ml. 


LIST 
Ml. 


I.OSI 
809 


.771 

im. 


I 








1 S3 
IN 1 


1 40 
III 1 


1 11 

IU 1 


1 01 

111. 


1.171 
131. 


1 111 

10S. 


I.7M 
313. 


LOOT 
411. 


1.131 
1)1. 


1 IIS 

HI. 


1 131 

1091. 


Ml 

ISIS. 


111 
1 


I.W 

I on 


* 
m 






III 

1IM 


t 47 
111. 


I 41 

Ul. 


1 11 

171 


1 IT 

SIO. 


I.IU 
401 


1.711 
111. 


1 MO 
•41. 


1.101 
Ml 


1 til 

1411. 


t 

3i_ — . — — 






IM 

111. 


1 71 

111. 


Ill 

111. 


1 u 
IM 


Ml 

111. 


l.lll 

Ml. 


I.MI 
Ml 


1 414 

mi 



% 

4} 



fi 

o 

z. 



H 
3J 

C 

o 



c 

> 
r~ 

> 
2 



Tabu \h— (Continued) 



1> 
O 

m 

•< 

</) 

g 

O 

6 
z. 



CO 

in 

> 
z 

c 



c 



c 



r 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 



Hence, the corrected stress at solid height 
is less than the recommended minimum elas- 
tic limit and is satisfactory. 

Corrected stress at 25 lb=83,500 X 1.16 
= 97,000 psi 

From paragraph 28, Average Service would 
cover 500,000 cycles at a frequency not ex- 
ceeding 2000 cycles per hour. 
From Figure 62, the recommended maximum 
working stress for .080 music wire under 
average service is 112,000 psi. Therefore 
the design is satisfactory for the corrected 
design stress of 97,000 psi 

FL — 2d 

From Table III, p= rj 



2.437 — 2 X .08 



10 



= .228 
From paragraph 21.3 : 



OD, 



+ d 



.228^ — .08= 



■+ .08 



= .753 

From Table XVI, tolerance on OD= ±: .015 
Hence. Max OD = .753 ^ .015 = .768, 
which is satisfactory in an .812 dia bore. 

The requirements have been met by a spring 
having the following characteristics: 

OD = .75 d = .08, N = 10, TC = 12, FL 
= 2.437 (Pi load at initial as- 
sembled length having been 
changed to 15.5). 

21.17.1 Necessity for Several Calculations. 
Frequently the first set of calculations does 
not result in a satisfactory design for the 
conditions involved. It is usually necessary 
to make several sets of calculations before 
determining the final design. This often is 
caused by a stress that is too high, a diffi- 
cult index for manufacture, or a length 



that would buckle and require support in a 
tube or over a rod. 

21.18 STRANDED WIRE HELICAL COM- 
PRESSION SPRINGS. 

21.18.1 General. Helical compression springs 
made from standard wire have an inherent 
tendency about twice as high as round wire 
springs to dampen high velocity displace- 
ment of their coils under shock loading. Un- 
der such conditions of loading, they have 
withstood 3 to 4 times as many deflections as 
round wire springs having the same load- 
deflection and stress conditions, before fail- 
ure. For this reason, they have been used 
for machine guns. They do not have longer 
life than round wire springs under normal 
types of load applications. Good results have 
been obtained by using three strands of mu- 
sic wire twisted so that the ratio of length 
of lay to the strand diameter is between 5 
and 5Vo. The length of lay is the distance 
parallel to the strand axis in which a single 
wire makes one turn. Preforming the wire 
by twisting it slightly just prior to the actual 
stranding operation helps to keep the strands 
tightly together. Corrosion resisting steel 
wire also could be used. Springs with an in- 
dex D/d of 13 can be coiled on automatic 
spring coilers, but springs with a smaller in- 
dex usually require coiling over an arbor. 
Shot peening is not recommended as the small 
shot lodges tightly between the strands and is 
difficult to detect and remove. 

21.18.2 Stress. High stresses are used in de- 
sign. The following stresses have been used 
at solid length; for music wire .030 in. dia 
170,000 to 195,000 and for music wire .070 
in. dia 150,000 to 170,000 psi. 

21.18.3 Formulas for 3 Stranded Wire Spring 
Design Follow: The S, and d values are for 
each strand of wire, and P is the actual load 
on the spring. 



P = 



G d* F 



2.54 D* N 



page 12. U"^ 



CTPItrTURAI ANALYS E MANUAL 
GENERAL D?NAMICS/CONVAIR AND SPACE SYSTEMS DIVISION 

Data Source, Section 1 .3 Reference 2 / 



GdF 



N =■ 



r —• 



rr N D- 
G d* F 



2.54 P D* 

P 
F 



The design procedure is the same as for 
other types of compression springs except 
that each strand carries its proportionate 
share of the load. 

22. EXTENSION SPRINGS 



22.1 DEFLECTION OF EXTENSION 
SPRING ENDS. Loading an extension spring 
having hook (loop) ends causes the hooks 
to deflect. The amount of this deflection de- 
pends on the type of hook used. For a half 
look the deflection per hook is equivalent to 
.1 of a full coil and the total number of active 



coils for design purposes -will be N -r 
When a full hook is turned up from a full 
coil, the deflection per hook is equivalent to 
.5 of a full coil and the total number of active 
coils for design purposes will beN+ 1. 

22.2 STRESSES IN HOOKS OF EXTEN- 
SION SPRINGS. The hooks at the ends of 

extension springs are subjected to both ten- 
sion (bending) and torsional stresses. See 
Figure 43. These combined stresses are fre- 
quently the limiting factor which determines 
the characteristics of the spring. These 
stresses occur at the base of the hooks and 
their magnitude is higher than the stress m 
the body. Therefore this is the weakest point 
in an extension spring and the stresses 
shoud be calculated. The allowable working 
stresses should not exceed those shown in the 
curves, Figure 62, Section II of this Appen- 
dix, if long life is required. 
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FIBER STRESS (Not Corrected for Curvature) v». LOAD 
Helical Extension and Compression Springs 



_ /Mean Diameter: .1 * to 3' 
Low Range | Wire DiAineter: .015* to J* 



TSOOOOh 



100,000- 

•0,000. 
•aooo- 

toooo. 

« 60.000- 
X 



5 saooa 
■a 



» 40.00a 
5 



30.000- 



20.000. 



tioooJ 



woo. 
«oa 



70O- 
600. 
500- 

40a 

30O- 
200. 



100. 

to. 
•a 

?a 
to- 

30- 

M 

■J 

i 2a 
1 

» 
t 

7. 
ft 

&. 
4- 

3- 
2- 



0. 

a 
or- 

0l0> 
0^ 



03- 
02 



0.3- 



02- 



to 

S 

in 2 
o 



i 

|aot-} 

E 
m 

fi 
S 

JO.07. 



0.0*. .14 



0.06. 



aos. 



o.c 



0A3- 




0.02. 



aoiaJ 



13 « 

I 



E 

s 

1«* 



-19 
-20 



o 

X0- 



2,0. 



as. 

0.6. 

I 0.7. 

{ 

« 0.6J 



9 

S 0.9^ 

6 
e 



0.4- 



03- 



0.2. 



J 



Fxaun 37 



page 12.2.2 



QTRIirTURAL ANALYSTS MANUAL 
GENERAL DYNAMICS/CONVAIR AND ZPACE SYSTEMS DIVISION 



HHF^ STRESS (Not Corr«ctad for Curvature) vs. LOAD 
Hftlieal Extension and Compression Springs 

_~ /Mean diameter: 1* to 10' 
High Raace ^ Wife Zh^^: .15' to 



ts&ooo- 



•oooo- 
toooo- 

7O000- 
0OOOO- 



I 

1 

£ ftOjDOO-l 



j 40400- 



XLOOO- 



20400- 



2OC00- 



c.ooo. 
■40a 

LOOO- 
7400. 



&J0OO. 
«400> 



2400- 



•OO- 

700- 



lOO- 

•a 

•0- 

ra 



24- 



o* 



jf 0.7- 



as- 




■ 

^ o 



•5 * 



7- 



10 

a 
s 



TVSUJtX 38 



page 12.2.3 



STRUCTURAL ANALYSIS MANUAL 
GENERAL DYNAMICS/CONVAJR AND SPACE SYSTEMS DIVISION 



FIBER STRESS CORRECTION FOR CURVATURE 
Helical Extension and Compression Springs 

~ . f. ^. .^ t- c •„„ t_j_— Uring Co r rec ti on Factor Found on Left Half of 

Find Correction Factor From Spring Index Chart — Determine True Fiber Strew 
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DEFLECTION PER COIL r*. LOAD 
Helical Extension and CoRipiwnen Sprint* 

. ^ /Me«nl>i*mrter:.l* to 3' 
Low ZUace ^Wire Diameter: .015' to £' 
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• DEFLECTION PER COIL vs. LOAD 

Helical Extension and Compression Springs 

*r u ts /Mean Diameter: 1* to 10* 
Hi « bR * w \Wire Diameter: .15 'to 2* 
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DEFIiECTION PER COIL 
Modulus <G) Other Than lii X IC* 
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Figure 43 

Bending Stress at Section A 
PR 

r 3 



X 



.098 d a 

Torsional Stress at Section A' 

^ 16 P R r= 
S t = 77- X 



rrd : 



Where: 

Ti=Mean Radius of Hook, in. 
r 3 =Mean Radius of Bend, in. 




r 3 = Inside Radius of Hook, in. 
r 4 = Inside Radius of Bend, in. 

For best results the inside radius should be 
at least twice the wire diameter. Special ends 
can be used when high stresses occur in the 
hooks. By using a smaller diameter for the 
last few coils, see Figure 44, before the loop, 
the magnitude of PR is reduced. Thus the 
stress is reduced in direct proportion to the 
decrease in the magnitude of PR. By using 
as large radii for n and r 4 as the design will 
permit the stress value is further reduced. 
The values of r 3 and r 4 can be determined by 
layout. 

In extension springs with hooks bent off the 
body (see Figure 6, Off -set hook at side) 
the moment arm of the load on which the 
maximum torsion stress in the spring de- 
pends is about twice what it would be if the 
load were applied axially. This means doub- 
ling the stress for a given load. 

22.3 INITIAL TENSION. Initial tension is a 
load in pounds which opposes the opening of 
the coils by an external force. It is wound 
into the springs during the coiling operation- 
Extension springs will have a uniform rate 
after the applied load overcomes the load due 




Figure 44 
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to initial tension. The number of coils do not 
affect the amount of initial tension except 
when the weight of the coils is heavier than 
the initial tension. The amount of .initial ten- 
sion is dependent on the spring index (D/d) ; 
the smaller the index the larger the initial 
tension. Initial tension does not increase the 
ultimate load or capacity of the spring but 
causes a larger portion thereof to be exerted 
during the initial deflection. For example, if 
the initial tension is 4 lbs and the spring 
rate is 9 lb then, at 1 inch deflection the . 
load is 

(1X9) -r 4 = 13 lb 

3-inches deflection the load is 
(3X9) -r 4 = 31 lb 

In computing the total torsional stress add 
the torsional stress caused by initial tension 
to the torsional Stress caused by deflection. 
Figure 45 shows the amount of initial tension 
in terms of torsional stress (without applica- 
tion of curvature stress correction factor) 
which can be coiled into extension springs 
made of music wire, oil tempered, corrosion 
resisting steel and hard drawn spring steels. 
Reduce these values 20 percent for springs 
made from nickel-base aUoys such as Monel 
and InconeL Hot rolled springs and those 
made of annealed materials cannot be wound 
with initial tension. Springs which require 
stress relieving will lose 25 to 50 percent of 
their initial tension. This loss can be compen- 
sated for during the coiling operation by 
winding more initial tension into the spring 
and thus obtain the required initial tension 
after stress relieving. 

22.4 EXAMPLE OF EXTENSION SPRING 
CALCULATION. An extension spring is re- 
quired to exert a force (load) of 27 lb at 2 in. 
deflection and be deflected an additional 3 
in. (5 in. total) and then exert a total load 
of 55 lb. It must operate within a 1.812 in. 
Tn f n^ TwnTW diameter bore. 

Select a suitoble oil tempered wire diameter 
and determine the number of coils, length 



over coils, free length inside ends, maximum 
extended length inside ends without set, 
stresses at all loads, etc., stressed for light 
service (see Figure 62) 
From Table VI it will be found that a spring 
with an OD of 1% in., and made from % a 
in. (0.156 in.) diameter wire, will exert a 
force (load) of 94.0 lb at a stress of 100,000 
psi and have a deflection per coil of 0.456 in. 
at that load. 

Stress at 55 lb= j^X 100,000 

= 58,500 psi 

55-27 

Rate or load per inch, — g— =9.33 lb/in, 

Load due to deflection of 2 in., 
2 X 9.33=18.66 lb 

Load required is 27 lb ; therefore the initial 
tension is 27-18.66=8.34 lb 

Load at 5 in. deflection=(5 X 9.33) + 
8.34=46.65 + 8.34=54.99 (say 55 lb) 
Stress at 5 in. deflection (due to 46.65 lb 
load) = 

46.65 



X 100,000=49,650 psi 
94 

Stress due to t^tH^I tension, 
8.34 
~94~ 



■X 100,000=8,880 psi 



49, 650 

Deflection per coil, 100000 x 
0.456=0.226 in. 

Number of active coils for 5 in. deflection. 



■=22.1 (say 22) 



.226 

Length over coils, (22 -f 1) X 0.156=3.58 

(say 3-% 6 in.) 
Length of hook (assuming 80 per cent of 

ID), 0.80 X L437=L15 (say, 1% 2 in-) 
Free length, inside ends (hooks), S% 6 + < 2 

X 1% 2 inJ=5% in- 
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The formulas for solving the example follow : 
Stress due to 46.65 lb load. 

PD 46.65 X 1.594 



S t = 



0.393d* 0.393 X 0.156 3 
49,650 psi 
GDF 



N = 



3.14S t D2 
11,200,000 X 0.156 X 5 



=22.1 



3.14 X 49,650 X 1.594* 

Stress due to initial tension, = 

m S t _ 49,650 

Su = —X^^-X 8.34 

= 8,870 psi 
Final stress, 49,650 ± 8,870 
=58,520 psi 

1.594 

Spring Index= — =10.2 From 
.lob 

Figure 39, Correction Factor 
=1.12 

Corrected torsion stress in coils at 55 lb load 

=58,520 X 1.12=65,200 psi 

Since the allowable stress from Figure 62= 
92,000 X .85=78,200 psi, design is satisfac- 
tory so far. 

Torsional stress in hooks at 55 lb load= 

16PR r a 16(55) .797 
ird* X r* ir(.00380) 



.797 



700 



X 1.11 = 65,000 psi 



" .719 .01196 
Bending stress in hooks at 55 lb load 

55 X .797 



PR r L _ 

X r, " .098 X .1563 



,098d* 
.797 



=130,000 psi 



' .719 

Since the allowabe stress from Figure 62= 
92,000 X 1.5 = 138,000 psi, the present hook 



configuration is satisfactory. 

To determine the ma^n™ extended length in- 
side ends without permanent set we deter- 
mine (Figure 62) the minimum elastic limit 
for .156 dia oil tempered wire to be 100,000 
X .85 = 85,000 psi. 

Allowing for curvature stress correction 
factor of 1.12, the allowable stress = 



85,000 
1.12 



=75,800 



From Table VI, we know that a load of 94 
lb will produce a stress of 100,000 psi. There- 
fore, the load producing 75,800 psi is as 
follows : 



75,800 



X = 



94(75,800) 



=71 lb 



94 100,000 ' 100,000 

Since load at 5 in. = 55 lb and rate = 
9.33 lb/in., a 71 lb load would occur at 

71-55 



9.33 



■+ 5 in. = 



16 



9.33 



+ 5 = 1.715 + 5 = 



6.715 in. (say 6% in.) This length is tenta- 
tive, depending on the following stress 
checks. 

Checking the torsion stress in the hooks at 
Trtn^-iTmiTn extended length (load=71 lb) : 



16PR r, 

s t = — — x 



-rrd 1 



r« 



16 X 71 X .797 
77 (.00380) 



.797 
T719 



= 84,000 psi 



Since the allowable torsional stress from 
Figure 62 = 100,000 X .85 = 85,000 psi, 
the hooks torsional stress is satisfactory. 

Checking the bending stress in the hooks 
at ma- gimuTn extended length (load = 71 lb) 

- PR r * 
Sb " ~mW X ~r7 

71 X .797 .797 

X 



.098 X .1563 
= 168,000 psi 



.719 
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Since the allowable bending stress at maxi- 
mum extended length = 102,000 X 1.50 = 
153,000 psi; the hook is overstressed and the 
Tr.o^mnm extended length must be decreased. 
Therefore, we calculate the maximum load 
without set. 
153,000 _ _X_ _ 71(153,000) 
168,000 " 71 1 X " 168,000 

= 64.71b 



Since 55 lb 5 in., with rate of 9,33 lb/in., 
a 64.7 lb load would occur at 

64.7-55 9.7 , , „ 

-f 5 in. = t 5 = 1.04 + o «= 

9.33 9.33 

6.04 in. 

The maximum extended length inside ends 
without permanent set is: 6.04 + 5.875 = 
11.915, say 11.90. 
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PERMISSIBLE TORSIONAL STRESS RESULTING 
FROM INITIAL TENSION IN COILED EXTEN- 
SION SPRINGS FOR DIFFERENT D/d RATIOS 




FXGUIS 45 
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223 PRECAUTIONS AND SUGGESTIONS 
FOR EFFECTIVE DESIGN OF EXTEN- 
SION SPRINGS. 

(a) Avoid using enlarged, extended, or 
specially shaped hooks or loops; they may 
double the cost of the spring and have high 
stress concentrations. 

(b) If a plug must screw into the end 
of a spring, the spring should be coiled right 
hand. 

(c) Nearly all extension springs are 
wound with enough initial tension to keep 
the spring together. Always figure on at least 
5 to 10 per cent of the final load as initial 
tension, un1»*s otherwise specified. 

(d) Electroplating does not deposit a 
good coating on the inside of, or between, 
the coils of extension springs. 

(e) Hooka on extension springs deflect 
under a load. Each half hook, made by bend- 
ing one-half of a coil, deflects an amount 
equivalent to 0.1 of an active coiL Each full 
hook is equivalent to 0.5 of an active coiL 
Allowance for this deflection should be con- 
sidered in design. 

(f ) If the relative position of the ends is 
not important note this fact on the drawing. 

(g) For standard hooks keep the OD of 
the hook the same as the OD of the spring, 
and the distance from the end of the body, 
or from the last coil, to the inside of the 
hook about 75 to 85 per cent of the ID of the 
spring. 

(h) The body length or closed* portion of 
an extension spring equals the number of 
coils in the body plus one, multiplied by the 
wire diameter. 

(i) When deflected 1% times the maxi- 
mum deflection as assembled, the total stress 
should be less than the Minimum Elastic 
Limit shown by the curves in Figure 62, ?s 
modified by their multiplying constants. 

22,6 GARTER SPRINGS 



22.6 J General Close coiled extension springs 
used in the form of rings by connecting the 
ends are often used as driving belts, for oil 
gtpals and as retainers. The ends may have 
half or full loops and then be hooked together 
or one end may be reduced in diameter for 
three to six coils and screwed into the other 
end. Connecting the ends with a separate 
short section, called a connector, is occasion- 
ally done. 

22.6.2 Formulas. The following formulas for 
design purposes may be used : 

Deflection, F = ir (Shaft Diameter + OD 
of spring) — (FL) 

Gd* 

Rate = r s InF 

Pressure per inch of circumference on 
shaft for spring with initial tension, equals 

2 v (ID of Connected Ring) r 
2 " Shaft dia 

2 (IT) 
+ Shaft dia 

(Wherein ID of Connected Ring equals v 
(FL— OD) 

Pressure of each coil on the shaft equals 
the pressure per inch of circumference on 
shaft divided by the number of active coils 
per inch of spring. 

22.6.3 Example. A close wound extension 
spring made from 0.050 in. dia wire, with .40 
in. OD, 232 active coils, 3.4 in. inside dia of 
ring, 25 lb IT, with half hooks joined to 
form a ring is expanded over a 6 in- dia 
shaft What is the pressure per inch of cir- 
cumference on the shaft? 

FL=ir(3.4 -r .40)=1L95 in. 

FLalso=d(TC +1) + 2 (ID/2) 

= .050 (232 + 1) + 2 (.300/2) 
=11.65 + .30 « 11.95 in. 

F=ir(6 + .40) —11.95 
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Data Source, Section 1 .3 Reference 2} 



=20.10 —11.95 = 8.15 in. 

G d* 11.2 X 10* X .050* 



Rate = r = 



8 N D 3 8 X 232.2 X .350 3 

=.877 lb/in. 

{2. coil allowed for deflection of 2 half 
hooks) 

Pressure per inch of circumference on 
shaft, 

2tt3.4 X .877 2 X 2.5 
equals 2ir{. 877)- g V g 

=5.52 — 3.13 + .83 = 3.22 lb. 

23. TORSION SPRINGS 

23.1 DESIGN FORMULAS. The stress in 
helical torsion springs is a bending or tensile 
stress. The stress caused by a load should be 



compared with the elastic limit in tension of 
the material to determine the allowable 
stress. Comparison should also be made with 
the curves of allowable stresses (corrected 
for torsion springs) as shown in Figure 62, 
Section II, of this Appendix. In Table VII 
for helical torsion springs two formulas are 
listed for each property. Either may be used ; 
one is based on load P, the other on deflection 
F°, and the results should be the same. 

23.2 STRESSES IN TORSION SPRING 
ENDS. Frequently the limiting stress value 
in helical torsion springs is the stress value 
in the ends. When a helical torsion spring 
has an eye as in Figure 46, or bent off the 
coil as in Figure 47 the stress at the inside 
of the bend is a tensile stress. The sharp 
curvature causes the neutral axis to move in- 
ward toward the center of the curve and the 



TABLE VII. Formulas for helical torsion sprinff$ 
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tensile stress becomes that of a cantilever 
loading multiplied by a constant (K). The 
formula for determining the stress in the 
bend of the eye in Figure 46 follows : 



Curvature Stress Correction 
Where: K= F&ct0 r Figure 51 

R=Mean Radius of Eye in. 

ID of eye + d 
= 2 

OD of eye — d 
= 2 




FXCUKE 46 



For bends off the coil as in Figure 47 the 
stress value in the bend is : 

„ 32 P 1, K 
FT— 

Where l 1 =distance from center of bend to 
load 

Z= stress correction factor Figure 
5L 




FlGUtt 47 



For the determination of K from Figure 51 
in this instance D = 2 times the inside radius 
of the bend. 

23.3 DEFLECTION OF TORSION SPRING 
ENDS- When the length of the material in 
the arms of a helical torsion spring ap- 
proaches the length of material in one coil, 
the deflection of the arms will cause the de- 
flection under applied loads to be in ( error 
(See Figure 48.) Such ends deflect as a 
cantilever and may be calculated as such or 
the formula for spring rate including arms 
may be used. 

The formula for spring rate when the de- 
flection of the arms should be included is : 

Ed* 

lj= Length of arms from the center of the 
coil to the point of load, in. 

1, = Length of arm from the center of the 
coil to the point of load, in. 

r t = Spring rate, lb in./degree. 

L= Active length of material equals irD N 

In springs with a large number of coils and 
short arms the deflection of thearms is neg- 
lected. However, short arms should be 
avoided as this causes difficulty in coiling and 
forming. 

23.4 CHANGE IN DIAMETER AND 
LENGTH. When a helical torsion spring is 
deflected a reduction in diameter and an in- 
crease in length occurs. In order to prevent 
binding or scuffing, which reduces spring 
life, sufficient space must be provided when 
operating over a rod or in a cylinder. The 
new inside diameter IDi in a helical torsion, 
spring due to deflection is obtained by the 
formula shown in Table VII. The shaft diam- 
eter should be slightly less than the calcu- 
lated diameter to prevent binding and dis- 
tortion in service. The change in length is 
due to the increase in the number of coils 
at the deflected position. If a helical torsion 
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spring makes one complete revolution the 
increase in length is equal to one thickness 
of wire, plus an allowance for the space be- 
tween coils, if any. 

23.5 HELIX OF TORSION SPRINGS. The 
hand or direction of coiling (helix) should 
always be specified for torsion springs. A 
torsion spring should be so designed that the 
applied load tends to wind up the spring and 
increase its length. In springs operating un- 
der high stress it is desirable to design the 
springs with open coils. A slight space of 
about % 4 inch or 20 to 25 per cent of the wire 
diameter will eliminate friction between coils 
and reduce stress concentration which will 
lengthen the spring life. When long helical 
torsion springs are used there exists the pos- 
sibility of buckling. Since buckling will cause 
abrasion between coils, erratic loads and 
early spring failure, it should be avoided. 
Buckling may be reduced in varying amounts 
by providing some means of lateral support 
such as : 

1. Mounting the spring over a rod or 

guide. 

2. Mounting the spring in a tube. 

3. Clamping the end3. 



4. Winding the spring with a small 
amount of initial tension. 

23.6 DESIGN NOMOGRAPHS FOR HELI- 
CAL TORSION SPRINGS. The nomographs 
in Figures 49 through 54 are for general 
guidance. They are based on a modulus E of 
30,000,000 and can be used to reduce the time 
required to design a helical torsion spring. 
All results should be checked by the formu- 
las in Table VII. 

23.7 MOMENT VS. WIRE SIZE CHART. 
Table VIII is an aid to quickly determine the 
torque. (T or PR) that can be applied to a 
wire diameter at the suggested basic stress 
listed. For example, what wire diameter is 
required to support a torque of 10.5 in. lbs? 
From the table it will be observed that .090 
in. diameter music wire or corrosion resist- 
ing steel; 0915 in diameter carbon or alloy 
steel and .125 in. diameter copper and nickel 
alloys (phosphor-bronze or monel) could be 
considered. The final determination should be 
arrived at by formula and evaluation of al- 
lowable stresses depending upon type of 
service. The basic stress indicated is a bend- 
ing stress S b caused by a torque T or PR, 
corrected for curvature. 
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FIBER STRESS (Not Ccrr.ct.d for Curvatur.) vs. MOMENT 

Torsion Springs 

Low Ranee - Wire Diameter .015* to .150' 
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t lBLM. STRESS (Not Corx»ci*d for Cuxvahixe) vs. 


MOMENT 








Torsion Springs 
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FIBER STRESS CORRECTION FOR CURVATURE 
Torsion Springs 
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TURNS SPRING WILL GIVE PER COIL vs. MOMENT 

Torsion Springs 

v MM /Mean Diameter: .1* to 3* 
Low Range < Wm Diaincter: . o: s' t o .150* 
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009- 



0.09- 



ao7 



2 

I 0.09- 



E 
m 

s 

J 0.05-1 



ao4- 



0.03- 



ao2 




12 



_13 



it 



.19 



* -50 



2.0- 



LO- 



09- 



ic 

E 
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e 

2 
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TURNS SPRING WILL GIVE PER COIL vm. MOMENT 

Torsion Springs 

„. . - /Mean Diameter: 1* to 10** 
High Range < Wifc Diameter: .i» t o 1' 



0.07. 



0.06- 



005- 



0-03- 



0.02 



clou 



jOO*. 



M 

20.000- 



10.00C- 
9.000- 
6.0OO- 
7.0O0. 
6.000- 
5.000- 
A.0O0- 

3.000- 
2.00C 



1000. 
100- 
•00- 
700- 
•00- 
500- 



900-1 



200- 



100- 

to- 
•o- 

70- 
•0- 
50- 



30- 

20- 



4 

L0- 

09- 
08- 

0.7- 
0.4- 

0.5* 
OA. 



E 

• 0.3- 



0-2- 




.7 tfl 
l 



E 

US 



.11 



D 
KH 



J* 
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TURNS SPRING WILL GIVE PER COIL 
Modulus (E) Other Than 30 X 10* 



H 

£04-1 



.003- 

.oce. 

.007. 

.008- 
-00*. 
OOV 



O02- 



O03- 



wOOA- 

S 

m 

a 0.05- 

3 

• ooa-| 

E 

»2O07. 
0.08-1 



on. 



.003. 

.008. 
JX>7, 



.00*. 

ooi 



0.02- 



3 

Joox 



300a. 

•O06- 

50.07. 

ao«- 
oo»- 

Ot0- * 



02. 



OX 



CARBON STEELS- 



e 

■30 a 10*- 



S 20 1 10*- 



PHOSPHOR BRONZE— --'3 * *y 



IOiIC . 

c 
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TABLE VTII. Moment vs. wire size chart 



MUSIC Will | CARBON 4 AUQY ST«tS| COPM* 4 WICKll AHOY5 







l*itc j 


C«rr«ct»4 


Wlr» 


ftailc 


C**f act**) 


wtr* 












Diam. 


Str»ti 






Str*M 




in. 


pil 


Ik. -in. 


In. 


-'< 




In. 




.0101 


.003 


201,000 


1.013 


.041 


149,500 


.00351 


.003 


71,200 


.0143 


.009 


200,000 


1.555 


.0473 


143,000 


.00509 


.009 


71,000 


.019* 


.010 


199,300 


2.27 


.054 


143, 7Dw 




AIA 


TO SOA 


.0259 


.01 1 


191,300 


3.47 


.0425- 


1.4 < AAA 

■ 4 a, bob 




ai i 


70,400 


.0337 


.012 


193,000 


5.24 


.072 


143,000 


n i <4 

• B 1 33 


At 4 
•B 1 J 




.0425 


.013 


194,300 


7.12 


.030 


14 1 ■ A A 

141 ,309 


A 1 ■ # 

•B I BY 


A14 


70,200 


•0537 


.014 


1 93,500 


la A m 


AA1 I 


1«« AAA 


A431 


.014 


49,300 


.07*0 


MIA. 

.016 


1 94,000 


1 1.3 1 


Mr J/ 


1 44 AAA 




.013 


49,500 


• 1 103 


.013 


193,000 


V > w 


. 1 B33 




•US'*** 


*020 


49,300 


.1305 


.020 


192.000 


33.B3 




t 4al AAA 


.0B27 


.023 


49,100 


.Iff 


.023 


190,000 


25.5 


.125 


133,000 


.1054 


.033 


49,000 


.234 


.034 


139,000 


31.3 


.135 


131,700 


.1435 


.029 


43,200 


.323 


.03* 


1 37,300 


41.4 


.14S3 


f <*AA 

I3T,3BB 


414 

■SIT 


A4.4 


a\7 •OA 


.443 


.039 


135,000 


43.0 


■ 13A3 


1 1 AA 

1 33, IBB 


41A 


ASA 


AT Tftfl 


.J 33 


.031 


133.000 


53*1 


.142 


■ *>T 4 AA 

137, IBB 


.4*3 


■04 V 


■VT 4 AO 


•A33 


.033 


13 1.000 


41.0 


.177 


134,300 


m9Wm 


A4C 
.043 


44,900 


J 99 


Ml J 


174,3BB 


7T.3 


. 1 373 


1 41 1 AA 


• • •>•> 


.051 


44.500 






1 9M AAA 
If IrWW 




1*4 




1.194 


.037 


45,400 


1 _A4A 
liMV 


•039 


177,000 


104.4 


.207 


120,200 


1.444 


.044 


44,400 


t vac 


.♦>•> 1 


194 £AA 


1 la i 


41 


IIS 1M 


2.35 


.072 


44.100 


1.250 


.043 


173,000 


131.0 


.2253 


117,000 


3.17 


.0*0 


43,200 


1.533 


.045 


171,500 


143 


.3437 


113.000 


4.41 


.091 


42.300 


1.73 


.047 


170,000 


17S 


.250 


114,000 


4.43 


.102 


41,400 


I.9S 


.049 


149,000 


Iff 


.2425 


1 12,200 


B.52 


.114 


40.*00 


2.U 


.Oil 


147,500 


239 


.2312 


109,400 


11.5 


.125 


39,300 


3V70 


.033 


145,000 


301 


.3045 


104,400 


12.2 


.131 


39,300 


3.34 


.039 


1*2,000 


315 


.3123 


105.300 


17.2 


.144 


53,500 


3.t5 


.043 


141,000 


347 


.331 


103,000 


23.9 


.1*3 


57,200 


4.70 


.0*7 


159,300 


405 


.3437 


101,700 


33.4 


.132 


5*,200 


5*50 


.071 


157,000 


444 


.3425 


99,000 


45.9 


.204 


53.100 


4^39 


.073 


134,000 


504 


.375 


97,300 


43.J 


.239 


53,300 


7.43 


.000 


153,000 


375 


.3933 


95,300 


33.7 


.238 


52.400 


9.04 


•033 


150,000 


423 


.4042 


94,*00 


133 


.339 


31,300 


10^4 


.090 


147,300 


753 


.4375 


91,300 


149 


.321 


30.100 


13-30 


.093 


144.500 


•ft 


.4437 


•3.300 


234 


.345 


44,300 


J4J3 


.100 


144,000 


1040 


.500 


•4,500 


320 


.410 


47,300 


I4.9S 


.10* 


145,000 


1445 


.3425 


32.700 


441 


.4*0 


44,200 


19.30 


.112 


143,400 


1910 


.425 


79,300 









NOTE: Tht TsJues for Music Wire may also b* used for Corrosion Bcs i s t ing Staela. 
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23.8 HELICAL TORSION SPRING CALCU- 
LATION. The stress in a helical torsion 
spring is normally a bending stress (tension) 
and, for this reason E is used in the formu- 
las. Tables and nomographs of character- 
istics for helical torsion springs aid in de- 
sign. The wire diameter also can be obtained 
by solving an equation as in the following 
example. 

23.8.1 Example. A torsion spring made of 
corrosion resisting steel Type FS 302 is re- 
quired to exert a load of 9 lb at the end of 
a 2 in. arm of the spring (measuring from 
the center line of the spring to the point of 
contact) at 100 degrees of deflection ; the ID 
being 1*4 * n - Select a suitable wire diameter 
for average service and determine the num- 
ber of coils, body length, etc. (assuming that 
the stress for average service from Figure 
62 for torsion springs may be equal to 
120,000 psi max) 

Theoretical wire diameter d, 



- ^ 

■ a/ 



2 PR 



3 /10.2 X 9 X 2 
120,000 



0.0015 = 0.116 in. 



From Table I, select .120 inch diameter 
wire. Stress at the 9 lb load, 



10.2 PR 10.2 X 9 X 2 



.120* 



d 3 

= 106,300 psi 

From Figure 51, K, = 1.075 S max. 
= 106,300 X 1.075 = 114,300 max. psi 

Since Figure 62 allows maximum working 
stress of 123,000 psi (82,000 X 1.5), wire 
diameter selected is satisfactory. 

To determine a safe maximum deflection 
without permanent set beyond the final posi- 
tion, first find the maximum safe load. 

From above we know that 9 lb will stress 



the material to 114,300 psi 

From Figure 62, the minimum elastic limit 
for compression springs = 102,000 psi. 

Multiplying this by 1.5 = 153,000 psi, the 
stress for a safe maximum deflection with- 
out permanent set. The load to produce this 
stress is 

9 114,300 9 X 153,000 

; X = 



X 153,000 
= 12.041b (say 12 lb) 

Since spring rate = - 



114,300 



9X2 



F° 



100' 



..IS lb in./Deg, the additional deflection 
to produce a load of 

12-9 3.0 



12 lb is 
= 16.7° 



.13 



.18 



Number of active coils, 
Ed* F° 



N = 



4,000 PRD 

28,000,000 X 0.120* X 100 



4,000 X 9 X 2 X 1.370 
= 5.88 (say, 6 coils) 
Free length over coils, 

(6 + 1) X 0.12C = 0.840 in. 

It is usually desirable to coil torsion 
springs with a slight space between the coils 
equal to about 20 to 25 per cent of the wire 
diameter. Assuming 20 per cent, the space 
equals 0.20 X 0.120 = 0.024 in. Six coils 
would have 6 spaces and equals 6 X 0.024 = 
0.144 in. 

The free length over coils would equal 
0.840 + 0.144 == 0.084 in. (say, 1.0 in.) 

The ID of the spring reduces slightly due 
to deflection. After maximum deflection with- 
out permanent set has taken place, 

N(ID free) 6 X 1.25 

IDx = 



N + 



6 + 115/360 



360 



7.50 



6 + 0.32 



= 1.18 in. 
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The shaft over which such a spring: is fitted 
should, therefore, be less than 1.18 in- A 
shaft 1% 2 in- diameter would be satisfactory. 

The letters P (lb load) and R (moment 
arm) may be replaced by T where T equals 
the torque in inch pounds. In this example, T 
would equal 9 X 2 + 18 in. lb. 

Specifying loads in inch-pounds torque (T) 
or as pounds times the lever arm PXR gives 
the same results ; either method may be used. 

23.9 PRECAUTIONS AND SUGGESTIONS 
FOR EFFECTIVE DESIGN OF HELICAL 
TORSION SPRINGS. 

(a) Always try to support a torsion spring 
by a rod running through the center of the 
spring. Torsion springs unsupported or held 
:v clamps or lugs alone are unsteady, will 
jiickle, and cause additional stresses in the 
wire. 

(b) Torsion springs should be designed 
and installed so that the deflection increases 
the number of coils. This increase should be 
allowed for in the design of space require- 
ments. 

(c) The inside diameter Teduces durins 
deflection and should be computed to deter- 
mine the clearance over the supporting rod. 

(d) Use as few bends in the ends as pos- 
sible. They are often formed in separate 
operations, are expensive, and cause con- 
centrations of stress and frequent breakage. 

(e) Consider tolerances on diameters when 
determining clearances over rods. 

(f) Always specify the direction of coil- 
ing as either right-hand or left-hand on draw- 
ings. Right-hand coiling follows the same 
direction as standard bolt and screw threads. 

(g) Springs may be closely or loosely 
wound, but they should not be wound tightly 
except when frictional resistance between the 
coils is desired. 

(h) Avoid nsing double-torsion springs. 
Two single-torsion springs, one coiled left- 



hand and the other right-hand, usually can 
perform the same action as a double-torsion 
spring, at less than half the cost 

(i) When deflected IM times the maxi- 
mum deflection as assembled, the total stress 
should be less than the Minimum Elastic 
Limit shown by the curves in Figure 62, as 
modified by their multiplying constants. 

24. SPIRAL TORSION SPRINGS 

24.1 GENERAL. A spiral torsion spring de- 
livers torque at its inner end to the shaft on 
which it is mounted and to the part on which 
its outer end is fastened. 

24.2 STRESS. The stress is in bending and 
should be compared with the elastic limit in 
tension of the material to determine the al- 
lowable stress. The recommended allowable 
stress for thickness under .060 inch is 
175,000 psi and for heavier sizes 150,000 psi 
for commercial spring steels. Lower stresses 
will increase fatigue life. 

TABLE IX. Formulas for spiral torrion tprinff* 
of rectangular ttetion 



Proptrtr 



Ben din sr Stress, psi 



Torqne^in. H> 
T 



Formula 




EtP' 
114.6L 



T-PXB 



T - 



Actare Length, in. 
L 



L- 



EtP* 
114.6 S» 



L- 



vEUt 



Deflection 



T m - 



114.6 S b L 



B*ter t 
in.lb»/Deg 



T 

7 
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Table X. Torque for I in. wide spiral torsion springs stressed at 100,000 psi 
(Other widths directly by proportion) 



t 


T j 






| t 


T . 


t 


T 


IB, 


In. lb* 


In. 


in. Um 


| In. 


in. Lb* | 


In. 


in. Iba 


.008 


1.07 


.025 


10.4 


t .063 


66.2 ' 


.105 


182 


.010 


1.66 


.032 


17.1 


.072 


86.5 ; 


.125 


260 


.015 


3.75 


.041 


23.1 


.080 


107.0 


.156 


410 


.020 


6.68 1 


.054 


48.7 


.092 


141.0 


.188 


538 



24.3 ENDS. A variety of end shapes can be 
used. Inner ends usually are bent to fit in a 
slot. Outer ends * usually are formed to fit 
over a bolt or pin. 

25. CONSTANT FORCE SPRINGS 

25.1 GENERAL. These springs have an ap- 
pearance similar to clock or motor springs 
but are wound so that a constant force P 
causes a continuous unwinding of the coils. 
The springs are made from a strip of fiat 
spring* material which has been given a cur- 
vature by continuous heavy forming so that 
in its relaxed condition it is in the form of 
a tightly wound spiral. In Figure 56 the outer 
end has been extendad by a constant force P 
and each incremental part of the straight- 
ened portion L has been deflected from its 
natural curvature in passing through the 



working zone X. The force P at any extension 
is determined only by the work required to 
straighten the material in zone X from its 
natural curvature in its coiled condition. The 
constant force giving a zero rate or gradient 
can be changed during manufacture to make 
springs with a slightly altered rate; thereby 
producing springs with a small negative, posi- 
tive or changing rate if desired, but the zero 
rate has the broadest practical application 
possibilities. Such springs should have widths 
equal to 5 to 200 times (250 max) their 
thickness to have good stability, (100 times 
thickness is often used). They are not gener- 
ally used in elevated temperatures over 
140°F. Most applications are for the exten- 
sion type, but these springs also may bs used 
as motor springs to turn rollers at a constant 
torque. 
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25.2 MATERIALS. TJie two most generally 
used spring materials and method of specify- 
ing them on dra\nngs follow : STEEL, 
SPRING, TEMPERED, BLUE, SAE 1095, 
NO. 1 EDGE, HARDNESS RANGE Rc 48 to 
51 and STEEL, CORROSION RESISTING 
AISI 302 3^ HARD. Other materials are used 
if essential to design requirements. In speci- 
fying the length any additional material for 
forming special loops or straight portions 
should be added to the length determined by 
the formulas.' If in a formula for-thickness.. 
t, the result derived is an odd size such as 
.0096 inch, the next standard larger thick- 
ness such as .010 inch should be used. 

25.3 INNER ENDS. Normally the inner end 
of a constant force extension spring is held 
to the roller by its natural gripping action, 
when about IV2 turns of material remain on 
the roller at full deflection. No other fasten- 
ing is required, except where there is some 
tendency for the material to be wound onto 



the roller in improper alignment or if danger 
of overtravel exists. In such cases the inner 
end may be bent and inserted into a slot in 
the roller, or retained by a small upset hook, 
or held by a small screw. Inner ends held by 
screws should be recessed and applied in a 
manner to prevent fee screw head from de- 
forming the natural curvature of the spring. 
Flanges on rollers also aid in guiding the 
flow of the material onto the rollers. 

25.4. OUTER ENDS. Outer ends usually have 
round or pear shaped holes to fit over a 
screw. These ends may be left square, round- 
ed or trimmed to suit. The ends also may 
be annealed and bent to form a loop and then 
riveted, for mounting over pins. The outer 
ends normally follow the regular curvature 
of the spring diameter, but they may, if de- 
sired, be manufactured with a preformed 
straight end to facilitate attachment. 

25.5 MULTIPLE MOUNTING. Two springs 



Table XL Streit factor S f for varying fatigu* life 



Malarial 


FatlsMllia 


Up la 

S.OM 


10.000 

* 


11.000 


20,000 


ti.000 


100,000 «B 

1.000.000 


Eiffh carbon ft teal 
SAE 1095 


.020 


.0156 


.014 


.012 


.010 


.009 


Corrosion resisting 
stscli 


.024 


.019 


.017 


.015 


.012 


.009 





FREE POSITION 
UNMOUNTED 



OPERATING POSITION 
MOUNTED ON ROLLER 



Fxoun 56 
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may be mounted back to back, each on its 
own roller, and thus double the load. Two 
springs also may be mounted in tandem, one 
above the other, to double the load. Two or 
more springs can also be mounted on the 
same roller (laminar mounting) to obtain 
multiple loads, see Figure 55. 

25.6 STRESS FACTOR. When designing 
constant force springs, a stress factor, S ( , 
based on fatigue life, endurance limit, and 
actual tests, is used in place of the custom- 
ary stress formulas because of the combina- 
tion of stresses occurring in this type of 
spring. Values of S f , determined for certain 
materials and fatigue life are given in Table 
XI. Intermediate values may be interpolated. 



25.7 EXTENSION 
monly used is the 
spring is supplied 
be rewound onto a 
about 20 per cent 
the inside diameter 
si on spring of this 
56. 



TYPE. The most corn- 
extension type and the 
in a coil. It must then 
roller which should be 
larger in diameter than 
of the spring. An ext en- 
type is shown in Figure 



25.8 FORMULAS. The following formulas 
may be used to compute approximate pro- 
portions of the spring: 

26.4 p 



bt= 



E S r J 



10 Revolutions 
or Less 



Over 10 
Revolutions 



= JJJiiL r«= J 

\ 26.4 p \ 



R. 

R,=1.20 R. 



E b t' 

26.4 p 



R.= 



R a = 1.20 R B 
L =F + 10 R, or L =F + 5D, 

The following formula may be used to com- 
pute the adjusted load P which the spring 
will exert based on the proportions estab- 
lished by the formulas above : 

26.4 [ R*' U Ri ) J 

The abbreviations in 20.1.3 are used plus 
the following: 

R 0 = natural radius of curvature in inches 
(minimum) in the free position 
= ID/2. 

R B = natural radius of curvature in inches 
(minimum) in the free position 
=y 2 (OD — 2t). 

Ri= radius of outer coil in inches when 
mounted. It is the expanded radius 
of curvature due to material build 
up = y 2 (OD — 2t) where OD 
equals the roller diameter plus al- 
lowance for the number of coils 
used. 

R a = radius of roller over which spring is 
mounted. 

D 3 = Diameter of roller= 2 R 3 . 

25.9 SIMPLIFIED DESIGN. The design of 
extension type constant force springs can be 
simplified by replacing the modulus of elastic- 
ity E, and other terms by a varying factor Q. 
The values of Q have been worked out for 
springs having 10 coils or less and the sim- 
plified formula for load P follows : 
P = Q b t 



Table XIL Factor Q for varying fatigue life 
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1.000. 000 
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621 


417.5 


270.5 




169 


123 


10L2 


81.3 


Corrosion resisting 
steels 


660 




602 




316 


233 


161 


86\fl 


69.4 



CONSTANT FORCE SPRING 
DESIGN CHART 
HIGH CARDON STEELS 



A 






1% Hk Z llftlj 


4 




a 


LOAD f 





CHART 



fatigue life 4000 cycles mw/muia 




=1- 



1*0. — 

t.ss sttV 



Jjff \bi [rlfi 

in 



//? //.< pi 

/ i» J8.7 [in 

3U 



171 :M 

i 



41 i 



ti.i 
iio 
207 

3 T.J 
Jtf 



Hi 

ska 

m 



CHAW 
G 



FATIGUE Lire 10,000 CYCLES AVMMU/A 




CHART 
0 



FATIGUE LIFE S t OOO CYCLES MINIMUM* 




CHAR! 
O 



FATIGUE LITE ZO t OOO CYCLES MM/MUM 




FlQURB 57 



s> 



r 



r 




5 
3 



H 

00 

c 
o 

— I 

c 

> 



O 

o 
o 

(o 

o 
m 

to 
•< 
(/> 

!g 

CO 

to 

6 



> 
z 
> 

< 

CO 
CO 

J> 



Fioims 58 




o 
m 

3 



& 

o 
o 

o 
o 

rn 

</) 
-< 

(A 

to 

6 



H 
U 

C 

o 

H 
1C 

> 



-< 

tn 

> 
z 

IC 



C 



r 



r 



r 



CONSTANT FORCE SPRING 
DESIGN CHART 
CORROSION RESISTANT STEEL 
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In using the simplified formula, b and t 
ratios can be estimated. For length L the 
regular formulas apply. See Figures 57 to 60 
as these values apply and were determined 
from the simplified formula with values of Q 
as shown in Table XII. 

25.10 TABLES OF SPRING CHARACTER- 
ISTICS (DESIGN CHARTS) FOR EXTEN- 
SION TYPE CO-NSTANT FORCE 
SPRINGS. As as aid to the selection of con- 
stant force springs, combinations of width. 
b, thickness t, natural radius of curvature 
R n , roller diameter D 5 (20 per cent larger 



than ID of spring) . for high carbon spring 
steel SAE 1095 and corrosion resisting steels 
are shown in Figuers 57 to 60. Lengths 
should be determined by the regular formula 
L=F + 10 R, or L =F + 5 D s . 

25.11 EXAMPLE. If a high carbon steel ex- 
tension type constant force spring is required 
to deflect 24 inches, have a fatigue life of 
4000 cycles and exert a load P of 10.4 pounds, 
it could be made, as shown in Figure 57 Chart 
A, with, a width b of 1 inch, thickness t of 
.020 inch, provided that the roller diameter 
D, equals 2.09 inches and the inside diameter 



FORMULAS FOR FLAT SPRINGS 
(Based upon standard beam formulas 
TABLE XIII where the deflection is small: 



PROPERTY 



Deflection 
F 

Inches 




PL' 



4 E b t 



4 P L' 
E b t J 



S b L 2 
6 E t 



T 




6 P L 



E b t* 5 



2 SwL- 



3 E t 



S^L' 




5.22 P L' 
£ b t* 5 



E t 



87 Sh L' 

— rr 



Load 
P 

Pounds 

Stress 
S> 

Bending 
psi 



2 S b b t 
3 L 



b t' 



6 L 



4 E btij 
IS 



E b t~ F 
4 



61? 



3 P L 

2 b t* 



6 P L 
TP 



Li4i 

L 2 



3 E t F 
2 L 2 



6 PL 
bt 2 



E t F 
L2 



Sk b f 
5 L 



5.22 L-> 



b t 2 



E t f. 
.87 L' 
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of the spring; in the free position equals 1.74 
inches. 

The length L required for 24 inches of de- 
flection F. is obtained from the formula L= 
F + 5Dj and equals: 24 -1- 5 (2.09) =34.45 
inches (say 34% in.). 

To adjust an available load P in the charts 
to some other desired load P 1 , select from 
the chart a value of P just greater than P 1 
and determine Rn 1 by the following formula : 
(holding b and t constant), 

26. FLAT SPRINGS 

26J. GENERAL. Load requirements are in- 
timately connected with spring dimensioning 
and the space available for the spring. The 
point of load application, deflection, length, 



width, and thickness should be clearly speci- 
fied. Formulas in the following table may be 
used to determine various flat spring char- 
acteristics. 

26.2 STRESS. The stress is in bending and 
should be compared with the elastic limit in 
tension of the material to determine the al- 
lowable stress. The recommended allowable 
stress for thickness under .060 inch is 
175,000 psi and for heavier sizes 150.000 psi 
for commercial spring steels. Lower stresses 
will increase fatigue life. 

27. CONED DISC (BELLEVILLE) 
SPRINGS 

27.1 GENERAL. The coned disc (Belleville) 
spring or washer is a plain dished washer of 
a particular diameter, sectional profile, and 
height suited for an intended purpose. It is 
used in a variety of applications, all having 
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c 



the common characteristic o 
dant high loads. 



f necessity for short range of motion and atten- 



The primary disk parameters are i 
below. 



dentified in the cross-section shown 




Fig. l 



Nomenclature 

OD. - 

l.D - 

h - 

OK - 

t ■ 



H 
E 
F 
a 
■P 



Maximum outside dia. (upper surface) 
Minimum inside dia. (bottom surface) 
Conical disc height {cone height) 
Overall height - Y + h s t + h 
Actual thickness of disc 
Reduced thickness of disk associated 
with Load Bearing Flats 
poisson's ratio (.3 for steel) 

Young's modulus (30,000000 for steel) 

Deflection of disc 

Ratio of diameters (O.D./1.D.) 

Load in lbs. at a given deflection 

Load in Lbs. at Flat Deflection 



c 



% - 



S, - 
S|| - 

s m ■ 



Design bending stress (Sb«-S|), 
(always compressive) 

Stress at corner I 
Stress at corner 1! 
Stress at corner III 
Stress at corner IV 
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27.1.1 

Load Deflection Characteristics. 

The load deflection characteristics of a beileville disk can be tailored 
from nearly linear to strongly degressive. This is accomplished by varying the 
disk parameter h/t. The resulting load deflection characteristics are shown 
in figure-2 




Figure-2 



oaae l ^. ^ 
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27.1.2 

Design Formulas 

By obtaining the value for constant ( Y ) from the proper curve, 
the following formula can be used to calculate the load-deflection 
characteristics: 

P« EI [(* h l)(h-f)t + t 3 

( 1-4 2 ) Y a 2 — 

where a - one half the outside diameter, in 

h - free height minus thickness, in 

By obtaining the values for constants 2-j and Z 2 from the proper curves, 
the following formula can be used to calculate stress 

S b « H [Zl (h-l) + 2? 

(1 -h % ) Ya 2 

It is possible for the term ( h-t/2) to become negative if f.is large. When this 
occurs, the terms inside the bracket should be changed to read 
Z 1 (h-f/2)-Z 2 t. This means, in this instance, the maximum stress is a 
tensile stress. For a spring life of less than one-half million (500,000) 
cycles, a stress of 200,000 psi can be substituted for S bt even though this 
limit might be slightly beyond the elastic limit of the steel. This is because 
the stress is calculated at the point of greatest intensity, which is on an 
extremely small part of the disc. Immediately surrounding this area is a much 
lower stressed portion which so supports the higher stressed point that very 
little yielding results at atmospheric temperatures. For higher than a 
atmospheric temperatures and long spring life, lower stresses must be 
employed. 

Stresses at the 4 individual corners can be calculated using the following 
formulas. (Ref. figure 1) 

- S| - -S B 

S n - Ef P"z 1 ( h -_f ) + Z 2 t 

(1->f 2 )Ya 2 z 

S m - \0_ Ef 

OD (1 .„ 2 )Ya 2 [j 2 Z2- 2 l)( n: S + 2 2j 

S, v - ID^ Ef J^2Z 2 -Z 1 )(h-|-Z 2 r| 

0.D.(1M 2 )Ya 2 
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27.1.3 



Load Bearin n Surfaces 



P 





Figure-3 



P 



The use of load surfaces causes the load bearing points to displace toward each 
other. This displacement results in an increase force at equal displacement. 
In order to generate an equivilent load deflection curve as a disk without 
bearing surfaces, the thickness of the disk must be reduced to (f). A 
resonable load bearing width occurs when the reduced material thickness (V) 
is about 0.94t. 

The standard load and stress equations must be modified by the introduction of 
a coefficient (C). The transpositions required are as follows. 



The coefficient (€. ) is chosen so that the force for both forms of construction 
are equal at a deflection of f « 0.75 ( O.H. - 1 ). 



P is replaced by_E 
t is replaced by t' 



f is replaced by f 



h is replaced by h u £. with h' ■ O.H. - f 
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27.1.4 



Prpfiire wri P ' 5CS 

Prestressed discs are generaly preferred to Belleville washers. The 
primary advantage to prestressed disks is that they provide dimensional 
stability and exact repeatability of load deflection curves. 

Belleville washer design formulas can be used as a design guide to prestressed 
discs. Final dimensions,- load capability, load-deflection characteristics and 
fatigue life should be provided by the spring manufacture. 









ZZX1ZZ 



r 1GURE- 4 



METHODS OP S7AK1MG COWED DISC (BELLEVILLE) SPRINGS 
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28. RECOMMENDED MAXIMUM 
WORKING STRESSES 

28.1 FATIGUE STRENGTH CURVES. The 
fatigue strength curves Figure 62 are for the 
most popular spring materials. These are for 



compression springs, based on the minimum 
torsional elastic limit of each material. The 
values may be increased 25 per cent for 
springs that are properly stress relieved, cold 
set and shotpeened. 



Taile XTV 
CRITICAL STRESS DATA 
(For use in association with Figure €2.)* 



COMPRESSION SPRING 
L TORSION STRESS— Compare 
calculated stresr »n coils with 
service curve of Fig. 62. 
2. SOLID STRESS — Compare 
torsion stress in coils when 
compressed solid with mini- 
mum clastic limit curve. 



EXTENSION SPRING 

1. TORSION STRESS (COILS) — 

Compare calculated design 
stress in coils with service curve 
of Fig. 62 multiplied by .85. . 

2. TORSION STRESS (HOOKS) — 

Compare calculated design 
stress in hooks with service 
curve multiplied by .85. 

3. BENDING STRESS (HOOKS) — 

Compare calculated design 
stress in hooks with tervice 
curve multiplied by 1.5. 

4. TORSION STRESS (COILS) AT 

MAX EXTENDED LENGTH — 
Compare calculated stress at 
this length with- mm elastic 
limit curve multiplied by 8.5. 

5. TORSION STRESS (HOOKS) 

AT MAX EXTENDED 
LENGTH — Compare calculated 
stress at this length with min 
elastic limit curve multiplied 
by .85. 

6. BENDING STRESS (HOOKS) 

AT MAX EXTENDED 
LENGTH— Compare calculated 
stress at this length with mm 
elastic limit curve multiplied 
by Lfi. 



TORSION SPRING 

1. BENDING STRESS (COILS) 

— Compare calculated design 
stress in coils with service 
curve of Fig. 62 multiplied 
by 1.5. 

2. BENDING STRESS (ENDS) 

—-Compare calculated design 
stress in ends with service 
curve multiplied by 1.5. 

3. BENDING STRESS IN COILS 

AT MAXIMUM DEFLEC- 
TION — Compare calculated 
stress in coils at this deflection 
with mm elastic limit of Fig. 
62 multiplied by 1.5. 

4. BENDING STRESS IN ENDS 

AT MAXIMUM DEFLEC- 
TION — Compare calculated 
stress in ends at this deflection 
with mm elastic limit of Fig. 
62 multiplied by 1.5. 



• Not* 1: After tentative fprtar eoaflrwmUoa hu 
■ wirt ■ in that allowable kiiiii an set 



Net* 2: Tb« above referenced "calculated d«ai«9 
ef Figure* M and CI <*ee para 21.11). eateept for 



baas determined, tue data In above table to aaeoelatloB with Flew* CZ. to 

iliwiw" are TOTAL STRESSES. They Include eurrature tuvae-correctlon factor* 
•xtenakm ipriar book in which inctuoa correction faetor in baaic formula*. 



28.1.1 Light Service. This includes springs 
subjected to static loads or small deflections 
and seldom used springs such as those in 
bomb fuzes, projectiles, and safety devices. 
This service is for 1000 to 10,000 deflections. 

28.1.2 Average Service. This includes springs 
in general use in machine tools, mechanical 
products and electrical components. Normal 
frequency of deflections not exceeding 3600 
per hour permit such springs to withstand 
100,000 to 1,000,000 deflections. 

28.1.3 Severe Service. This includes springs 



subjected to rapid deflections over long pe- 
riods of time and to shock loading such as in 
pneumatic hammers, hydraulic controls and 
valves. This service is for 1,000,000 deflec- 
tions and above. Lowering the values 10 per 
cent permits 10,000,000 deflections. 

28.1.4 Other Materials. For materials not 
shown on the curves in Figure 62, the fol- 
lowing multiplying constants may be-ased. 

(a) For Beryllium Copper, multiply the 
values of the Phosphor Bronze curves by 
L20. 

(b) For Spring Brass, multiply the values 
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of the Phosphor Bronze curves by .75. 

(c) For Monel, multiply the values of the 
Inconel curves by .82. 

(d) For E-Monelt multiply the values of 
the Inconel curves by .90. 

(e) For Duranickel, use the same values 
as for Inconel. 

(f) For Inconel X, (drawn to spring tem- 
per and precipitation hardened) multiply the 
values of the Inconel curves by L25. 

(g) For Silico-Manganese, multiply the 
values of the Chrome-Vanadium curves by 
.90. 

(h) For Chrome-Silicon, multiply the val- 
ues of the Chrome- Vanadium curves by 1.20. 

(i) For Valve Spring Quality Wire, use 
the same values as for Chrome-Vanadium. 

(j) For Corrosion Resisting Steels type 
FS304 and FS420, multiply the values of the 
Corrosion Resisting Steel curves by .95. 

(k) For Corrosion Resisting Steel type 
FS316, multiply the values of the Corrosion 
Resisting Steel curves by .90. 

(1) For Corrosion Resisting Steels type 
AISI 431 and 17-7 PH, multiply the values of 
the Music Wire curves by .90. 

28.2 PERMISSIBLE ELEVATED TEMPER- 
ATURES. Springs used at high temperatures 



exert less load and have larger deflections 
under load than at room temperature. Com- 
pression and extension springs subjected to 
the temperatures and stresses shown in the 
following table will have a loss of load of 5 
per cent or less, (or if the load remains con- 
stant, they will deflect an additional 5 per 
cent) , in 48 hours. Elastic limits and modu- 
lus values are also reduced, thus necessitat- 
ing thse lower allowable working stresses. 

TABLE XV. Permissible elevated temperatures for 
compression and extension springs. Loss of load at 
the** temperature* is lets than 
5 percent tn 18 hours. 



Sprint 


PcrmiulbU 
tlmttd 


r*eowm«n<U>l 
working 

3t PSZ 


Br is s Spring- Wire 


150 


30,000 


Phosphor Bronze 


225 


35,000 


Music Wir« 


250 


75,000 


Beryllium-Copper 


200 


40,000 


Hard Drawn Steel Wire 


325 


50,000 


Carbon Spring Steels 


375 


55,000 


Alloy Spring Steels 


400 


65,000 


Monel 


425 


40,000 


K-Monel 


450 


45,000 


Duranickel 


500 


50,000 


Corrosion Resisting FS-302 


550 


55,000 


Corrosion Resisting 


600 


50,000 


AISI 431 






Inconel 


700 


50,000 


High Speed Steel 


775 


70,000 


Cobenium, Elgiloy 


800 


75,000 


Inconel X 


850 


55.000 


Chrome -Moly- Vanadium 


! 900 


55,000 



